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Abstract

Given the symmetric group G = Sym(n) and a multiplicity-free subgroup
H < @, the orbitals of the action of G on G/H by left multiplication
induce a commutative association scheme. The irreducible constituents of
the permutation character of G acting on GG/H are indexed by partitions
of n and if A - n is the second largest partition in dominance ordering
among these, then the Young subgroup Sym(\) admits two orbits in
its action on G/H, which are Sy and its complement. In their 2016
monograph, Godsil and Meagher asked whether S, is a coclique of a
graph in the commutative association scheme arising from the action of
G on G/H. If such a graph exists, they also asked whether its smallest
eigenvalue is afforded by the A-module.

In this paper, we initiate the study of this question by taking A =
[n — 1,1]. We show that the answer to this question is affirmative for
the pair of groups (G, H), where G = Sym(2k + 1) and H = Sym(2)?
Sym(k), or G = Sym(n) and H is one of Alt(k) x Sym(n — k), Alt(k) x
Alt(n — k), or (Alt(k) x Alt(n — k)) N Alt(n). For the pair (G, H) =
(Sym(2k), Sym(k) ¢ Sym(2)), we also prove that the answer to this ques-
tion of Godsil and Meagher is negative.
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1 Introduction

Let X be a finite non-empty set and let R = {Ry, Ry,..., Ry} be a collection of
relations on X. We say that the pair (X, R) is an association scheme if the following
statements are satisfied:

(i) {(xz,2): € X} € R,

)
(ii) R is a partition of X x X
(iii) for any 7 € {0,1,...,k}, the relation {(y,x) : (x,y) € R;} belongs to R,
)

(iv) for any (x y) € Ry, the number [{z € X : (z,2) € R; and (z,y) € R;}| is a
number pw depending only on i, j and k& and not the choice of x and y.

The size of X is the order of the association scheme (X,R) and the number of
relations, k+ 1, is its rank. It is worth noting that a non-empty set X and a relation
R on X determine a digraph whose vertex set is X and for any z,y € V(X), an arc
between x and y occurs if and only if (z,y) € R. Consequently, each relation in an
association scheme determines a digraph on X and therefore an adjacency matrix.
An association scheme (X, R) is symmetric if the adjacency matrices corresponding
to the relations are symmetric. Moreover, (X, R) is commutative if the corresponding
adjacency matrices commute with each other. A survey on commutative association
schemes can be found in [16].

An example of well-known association schemes is the triangular association scheme
(X,R), where X = {A C {1,2,...,n}: |A| =2} and R = { Ry, R1, Ro}, with R; =
{(A,B)e X x X : |[ANB|=2-1i}, forie{0,1,2}.

Association schemes were introduced in the 1950s by Bose and Shimamoto [4],
and the study of these objects has developed into a major area of study in algebraic
combinatorics since then. A generalization of these objects known as coherent con-
figurations were also introduced by Higman [13] in the 1970s to study permutation
groups. Another well-known example of an association scheme arises from the action
of a finite transitive group G < Sym(€2), where 2 is a finite non-empty set. If O is
the set of all orbitals of the action of G on €2, i.e., its orbits in the induced action on
2 x , then (2, 0) is an association scheme.

The association scheme (€2, O) is called the orbital scheme of G. In addition, an
association scheme arising as an orbital scheme is called schurian. The (di)-graphs in
an orbital scheme are called orbital (di)-graphs. An example of schurian association
schemes is again the triangular association scheme which arises from the action of
Sym(n) on the 2-subsets of {1,2,...,n}.

Next, we recall a result about the commutativity of schurian association schemes.
Let H be a subgroup of a group G. We will denote the trivial character of H by 1y
and the induced character of 15 on the group G by 1%. Let Irr(G) = {¢1, ¢, ..., ¢}
be the set of (complex) irreducible characters of G. We say that H is a multiplicity-
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free subgroup of G if the irreducible decomposition

t
]-G - Z mi(bh
=1

is such that m; € {0,1}, for i € {1,...,t}. If H < G is multiplicity-free, then we
say that the pair (G, H) is a Gelfand pair. Gelfand pairs are well studied and we
refer the reader to [6, Chapter 4] for details on them. A consequence of (G, H) being
a Gelfand pair is that the Bose-Mesner algebra of the schurian association scheme
induced by the action of G on G/H coincides with its Hecke algebra (also known as
the double centralizer algebra). The commutativity of schurian association schemes
is determined by the point stabilizer of the corresponding transitive groups. Let
G < Sym(2) be a transitive group and let H be the point stabilizer of G. The
association scheme which arises from the transitive group G is commutative if and
only if (G, H) is a Gelfand pair (see [11, Chapter 13] for details).

As we will study commutative schurian association schemes arising from transi-
tive actions of the symmetric group, we need to review some facts on the represen-
tation theory of these groups. Recall that the irreducible submodules of C Sym(n)
are indexed by partitions of the integer n. For any partition A - n, the irreducible
C Sym(n)-module corresponding to A is the Specht module S*. Therefore, the irre-
ducible characters of Sym(n) are also indexed by the partitions of the integer n. Given
a partition A F n, we will denote the corresponding irreducible character by y*. For
any partition A = [A1, Ag, ..., Ax] of n, the Young subgroup Sym(\) is the subgroup
Sym(A;) x Sym(Aa) X ... x Sym(\g). For any two partitions A = [Ay, Ao, ..., A
and = [p1, pig, ..., ] of n, we say that A dominates p and write p < A, if

N> >, forall e {1,2,...,t}.

Now, we will describe the problem considered in this paper. Henceforth, we

assume that G = Sym(n) and H is a multiplicity-free subgroup of G. Let

An,H) == {AFn: (17,x") =1}.

The eigenvalues of the orbital digraphs corresponding to (G, H) are indexed by the
partitions in A(n, H). In particular, an eigenspace of any orbital digraph is a direct
sum of certain irreducible C Sym(n)-modules, whose corresponding partitions appear
in A(n,H). For any A € A(n,H), we refer to the subspace given by the Specht
module S* as the A-module. The partition [n] is always an element of A(n, H) due
to the fact that G acts transitively on G/H by left multiplication. Let A # [n] be
the partition which is the second largest in dominance ordering in A(n, H). By [11,
Theorem 13.9.1], the Young subgroup Sym(\) admits two orbits in its action on
G/H. In [11, Problem 16.13.1], Godsil and Meagher asked the following question.

Question 1.1 (Godsil-Meagher). Let G = Sym(n) and H be a multiplicity-free
subgroup of G, and define QQ = G/H. Assume that A F n is the second largest in
dominance ordering in A(n, H) and {S,Q\ S} is the orbit partition of Sym(A) on €.

(a) Is there an orbital graph of G acting on G/H in which S is a coclique?
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(b) Is the eigenvalue corresponding to the A-module the least eigenvalue for such
graphs?

1.1 Motivation

Our motivation to study this question is closely related to a famous extremal set
theory theorem. The Erdés-Ko-Rado (EKR) theorem is one of the most important
results in extremal combinatorics. We say that a collection of k-subsets of [n] :=
{1,2,...,n} is a t-intersecting family if |[AN B| > t for all A,B € F. The EKR
theorem is stated as follows.

Theorem 1.2 (EKR [8]). For any two positive integers k > t, there exists no(k,t)
such that if n > no(k,t) and F is a t-intersecting family of k-subsets of [n] =
{1,2,...,n}, then |F| < (Z:i) In addition, equality holds if and only if there ewists
S C [n] of size t such that

F={ACn|: |[Al=Fk and S C A}.

For the case where t = 1, Erdds, Ko and Rado also proved that ng(k, 1) = 2k + 1.

The EKR theorem has been extensively studied and extended to other objects
such as vector spaces [14] and permutations [7]. There are various proofs of the
EKR theorem which range from purely combinatorial [8], to probabilistic [14] and
algebraic [19].

We now exhibit the relations between a certain association scheme and the EKR
theorem. Let n > 2k be two positive integers and define ([Z]) to be the collection of
all k-subsets of [n]. For any 0 < i < k, define

Qz{MJ%E(T)X(T):MOE:k—*.

The Johnson scheme J(n, k) is the association scheme given by

(C?){OmOhHWOQ).

The Johnson scheme contains the Johnson graph J(n,k) and the Kneser graph
K (n, k), which are the orbital graphs of O; and Oy, respectively. The Kneser graph
is important in the study of the EKR theorem since it encodes the 1-intersecting
sets of k-subsets of [n]. Given a coclique (or independent set) S of K(n,k), it is
not hard to check that & has the property that AN B # @ for all A, B € §, i.e.,
it is l-intersecting. Conversely, any collection of k-subsets of [n] with the property
that any two elements intersect is a coclique of K(n,k). Hence, a collection F of
k-subsets of [n] is a maximum l-intersecting family if and only if it is a maximum
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coclique in the Kneser graph K (n, k). Using the Johnson scheme, Wilson [19] also
gave an algebraic proof of the EKR theorem and described precisely the smallest
bound ng(k,t) in Theorem 1.2 for which the results of the EKR theorem hold.

One important aspect of the Johnson scheme is that it is schurian, that is, it
arises from the orbital scheme of a transitive group. The corresponding group action
for the case of the Johnson scheme is Sym(n) acting on the k-subsets of [n], or
equivalently, on the cosets of Sym(k) x Sym(n — k). Another important property of
Sym(k) x Sym(n — k) is that it is a multiplicity-free subgroup of Sym(n). Hence, the
Johnson scheme J(n, k) is a commutative association scheme. The second largest
partition in dominance ordering in the corresponding permutation character is [n —
1,1]. Further, one of the two orbits of the Young subgroup Sym([n — 1,1]) is a
maximum coclique in the Kneser graph K (n, k) and its smallest eigenvalue is afforded
by the [n — 1,1]-module. In other words, Question 1.1 is true for the Gelfand pair
(G,H) = (Sym(n),Sym(k) x Sym(n — k)).

Now, let (G = Sym(n), H) be a Gelfand pair for which A € A(n, H) is the second
largest in dominance ordering. If Question 1.1 is true for (G, H), then we obtain
an EKR type theorem on G/H or on the corresponding combinatorial objects as
follows. Since Question 1.1 (a) is true, there exists an orbital graph in which an
orbit of Sym(A) acting on the cosets G/H is a coclique. Let (G, H) be the union
of all orbital graphs with this property. Let us consider the following terminologies.

Definition 1.3.

(1) Two cosets xH and yH of H are (G, H)-intersecting if they are not adjacent in
K(G,H).

(2) A collection F of cosets in G/H is (G, H)-intersecting if any pair of its elements
are (G, H)-intersecting.

(3) The orbit of a conjugate of Sym(A) on G/H which is a (G, H)-intersecting family
is called a (G, H)-canonical intersecting family.

As Question 1.1 (b) is also true, one can prove that any maximum (G, H)-
intersecting family (i.e., a maximum coclique in IC(G, H)) has size equal to the size
of the (G, H)-intersecting orbit of Sym(\). Using these terminologies, one can pose
the following question.

Problem 1.4. Assume that (G, H) is a Gelfand pair for which Question 1.1 is true.
Are the (G, H)-canonical intersecting families the only (G, H)-intersecting families
of maximum size?

If the answer to Problem 1.4 is true, then we obtain a full EKR theorem for the
cosets G/H in the sense that the (G, H)-intersecting families have size at most the
size of a (G, H)-canonical intersecting family, and those attaining this bound must
be a (G, H)-canonical intersecting family.
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Line Group n Index Rank
1 Sym(k) x Sym(n — k) (2k <n) n () kE+1
2 Alt(k) x Sym(n — k) (2k <n, k#2) n 2(7)  k+3
3 Sym(k) x Alt(n — k) (2k<n, k#n-—2) n 2(7)  k+3
4 Alt(k) x Alt(n — k) (k>3,2k<n—2) n 4(%)  2k+6
5 (Sym(k) x Sym(n — k)) N Alt(n) (2k <n,(n, k) # (4,2)) n 2(7)  2k+2
6 (Sym(2) ¢ Sym(k)) x Sym(1) 2k+1

Table 1: Multiplicity-free intransitive groups

1.2 Main results

For the case where G = Sym(2k) and H = Sym(2) ¢ Sym(k), the association scheme
corresponding to the Gelfand pair (G, H) is the perfect matching scheme of the
complete graph Ky (see [11] for details on this). An EKR type theorem on perfect
matchings of the complete graph Ky, was proved by Godsil and Meagher in [10],
and also Lindzey in [15]. The main technique used in the proof of this EKR type
theorem can be extended to prove that the answer to Question 1.1 for the Gelfand
pair (Sym(2k), Sym(2) Sym(k)) is affirmative.

The answer to Question 1.1 is however not always affirmative. The Gelfand
pair (G, H) = (Sym(8), Sym(4) ! Sym(2)) induces a commutative rank 3 association
scheme. The character table of this scheme is

1 16 18 | 1
1 -4 3 |14
1 2 =3120

Using the Ratio Bound (see Theorem 2.5), it is not hard to see that a coclique in
either of the two non-trivial orbital graphs is of size at most 7. Moreover, since
A(8,H) = {[8],[6,2],[4,4]}, the second largest in dominance ordering is [6, 2] which
induces two orbits of size 15 and 20. Consequently, we have a negative answer to
Question 1.1. Our first result, which is a generalization of this example, is stated as
follows.

Theorem 1.5. The answer to Question 1.1 is negative for the multiplicity-free sub-
group Sym(k) 1 Sym(2) of Sym(2k).

In this paper, we initiate the study of Question 1.1 by considering the Gelfand
pair (Sym(n), H) for which the second largest partition in dominance ordering is
[n — 1,1]. The multiplicity-free subgroups of Sym(n) were classified in [9]. We will
focus on the families of multiplicity-free subgroups of Sym(n) given in Table 1 in this
work.

We state our next main result.

Theorem 1.6. The answer to Question 1.1 is affirmative for the Gelfand pairs
(Sym(n), H), where H is the group in lines 2-6 of Table 1.
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1.3 Structure of the paper

This paper is organized as follows. In Sections 2 and 3, we give some background
results on permutation groups, spectral graph theory techniques and association
schemes. In Section 4, we give a proof of Theorem 1.5. In Section 5, we review the
proof that Question 1.1 is true for (Sym(n), Sym(k) x Sym(n — k)). The proof of
Theorem 1.6 is spread in Sections 6, 7, 8, and 9. We conclude this paper by stating
some interesting questions and problems in Section 10.

2 Background results

2.1 Permutation groups

Let G be a group and H < G be a subgroup. The group G acts on G/H through
g(xH) = gzH, for any g € G and xH € G/H. It is not hard to see that this action is
transitive since for any *H,yH € G/H, we have (yz~')(zH) = yH. We will denote
the stabilizer of xH in this action of G on G/H by Stab(G,zH). It is clear that
Stab(G,H) = H. It is well known that any finite transitive group G < Sym(2)
is permutation equivalent to G in its action on G/H, where H is the stabilizer of
any w € ). This correspondence enables us to switch between the cosets or a set of
specific combinatorial objects, whichever is easier. For any w € €2, we let Stab(G, w)
be the stabilizer of w in G. Since transitive permutation groups are faithful, we will
always assume that H is a core-free subgroup of G.

The transitive group G acting on G/H induces an action on G/H x G/H by
componentwise multiplication. The orbits of this action are called the orbitals of G
and the rank of G is the number of orbitals. We note that if (xH, yH ) belongs to an
orbital O, then

O =G.(zH,yH) ={(9zH,g9yH) : g € G}.

By transitivity of G, the set {(zH,zH) : x*H € G/H} is always an orbital of G.
Other orbitals of G must partition the set {(zH,yH) : «H # yH € G/H}. If O is
an orbital of G such that O = {(yH,zH): (xH,yH) € O}, then we say that O is
self-paired, otherwise, it is called non-self-paired.

The next lemma gives a well-known correspondence between orbitals and suborbits
(i.e., orbits of a point stabilizer). Its proof can be found in any standard textbook
on permutation groups.

Lemma 2.1. The map which takes any orbital O to the suborbit {zH : (H,zH) € O}
s a bijection.

For any g € G, define

ix5(g) = {zH € G/H : g(zH)=xH}|. (2.1)
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The permutation character of the action of G on G/ H is the character fix% : G —
C which takes any g € G to fix%(g).

The next lemma gives the number of orbitals.
Lemma 2.2. The number of orbitals of G acting on G/H is

1 G (2

@ Z fixy; (9)”

geG

We will denote the set of complex irreducible characters of G by Irr(G). Recall
that given ¢, € Irr(G), a natural inner product between ¢ and v is given by

() = é S 6(0)99).

geG

It is not hard to see that, in fact, ﬁxg = 1%. Moreover, the trivial character 14
of G is always a constituent of 1% and its multiplicity is equal to 1 since

1
(15, 16) = mgﬁxg(g) =1
ge

Using Lemma 2.2, it is easy to see that the rank of the transitive group G (or the
corresponding association scheme) is <1fl, 1g>

2.2 Equitable partitions

Let X = (V, E) be a graph. A partition 7 = {Vi, V,,..., Vi } of the vertex set of X is
called equitable if for any 1 < 7, j < k there exists a number a;; such that the number
of neighbours in V; of any vertex of V; is equal to a,;. If 7 is an equitable partition of
X, then the quotient graph X /m is the directed multigraph with vertex set equal to

the elements of 7 and for any 7,j € {1,2,...,k}, there are exactly a;; arcs from V;
to V;. The quotient matriz of an equitable partition 7 is the k& x k matrix A(X /)
indexed in its rows and columns by {1,2,...,k} and whose ij-entry is a;;.

Equitable partitions are important in spectral graph theory due to the following
result.

Theorem 2.3. [11, Lemma 2.2.2] If 7 is an equitable partition of X, then the charac-
teristic polynomial of A(X/7) divides the characteristic polynomial of the adjacency
matriz of X. In particular, an eigenvalue of A(X/7) is an eigenvalue of X.

The above theorem enables one to determine certain eigenvalues of the graph X
through X /7. Given an eigenvalue of A(X /) and a corresponding eigenvector v, one
can lift v into an eigenvector of X. For any equitable partition 7 = {V}, V..., Vi },
define the |V(X)| x k matrix P, whose rows and columns are respectively indexed
by vertices of X and the partition 7, and whose (z, V;)-entry is equal to 1 if z € V;
and 0 otherwise. The matrix P, is called the characteristic matriz of m. The next
lemma shows the importance of the matrix P;.
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Lemma 2.4. If v is an eigenvector of A(X /) corresponding to the eigenvalue 0,
then P,v is an eigenvector of X with the same eigenvalue.

The proof of this lemma is given in [11, Lemma 2.2.1].

2.3 Hoffman’s Ratio Bound

We recall the well-known Ratio Bound which is due to Hoffman. Let X = (V| E)
be a k-regular graph. It is well known that k is an eigenvalue of X. The vector of
all-ones, denoted by 1, is an eigenvector of X corresponding to the eigenvalue k and
it is an easy exercise to prove that the multiplicity of k£ is the number of components
of X. For any S C V(X), the characteristic vector of S is the vector vg € RIV(X)I
which is indexed by vertices of X and such that the z-entry of vg is equal to 1 if
x € 5, and 0 otherwise.

We state the Ratio Bound in the next theorem.

Theorem 2.5 (Ratio Bound). If X = (V| E) is a k-regular graph with least eigen-
value 7, then the independence number of X satisfies

V(X
o)< V0
A set S is a coclique for which equality holds if and only if vg — %1 s an eigen-

vector of the eigenvalue 7.

A proof and the history about the Ratio Bound can be found in [12].

2.4 Graph products

In this subsection, we will recall some important graph products that are used later
in this work.

Definition 2.6. Let X = (V(X),F(X)) and Y = (V(Y),E(Y)) be two graphs.
The direct product X x Y of the graphs X and Y is the graph whose vertex set is
V(X) x V(Y) and

(z,y) ~xxy (u,v) & x ~x wand y ~y v.

Definition 2.7. Let X = (V(X),E(X)) and Y = (V(Y),E(Y)) be two graphs.
The strong product X K'Y of the graphs X and Y is the graph whose vertex set is
V(X) x V(Y) and

xr=uand y ~y v
(z,y) ~xmy (u,v) & Sy=vand x ~x u

xr~x uand y ~y v.



A.S. RAZAFIMAHATRATRA / AUSTRALAS. J. COMBIN. 89 (3) (2024), 413-447 422

For any n > 2, let I,, be the n x n identity matrix and J,, be the n x n matrix
whose entries consist of 1. The next proposition gives the adjacency matrices of the
graph products defined above.

Proposition 2.8. Let X and Y be two graphs with adjacency matrices A and B,
respectively.

(a) The adjacency matriz of X XY is A® B. In particular, the eigenvalues of X XY
are of the form ab, where a and b are eigenvalues of A and B, respectively.

(b) The adjacency matriz of X XY is (A+ Liyx)) @ (B + Ljvyy) — lvxoveyy- In
particular, the eigenvalues of X KXY are of the form (14 a)(1+0b) — 1.

Let us now introduce a new graph that is crucial to the main results of this paper.

Definition 2.9. Let X = (V(X), E(X)) be a graph. The graph product X > Kj
is defined to be the graph obtained by taking two disjoint copies of X, and a vertex

from one copy is adjacent to a vertex from the other copy if they are adjacent in
X X KQ.

Note that the graph X < K is exactly the graph X X Ky in which the perfect
matching {(x,1) ~ (x,0) : z € V(X)} is removed.

Proposition 2.10. Let X be a graph with adjacency matriz A. The adjacency matrix
OfX > Kg 18 JQ ® A.

Proof. Let A be the adjacency matrix of X = (V| E) and assume that |V| = n. The
adjacency matrix of X 1 Ky can be viewed as a block matrix, whose blocks are
indexed by V. Hence, the matrix is

A A
A A

11
11

® A.

3 The association scheme arising from a Gelfand pair
(Sym(n), H)

3.1 Eigenvalues

Let G be a group and H < G be a multiplicity-free subgroup. In this subsection, we
recall the formula giving the eigenvalues of each digraph in the association scheme
arising from the Gelfand pair (G, H). Assume that k = (14,1%) and let O =
{00, 01, ...,0,_1} be the set of all orbitals of G acting on G/H. For any 0 < i <
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k—1, let X; be the orbital digraph determined by O; and let A(X;) be its adjacency
matrix. Define

NG H) :={¢pelr(G): (15,¢)=1}.
For any 0 < <k —1, let
ki:=|{yH € G/H : (H,yH) € O;}|. (3.1)

The next theorem gives the eigenvalues of X; for 0 <¢ < k — 1. Its proof is given in
[11, Lemma 13.8.3] or [1, Theorem 11.10].

Theorem 3.1. The eigenvalues of X; are uniquely determined by the irreducible
characters in AN(G, H). For any ¢ € A(G, H), the eigenvalue of X; afforded by ¢ is
given by

ki
§s(Xi) := T > p(eh),

where x, € G such that (H,z,H) € O;.

The formula for the eigenvalues given in the previous theorem is usually hard to
manipulate since there is no way to control the elements of the coset x,H, which in
turn makes the corresponding character value difficult to determine. It is sometimes
possible to compute certain eigenvalues via special techniques. In the next subsection,
we will compute certain eigenvalues using equitable partitions for the case when
G = Sym(n).

Let G = Sym(n). It is well known that the representations of G are indexed
by the partitions of the integer n. For any A F n, the corresponding irreducible
CG-module is the Specht module S* and we denote its irreducible character by y*.
If (G,H) is a Gelfand pair, then the eigenvalues of a graph in the corresponding
orbital scheme are indexed by the partitions in A(n, H). For any A € A(n, H), we
let &, be the eigenvalue afforded by x*. In addition, we will refer to the irreducible
CG-module S* as the A-module.

An important property of the symmetric group is that all its irreducible characters
are realized over Z. Therefore, the eigenvalues of an orbital graph arising from a
Gelfand pair (Sym(n), H) are rational. As an orbital scheme arising from the action
of G on the cosets G/H is symmetric if and only if (G, H) is a Gelfand pair and each
irreducible constituent (of the permutation character) is real-valued, we conclude the
following proposition.

Proposition 3.2. If (Sym(n),
the orbital scheme of (Sym(n),

) is a Gelfand pair, then every orbital digraph from
) is an undirected graph.

H
H
3.2 Equitable partitions

We assume henceforth that G = Sym(n) and let H < G such that (G, H) is a
Gelfand pair. Let k£ be the rank of the group G acting on G/H. Recall that O =
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{Og, 01, ...,0,_1} is the set of all orbitals of G acting on G/H and for any 0 < i <
k — 1, the graph X, is the orbital graph determined by O; and the matrix A(X;) is
its adjacency matrix. Recall also that k; is the degree of the orbital graph X;, for
0<i<k—1(see (3.1)). Let A - n be the partition which is the second largest in
dominance ordering in A(n, H). Let K = Sym(\). We state the following theorem
whose proof is given in [11, Theorem 13.9.1].

Lemma 3.3. The action of K on G/H by left multiplication admits exactly two
orbits.

Using these orbits, we can sometimes easily compute certain eigenvalues of the
graphs X; defined in the previous section. Let Q@ = G/H. First, we note that the
set of orbits m = {S,Q \ S} forms a partition of {2 which is equitable, for all orbital
graphs in the orbital scheme. The quotient matrix of each orbital graph in the orbital
scheme is given in the next lemma.

Lemma 3.4. For any 0 <1 < k—1, there exists a number 0 < a; < k; — 1 such that
the quotient matriz corresponding to X;/m is

a; ki_ai
A(Xi/m) = (ki—ai)|S|  kilQ|+a:|S|—2k;|S] |
1Q[—[S] 9[]S

Proof. Since 7 is equitable with two parts, let a; be the number of vertices in &
adjacent to a given vertex in S. If the rows and columns of A(X;/7) are arranged with
respect to {S, 2\ S}, then it is clear that A(X;/7)11 = a; and A(X;/7)12 = k; — a;,
by regularity of X;. The entry A(X;/7m)s; can be computed using double counting.
Consider the set

V={(zH,yH): zH € Q\ S and yH € S}.
On the one hand, given zH € Q\ S we have
A(Xi/m)2 = [{(«H,yH) : yH € S}.
Moreover,
Vi=| |J {(HyH): yH € S} = A(Xi/m)1|Q\ S| = A(Xi/7)a1 (12| = |S]) .
THEO\S
On the other hand, we have

V| = U {(zH,yH) : oH € Q\ S}| = |S|A(X;/m)12 = |S|(ki — a;).

yHES

Therefore, we have A(X;/m)s = |S|l§fi‘_;|l) The entry A(X;/m) can be easily de-

duced since it is equal to k; — A(X;/7)91. O
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By Theorem 2.2, the eigenvalues of A(X;/m) are also eigenvalues of the graph X,
for any 0 <7 < k — 1. The eigenvalues of A(X;/m) are
(ki — ai)|S|
Q=S|
We now present some consequences of Lemma 3.4 that are crucial to the main result
of this paper.

Lemma 3.5. Let Q = G/H and m = {S,Q\ S} be the set of orbits of K = Sym(\).
For0<i:<k—1, the set S is a coclique of X; if and only if a; = 0.

k; and a; —

The proof of this lemma is straightforward, thus it is omitted. The next lemma
is an easy exercise from [11, Exercise 13.7].

Lemma 3.6. Let A\ = n and let X be an orbital graph of the transitive action of
Sym(n) on . If 7w is the orbits partition of Sym(\) on Q, then an eigenvalue 1 of
A(X/7) belongs to a certain p-module, where X < p.

The next corollary gives more details on the relation between cocliques from
orbit partitions and the A-module, whenever A = [n — 1, 1] is the second largest in
dominance ordering in A(n, H). Its proof follows immediately from the above lemma.

Corollary 3.7. Let G = Sym(n) and (G, H) be a Gelfand pair such that [n — 1,1]
is the second largest in dominance ordering in A(n,H). Let Q = G/H and 7 =
{S,Q\ S} be the set of orbits of K = Sym([n —1,1]). For any 0 <1i <k —1, if the
set S is a coclique of X;, then _\gr‘j‘lﬂ is the eigenvalue afforded by the [n — 1,1]-
module.

4 Proof of Theorem 1.5

Let G = Sym(2k) and H = Sym(k) ! Sym(2). The rank of the group G acting on
G/H is | %] + 1 since by [9], we have

15
1% _ Z X[2k72z,21].
i=0
Therefore, the second largest in dominance ordering in A(n, H) is [2k — 2,2]. We
note that the combinatorial objects that correspond to the cosets of H in G are the
uniform partitions of [2k] into 2 blocks of size k. That is, the collections

U = {{B1,Ba} : BiUBy = [2k], BiN By =&, |By| = |Ba| = k}.

The action of the symmetric group Sym(2k) on [2k| induces an action on Uy. It
is not hard to see that H = Sym(k) ! Sym(2) is the stabilizer of the partition
{{1,2,.. .k}, {k+ 1,k +2,...,2k}} € U,. Moreover, this action is permutation
equivalent to that of G on GG/H since there is a unique conjugacy class of subgroups
isomorphic to H..

For any A € ([2:]), we let A be the complement of A in [2k].
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Lemma 4.1. The orbitals of G = Sym(2k) in its action on Uy are of the form
O, ={(B,B') € Uy x Uy, : there exists B € B, B' € B’ such that | BN B'| =k —i},
for 0 <i<|%].

Proof. Tt is worth noting that if two partitions B = {B, B} and B’ = {B’, B’} of U
are such that |B N B'| = k — i, then we must have |B N B'| = i.

For any 0 < i <k, let X; = {1,2,...,k—i,k+1,k+2,...,k+i}. Note that
Xo={1,2,...,k}and Xy ={k+1,k+2,...,2k}. Let ¢ = ng and for 0 < i </,
define B; := {X;, X,}. We claim that {B; : 0 < i < ¢} consists of a complete list of
representatives from distinct suborbits of Stab(Sym(2k), By) = Sym(k) ¢ Sym(2). It
is clear that Xy is in a single orbit of Sym(k)!Sym(2). Assume that there exists i < j
in the set {1,...,¢} such that B; and B; are in the same orbit of Sym(k)?Sym(2). If
o € Sym(k)Sym(2) such that o(B;) = Bj, then either o(X;) = X; or o(X;) = X;.

Case 1: Assume that o(X;) = X;. If 0(Xy) = Xo, then ¢ must map the elements
XinXo={1,2,...,k—i} to X;NX, ={1,2,...,k—j}. By the Pigeonhole Principle,
this cannot happen since ¢ < j. Similarly, if o(Xy) = Xy = X}, then ¢ has to map
{k+1,k+2,... ) k+1i} to{1,2,...,k— j}. This is only possible if k — j =i. As i
and j are distinct and at most ¢ < g, we conclude this case also cannot happen.

Case 2: Assume that o(X;) = X;. Note that X; = {k—j+1,... k, k+j+1,...,2k}.
By a careful analysis of the image of X, by o, we also conclude that this case is not
possible.

Consequently, the set {B; : 0 < i < ¢} consists of elements in different orbits of
Sym(k) ? Sym(2). Since the cardinality of this set and the rank of G acting on Uy
coincide, we conclude that the orbitals of G on Uy are those listed in the statement
of the lemma. We obtain the rest by making Sym(2k) act on every representative of
the orbitals. O]

Using this lemma, we can show that the orbits of K = Sym([2k — 2,2]) are not
cocliques of any orbital graph in this association scheme. The orbits of K are S and
Uk \ S, where

S={{B,B): 2k—1,2k € B}.

In the next theorem, we claim that neither of S nor Uy \ S is a coclique of a graph
in the orbital scheme corresponding to Sym(2k) acting on Uy.

Theorem 4.2. The collection S is not a coclique of the orbital graph corresponding
to Oy, for any 0 <i < |£].

Proof. Let 1 < i < ¢ = |£]. In the orbital graph of O;, by definition, there is an
edge between {By, By} and {B}, By} if |[By N By| € {i,k — i}. Consider the sets

A={1,2,.. k—i—2k+1,k+2 ... k+i2k—1,2k}
B={1,2,... . k—i—2k+i+1k+i+2, ... k+2i2k—1,2k}.
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Since |A N B| = k — i, the partitions {A, A} and {B, B} are adjacent in the orbital
graph of O;. As these partitions are in §, we conclude that S is not a coclique of
the orbital graph of O;, for any 1 <17 < /.

For the orbital graph Oy, the sets

A={k+1Lk+2,....k+ |5, k+ 5] +1,...,2k— 1,2k} €S, and
B={1,2,.... 5, k+ 5] +1,....2k— 1,2k} €S

are such that [AN B| = k — ¢ = (. Therefore, {A, A} and {B, B} are adjacent in O,.
This completes the proof. O

Remark 4.3. The orbital graph of O; is called the folded Johnson graph J(2k, k)
(see [5, Section 9.1] for details). This graph encodes certain combinatorial objects as
its cocliques. Two partitions B and B’ of Uy, are called partially 2-intersecting if there
exists B € B and B’ € B’ such that |BN B'| > 2. It is straightforward to verify that
a maximum partially 2-intersecting family of Uy is a coclique in the orbital graph
of Oy (i.e., the folded Johnson graph J(2k,k)), and vice versa. As far as we know,
there is nothing known about the cocliques of this graph.

5 The orbital scheme from line 1 of Table 1

In this section, we will consider the schurian association scheme obtained from the
action of Sym(n) on the cosets of Sym(k) x Sym(n — k). We will exhibit an action
on certain combinatorial objects that is permutation equivalent to the latter. To
this end, we will recall a way of constructing the k-subsets of [n] with an equivalence
relation.

Let n be a positive integer and 2 < k < n. Consider the set
Lok :={f:[k] = [n]: fisinjective}.

An element of 7, can be represented as a sequence of the form (aj,as, ..., ax).
Define the relation R on Z, j, such that (a1, aq, ..., ar)R(b1, bs, ..., by) if there exists
o € Sym(k) such that

a; = ba(i)a for ¢ € {1,2, .. ,k’}

It is not hard to prove that the relation R is in fact an equivalence relation. The
equivalence classes of R are of the form

(a1, az,...,a;) = {(%(1),%(2), o ,aa(k)) €ELyy: o€ Sym(k)}-

These equivalence classes are naturally identified (or in bijection) with the k-subsets

of [n]. We will denote the equivalence class (ay,as,...,a;) by {a1,aq,...,a;} from
now on. We will also define ([Z]) to be the set of all k-subsets of [n].
Given a k-subset A = {ay,as,...,a;} of [n], it is clear that the setwise stabilizer

of A in the symmetric group Sym(n) is equal to Sym(A) x Sym([n]\ 4) = Sym(k) x
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Sym(n — k). In fact, it is not hard to see that the action of Sym(n) on the cosets
of Sym(k) x Sym(n — k) is permutation equivalent to the action of Sym(n) on the
k-subsets of [n].

The association scheme which arises from the action of Sym(n) on the k-subsets
of [n] is well known and well studied. The orbitals of this action are

0; = {(A, B): A Be€ ([Z]) such that [ANB| =k —i},

for 0 <4 < k. The corresponding association scheme is the Johnson scheme J(n, k).
The permutation character corresponding to the action of Sym(n) on the k-subsets
is given by

k
Sym(n) _ [n—i,i]
L miiyxsymn—ty = 2 X"
=0

Hence, the second largest partition of A(n, Sym(k) x Sym(n—k)) is equal to [n—1, 1].
The orbits of the Young subgroup Sym([n—1, 1]) on the k-subsets are S and ([Z]) \S,

where
S = {Ae (@): neA}. (5.1)

The graph obtained from the orbital O, has the property that two k-subsets
of [n], A and B, are adjacent if AN B = &. This graph is known as the Kneser
graph K(n,k). By the well-known Erdés-Ko-Rado theorem, the set S in (5.1) is a
maximum coclique of K (n, k). It is also well known that the eigenvalue afforded by
the [n — 1, 1]-module is the least eigenvalue of K (n, k), which is equal to

(") ()
(")

6 The orbital scheme from line 2 and line 3 of Table 1

In this section, we prove that the answer to Question 1.1 is affirmative for the
Gelfand pair (G, H), where G = Sym(n) and H is a subgroup belonging to the
set {Alt(k) x Sym(n — k), Sym(k) x Alt(n — k)}. We will only give the proof for the
case H = Alt(k) x Sym(n — k) since the other case is similar.

6.1 The quasi k-subsets of [n]

Let n be a positive integer and k& < n. Recall that Z, ;, is the set of all injective maps
from [k] to [n]. Define the relation on Z, x by

(ar,as,...,ar)R(b1,bs,...,bx) & Jo € Alt(k) such that b; = a,(),
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for all i € {1,2,...,k}. It is clear that R is an equivalence relation on Z, ;. For any
(a1, as,...,ax) € I, define the corresponding equivalence class of R to be

(ay,a9,...,ax) := {(%(1), Ao (2)5 - - - ,ag(k)) D0 € Alt(k)} )

Next, let us compute the number of equivalence classes of R. We claim that each
k-subset {ai,as, ..., ar} determines two equivalence classes of R. To see this, let T'
be the set of all injective maps from [k] to A = {ay, as,...,ar} (i.e., bijections). The
group Sym(k) acts naturally on 7' by permuting the entries. By the orbit-counting
lemma on the action of Alt(k) on T', we know that

2 2
M Z ‘{(bbb?""vbk)ET: bg(z‘):bi,ViG{l,Q,...,k}H:H/{!:Z.

" oeAlt(k)

In other words, the alternating group Alt(k) admits two orbits on 7. The two

equivalence classes of R determined by A = {ay,as,...,a;} with ay < ag < ... <ay
are

{ay,a9,as. .. a1} = (a1, a,as. .., az)
and

{ay,ag,a3. .. ar}" = (ag,a1,as,...,a;).
We will call the collection of all equivalence classes of R the quasi k-subset of [n] and

+

we will denote it by ([Z]) . The classes {a1,as,a3...,ax}" and {a1,a9,a3...,ax}"
are called the even and odd quasi k-subsets of {ai,as,as...,ax}, respectively. Note

that the number of quasi k-subsets of [n] is 2(}).

6.2 Action of the Sym(n) on quasi k-subsets

Let n > 3. Given a k-tuple A = (a1,a2,...,ax) € Z,x and o € Sym(n), the
permutation o acts naturally on A via o(A) := (0(a1),0(az),...,0(ax)). Assume
that the elements of A are ordered in an increasing way, i.e., a; < as < ... < ag.

o Assume o(a;) < o(a;,) < ... < o(a;,). There is of course a unique permu-
tation p = p(o, A) of {1,2,...,k} that reorders (c(ay),0(as),...,0(ax)) in an
increasing order by permuting the indices. More precisely, p € Sym(k) is the
unique permutation such that

p(1) = i1, p(2) =iz, ..., p(k) =iy

e For any 0 € Sym(n) and A = (a1, as, ..., ax), define

o(A)T if x =+ and p(o, A) € Alt(k)
o(A") = o(A)~ %f x = — and p(o, A) € Alt(k) 6.1)
o(A)” if x =+ and p(o, A) &€ Alt(k)
o(A)T if x = — and p(0, A) & Alt(k).
This yields an action of Sym(n) on the quasi k-subsets of [n].
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Let A={1,2,...,k} and let us determine the stabilizer of A" for this action of
Sym(n). If o € Sym(n) fixes AT, then it must fix the set A = {1,2,... k} setwise.
Hence, o0 € Sym(k) x Sym(n — k). By definition, we have o(A") = AT if and only if
p = p(o,A) € Alt(k). By noting that p = O'|7Allt(k)’ it is clear that ojawmk) € Alt(k).
Therefore,

Stab(Sym(n), A") = Stab(Sym(n), A~) = Alt(k) x Sym(n — k).

Using the fact that there is a unique conjugacy class of groups isomorphic to Alt(k) x
Sym(n — k) in Sym(n), the next result follows immediately.

Lemma 6.1. The action of Sym(n) on the cosets of Alt(k) x Sym(n — k) is permu-
tation equivalent to the action of Sym(n) on quasi k-subsets of [n].

6.3 The quasi Johnson scheme

In this subsection, we describe the association scheme obtained from the action of
Sym(n) on cosets of Alt(k) x Sym(n — k). We first characterize all orbitals of the
action of Sym(n) on quasi k-subsets of [n].

Theorem 6.2. An orbital of G = Sym(n) acting on the quasi k-subsets of [n] is one
of the following types.

1) Of :=G.(AT, AT) where A € ([Z]). This set is

OF = {(A+,A+) S Ae ([Z])} U {(A,A) CAe (T)}
2) Oy == G.(A*, A7), where A € (). This set is
07 = {(A+,A—) L Ac ([Z})} U {(A—,A+) L Ac ([Z]) } .
3) Or := G.(A*,B7), where A, B € () such that |AN B| =k — 1. This set is
o = {(A+,B—), (A, B*): A, B¢ ([Z}), ANB|=Fk — 1} .
4) Of = G.(A*,B*), where A, B € () such that |AN B| =k — 1. This set is

OF = {(A+,B+), (A", B7): A,Be ([Z]),mmm =k 1}

5) O;:= G.(AT,B"), for 2 <i <k, where A,B € ([Z]) such that |ANB| =k — .
This set is

O; = {<A+,B+), (A*,B7),(A~,B*),(A",B"): A,B € ([Z]), IANB| =k — z} .
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Proof. By [9], the permutation character of the group Sym(n) acting on quasi k-
subsets of [n] is

k
Sym(n) _ n—ii n—k,1* n—k+1,1k—1
1Ay1t(k)xsym(n_k) = ZX[ Pl S Gl I
i=0

Hence, the number of orbitals of the corresponding group action is k + 3.

Let X ={1,2,3,...,k}. Consider some distinct elements z; < o < ... < x} of
the set [n] \ {1,2,...,k}. For any 1 <i < k, we define

X,L' :{1,2,...,]€—i,$1,$2,...,$i}.

It is not hard to verify that (X+, XT), (X, X;), (X*,X]), (XT,X7), and
(X, X;"), for 2 < i < k, are elements belonging to the five types sets listed in the
statement of the theorem. To prove the theorem, it is enough to prove that S =
(X X, Xy, X YU {X), XS, ..., X, } are in different suborbits of the subgroup
Stab(Sym(n), X*) = Alt(k) x Sym(n — k).

It is clear that X+ cannot be in the same orbit of Stab(Sym(n), X*) as any other
element of S. We claim that for any A*, Bf € S, where ,1 € {+, —}, such that
|AN X| # |BN X|, there exist no o € Alt(k) x Sym(n — k) such that o(A*) = BT,
This is clear since assuming that |[A N X| < |B N X|, there would be an element of
X \ A that is mapped to an element of X by such permutation, which is not possible
for any element o of Alt(k) x Sym(n — k).

By this claim, it is enough to verify the cases where the intersections with X have
the same size, i.e., those with the same index.

We claim that X, and X are not in the same suborbit. To see this, assume
that there exists ¢ € Alt(k) x Sym(n — k) such that o(X]") = X;. Aso(XT) = X T,
we must have that o|x is an even permutation and also that o(x;) = z; and o(k) =
k. Hence, 0jf12,. -1} = 0O|x, is an even permutation, which makes o( X)) = X,
impossible.

Consequently, the set {(XT,A) : A € S} is a complete set of representatives
of orbitals of Sym(n) acting on the quasi k-subsets of [n]. It is straightforward to
verify that the elements of this set yields the five lists of orbitals. This completes
the proof. O

Using Theorem 6.2, we can explicitly define the schurian association scheme cor-
responding to the action of Sym(n) on the cosets of the multiplicity-free subgroup
Alt(k) x Sym(n — k). The association scheme corresponding to this action is the
quasi Johnson scheme, denoted by J+*(n, k), which is determined by the relations

{O()i701i7027037”-70k} .

6.4 The graphs in J"*(n, k)

For 2 < i < k, we define the graph J*(n, k,4) to be the graph on ([Z])i whose edge
set is O;. We will call the graph K*(n, k) := J*(n,k, k) the quasi Kneser graph.
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The graph determined by O, is a perfect matching. We will denote the latter by
J~(n,k,0). The graphs determined by Of and O] are called the quasi Johnson
graph of type + and quasi Johnson graph of type —, respectively and we will denote
them by J"(n,k, 1) and J~ (n, k, 1), respectively.

In this subsection, we determine the structure of some graphs in the quasi Johnson
scheme J*(n, k) in terms of a graph product. We prove the next proposition.

Proposition 6.3. For any 2 <i <k, we have J¥(n, k,i) = J(n, k,i) 1 K.

Proof. Let i € {2,3,...,k}, VT ={AT: Aec (M} and V- ={4-: Ae (I}
Since (AT, B%),(A~,B7) € O, for any A, B € ([Z]) such that |[AN B| =k —14, it is
clear that the subgraph induced by V' and V'~ are both isomorphic to J(n, k, 7). The
edges of the form (A", B™) are exactly those in Ky x J(n, k,i). Hence, J*(n, k,i) =

J(n, k) 5 Ko, 0

Corollary 6.4. Let 2 < i < k. The eigenvalues of J(n,k,i) are equal to 0 or of
the form 2\, where X is an eigenvalue of J(n,k,1).

Proof. Let A, ; and Af,” be the adjacency matrices of the graphs J(n,k,i) and
JE(n, k1), respectively. Since J*(n, k,i) = J(n,k,i) > K,, the adjacency matrix of
JE(n, k,i) is

Anki Apki 11
A’r:ll:kl = ’k’ 7k7 - ® An7k7i'
o An,k,i An,k‘,i I 1
Since the spectrum of 2 x 2 all-ones matrix is {0, 2}, the result follows. ]

Corollary 6.5. The eigenvalues of the quasi Kneser graph K*(n, k) are 0 or
(n—Fk—j
2(—1)/
("),

The graphs J*(n, k, 1) and J~(n, k, 1) are respectively two copies of the Johnson
graph J(n,k,1), and the bipartite double cover of J(n,k,1). Consequently, the
eigenvalues of J*(n,k, 1) are the eigenvalues of J(n, k, 1), and the multiplicities are
twice of that of J(n,k,1). The eigenvalues of J~(n,k,1) are all £0, where 0 is an
eigenvalue of J(n,k,1).

for0 <5 <k.

6.5 The [n — 1,1]-module

Let K = Sym([n — 1,1]) and let Q = ([Z])i. The group K has two orbits on the

quasi k-subsets of [n]. These two orbits of K are

Sz{Ai; Ae ([Z]) andneA} and O\ S.
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Proposition 6.6. The family S is a mazimum coclique of K*(n, k).

Proof. For any A, B € ([Z}) such that |[A N B| = 1, we know that (A*, B¥) & O.
Therefore, S is a coclique of K*(n, k).

To prove that S is a maximum coclique, we use the Ratio Bound. By Corol-
lary 6.5, the largest and the least eigenvalues of K*(n, k) are respectively

n—k n—kF—1
o w27 7E0),

By the Ratio Bound, we have

2)  _ 20) _,(n-1)_
a(K*E(n, k) < . 2((:_;:21) R _2( B >_|S|.

By Theorem 3.7, we deduce the following corollary.

Corollary 6.7. The eigenvalue —2(";5;1) is afforded by the [n — 1, 1]-module.

Therefore, the answer to Question 1.1 is affirmative for association scheme corre-
sponding to the Gelfand pair (G, H), where G = Sym(n) and H = Alt(k) x Sym(n —

In the next theorem, we find the maximum cocliques of K*(n, k).

Theorem 6.8. The mazimum cocliques of K*(n, k) are of the form
{Ai A€ ([Z]> and x € A} ,

Proof. Let S be a maximum coclique of KX*(n, k) and define

for some x € [n].

sp=sn{at: ae(@)}ads =snfa: ae )}

Note that |S| = 2(7~}). Moreover, since K*(n, k) = K(n, k) = K5 and the maximum
cocliques of K(n, k) have size (}]), we have |Sy| = |S_| = (7_]). That is, S_ and
S, are maximum cocliques in the two copies of K (n, k) in K*(n, k). Therefore, there

exists a,b € [n| such that
S, ={at: Ae()adacaands ={a: ac () andbea}.

It is clear that S = S U Sy is a coclique of K*(n, k) if and only if @ = b. This
completes the proof. O
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7 The orbital scheme from line 4 of Table 1

Consider the Gelfand pair (G, H) = (Sym(n), Alt(k) x Alt(n — k)). First, we will
determine certain combinatorial objects that correspond to G/H. Then, we will
prove the main result.

By [9], we first recall that

k
16 = Z (X[nfi,i] 4 X[zi,w%]) B e B R IV R
i=0

Hence, [n — 1, 1] is the second largest in dominance ordering in A(n, H).

7.1 Combinatorial objects

For any k-subset A, let A be the complement of A in [n]. Consider the set

Qi = {(Ai,Ai) L Ac <[Z]) } .

Note that || = 4(}). We claim that the action of G on G/H is permutation equiva-
lent to a certain action of Sym(n) on €2, ;. For any o € Sym(n) and (A*, A™) € Q.
define

o ((A™, A7) = (0(A™),0(47)) .

Note that this is an induced action from the action given in (6.1). This gives an
action of Sym(n) on €2, x. Let us now prove that the stabilizer of an element of €2, 4
is conjugate to H. Consider the element (A", A") € Q, 1, where A = {1,2,... k}.
If o € Sym(n) fixes (AT, AT), then we have

o(AT)= A" and o(A") = A",

In other words, 0|4 and 0|4 must be even permutations. Consequently, the stabilizer
of (At A%) is equal to H. One can also prove that H is also the stabilizer of
(A7, A7), (A", A7), and (A7, A").

We omit the proof of the following proposition since it straightforward.
Proposition 7.1. The action of G on G/H is permutation isomorphic to the action
of G on ), .

7.2 The orbital scheme J+"(n, k)

In this subsection, we determine the graphs in the orbital scheme corresponding to
(G, H).

Theorem 7.2. An orbital of G = Sym(n) in its action on S, i, is one of the following.
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1) Of " =aG. ( (AT AT), (AT AT) ), where A € ([Z]), which is the diagonal orbital.
2) Oy~ =G (AT, A7), (A7, A7), where A€ ([Z}).

3) Of ™ :=G. ((A*,A"), (A*, A7), where A € (I)).

4) OyF == G. (AT, AY), (A=, AY)), where A € ()

5) OF "= G. (A, A"),(B*,B")), where A,B € (") and |ANB| =k — 1.

6) 07 = G. ((A*,A"),(B~,B")), where A,B € (") and |[ANB| =k — 1.

7) 07" ==G.((AT,A"),(B*,B7)), where A,B¢€ ([Z]) and [ANB| =k — 1.

8) O :=G. (A, A"),(B~,B")), where A,B€ () and |ANB| =k — 1.

9) Of = G. ((A+ A", (BT,B")) for 2 < i < k and for A,B € ([Z]) such that

|AN B| =k —1i. In particular,
(XX, (Y7, Y7)) (X7, X7), (YY) € Of
forcmyXYG( )and|XﬂY|—k—@

10) O;7 ==G.((AT,A"),(BT,B7)) for2<i<kand A,B ([Z]) such that |ANB| =
k —i. In particular,

((XT,X5), (YY) (X7, X0), (Y5,Y7) (X7, X7), (Y7, Y1) € OF

foranyXYG( ) and | X NY| =k —i.
Proof. Let x1 < x5 < ... < xj be distinct elements of [n] \ [k]. Define
Xi:{1,2,...,k—i,xl,xQ,...,xi}, f0r0§z§k

Note that Xy = {1,2...,k} and Xy = {x1,29,...,2}. It is enough to prove that
the set

S={(X"X):0<i<1}u{(X;", X): 2<i<k}U{(X;,X;): 2<i<k},

consists of elements from distinct suborbits of (X, X7). Recall that the stabilizer
of (X, XJ) is Alt(k) x Alt(n — k). Similar to what we saw in the previous section,
it is clear that an element of Alt(k) x Alt(n — k) cannot map (X, X7°) to (X]i, Xf),
unless ¢ = j.

Since Alt(k) x Alt(n — k) stabilizes (X, X{) and (X, Xy ), these two cannot
be in the same suborbit. If ¢ € Sym(n) such that o(XJ, X;) = (X, , X{), then it
is straightforward that o & Alt(k) x Alt(n — k). Hence, the four elements (X5, X7)
are in different suborbits.
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Assume now that there exists o € Alt(k) x Alt(n — k) such that (X", X7) is
mapped to (X;,X7) by o. It is necessary that the set X is fixed by o setwise. It
is clear that o(k) = k and o(x1) = x; since o also fixes Xo = {1,2,...,k} and X,
We conclude that

O|x, = O|X,\{k} IS an even permutation.

Consequently, o cannot map X to X, . The other cases can be proved in the same
way. Consequently, the elements (X5, XT) are in different suborbits of Alt(k) x
Sym(n — k).

Finally, we assume that 2 < i < k. We prove that (X;', X;") and (X;", X)) are
not in the same suborbits by contradiction. Assume that o € Alt(k)x Alt(n—k) maps
(X5, X)) to (X7, X;). Again, we note that o fixes X; and X, setwise. Combining
this with the fact that o permutes the elements of X and o, is an even permutation,
we deduce that

O{1,2....k—i} and Ol{z1,22,....2:}

must be both even or both odd permutations. Without loss of generality, assume
that they are both even permutations. Noting that ox, is an odd permutation (it
maps X, to X; ), by a similar argument as above, we deduce that one of

O {k—it1,..k} ANd 01X \ (a1 20,25}

must be even and the other one is an odd permutation. As oj{12. x—; is an even
permutation and O'(XJ) = Xgr, we conclude that oj(x_iy1,..x) must be an even
permutation and o|x \{z,z,...z;} 18 an odd permutation. In summary, 0|z, z,....z;} 18
an even permutation and o|xy\{z zs,..2;} 1S an odd permutation. This implies that
01x, 1s an odd permutation. The latter is impossible. Therefore, the two elements
that we started with cannot be in the same orbital.

Since the corresponding action of G has rank 2k + 6, the set S consists of an
element from each suborbits. It is easy to check that each element of S is a rep-
resentative of the ten sets in the statement of the theorem. The rest of the proof
follows by making the symmetric group Sym(n) act on the pairs ((Xar VX ),T)7
where T' € S. O

We will denote the association scheme given by the orbitals in the previous theo-
rem by J+"(n, k). Tt is not hard to check that all orbitals listed above are self-paired.
Let K(n, k) be the graph corresponding to the orbital O} .

Proposition 7.3. The graph K(n, k) is isomorphic to two disjoint copies of the graph
K(TL, ]{?) X K2 .
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Proof. Partition the vertices of K(n, k) into {V T, VT~ V=T V=~} where

(+)}
(+)}
()}
V’:{@idf):Ae<Z)}.

By definition of O}, it is clear that there is no edge between a vertex in V©+tuV =
and a vertex in V= U V=", In other words, K(n,k) is disconnected. A vertex
(A*, A%) is adjacent to all vertices of the form (BT, BY) and (B~, B™), for all k-
subsets B with the property that A N B = &. This proves that the subgraph of
K(n, k) induced by V"t UV ™ is in fact isomorphic to K (n, k) >1 K. One can also
prove with the same argument that the subgraph induced by V=" U V™~ is also
isomorphic to K (n, k) < K. O

ot + oAty . [n]
% _{(A,A).Ae I
A): Ae @

ae (M
[n]

7.3 The [n —1,1]-module

By Lemma 3.3, K = Sym([n — 1, 1]) has two orbits on 2, . It is immediate that the
partition from these orbits is 7 = {S,Q \ S}, where

Sz{MﬁAﬂ:AG(iDaMnEA}.

It is clear that S is a coclique of K(n,k) since for any (A*, A*), (B* B*) € S,
|AN B| > 1. We claim that § is also a maximum coclique of K(n, k). To do this, we
use the Ratio Bound as follows.

The proof of the following proposition is identical to the proof of Corollary 6.5.
Proposition 7.4. The eigenvalues of K(n, k) are either 0 or

20 ("),

From this proposition, we deduce that the smallest eigenvalue of the graph IC(n, k)

is —2(”;5;1) and the largest eigenvalue is 2(";’“) By the Ratio Bound, we have

for0<j <k.

4(") n—1
Kn k) < ——4 =4 :
-2(")
Consequently, S is a coclique of maximum size. By Theorem 3.7, we deduce that

the least eigenvalue —2(”;5;1) is the eigenvalue afforded by the [n — 1, 1]-module.
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Remark 7.5. In this subsection, we proved that the [n—1, 1]-module is a subspace of
the eigenspace corresponding to the eigenvalue —2(”;5;1). However, this eigenspace
is much larger than the [n — 1, 1]-module since the graph is a disjoint union of two
copies of the same graph. The other subspace of the eigenspace is the [2, 1"~?]-module
since the eigenvalue afforded by the [2,1"72]-module is also equal to —2(”_k_1). To

k-1
prove this, consider the (2k + 1)-cycle
=1, k+1, 2 k+2, ..., 4 k+i, i+1,..., k, 2k, 2k+1).

Note that if A ={1,2,...,k} and B = {k+1,...,2k}, then xz.A = B. Since |[AN
B| = 0, there exists an edge between (AT, A") and (B*, B") in K(n, k). Moreover,
since #.A = B we can identify (A%, AT) and (B*, B") respectively with the cosets
H = Alt(k) x Alt(n — k) and xH. Clearly xtH C Alt(n) and (H,xzH) corresponds
to an edge in K(n,k). Now, note that the smallest eigenvalue is afforded by the
[n — 1, 1]-module so we have

e i (31

Using this equality, the eigenvalue corresponding to [2, 1"?]-module is

Q(n_k) 2,172 - 2(n_k> n n—1,1 B n—k—1
|—H’;,Zx[ Jah) = ﬁzx[ ah)xtr=t1 (zh) = —2( L )

heH heH

8 The orbital scheme from line 5 of Table 1

Let G = Sym(n), H = (Sym(k) x Sym(n — k)) N Alt(n) and consider the Gelfand
pair (G, H). Similar to the previous cases, we will introduce certain combinatorial
objects that correspond to G/H. Then, we will find an orbital graph in the orbital
scheme that gives an affirmative answer to Question 1.1.

8.1 Combinatorial objects

Recall that Z,, ; is the set of all injections from [k] to [n]. Given A € T, x, let Im(A)
be the image of the map A and define

Z,,(A):={g:[n—kl = [n]\Im(A): g is injective} .

Since we may view an element of Z, ;, as a sequence of the form A = (ay,as, ..., ax)
with distinct entries, we have an action of Sym(k) on Z, ;. through

o(A) = (ao(1), o(2), -+ - > Ao(i))

for any ¢ € Sym(k). Similarly, the group Sym(n — k) also acts on any element
of 7, ,— by permuting the indices. These two actions give an induced action of
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Sym(k) x Sym(n — k) on {A} x Z,,(A), for any A € Z,;. Now, define T, =
{(A,B): A€T,; and B€Z,;(A)} and consider the relation R on 7T, such that
(A, B)R(C, D) if and only if there exists o € (Sym(k) x Sym(n — k)) N Alt(n) such
that

0(A)=C and o(B) = D.

Let us compute the number of equivalence classes of R. For any (A, B) € Ty, the
equivalence class of R that contains (A, B) is

(A,B) :=={(0(A),0(B)) : o€ (Sym(k) x Sym(n — k)) N Alt(n)}

Let S = {a1,aq9,...,ar} such that a3 < as < ... < aqp and S = [n]\ S =
{b1,ba,...,by_}. Consider the set T' = {(A,B) € Tpx : Im(A) = S}. The group
(Sym(k) x Sym(n — k)) N Alt(n) acts intransitively on T since the orbit counting
lemma gives

2
H(n— %)l > {(A,B)eT: 0.A= Aand 0.B = B}
o€ (Sym(k)xSym(n—k))NAlt(n)
2
Fiin gy = k)

Therefore, the set S determines two orbits which are

(57§)+ = ((a17a27 v 7ak)> (blab27 ey

bn—k)
(Sv §)_ = ((&2, g, ... 7ak)> (bla b27 S 7bn—k

)

Note that (S, 9)" and (S,.5)~ are both fixed by (Sym(k) x Sym(n — k))NAlt(n) and
they are swapped by any odd permutation in (Sym(k) x Sym(n — k)).

Y

)
)

For the remainder of this section, we let

Qi = {(S, S*: Se (“ﬁ) }

8.2 Action of the symmetric group

For any A = {ay,as,...,ax} such that a3 < ay < ... < a;, and o0 € Sym(n),
let p(o,A) € Sym(k) x Sym(n — k) be the unique permutation that acts on the
indices {1,2,...,k} x{k+1,...,n} by reordering the entries of o(A) and o(A) in an
increasing order. To see this in more details, assume A = {byy1,brs2,...,b,} such
that bk+1 < bk+2 < ...<b,. If

o(ai,) < ola,) <...<o(a;,) and o(bj,,,) < o(bj,) <...<a(b;,),

k+1 k42

then p = p(o, A) € Sym(k) x Sym(n — k) such that

p(l) =i, for £ € {1,2,... k} and p(t) =j, fort € {k+ 1,k +2,...,n}.
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Recall that H = (Alt(k) x Alt(n — k))NAlt(n). For any o € Sym(n) and S € ([Z}),
define

(0(S),0(8))"  if p(o,S5) € H and * =+

o o . ) (0(9),0(8)"  ifplo,5) € H and = —
(5207 (0(S),0(S))" if p(0,5) ¢ H and % = —
(0(5),0(8))” if p(o,5) ¢ H and = = +.

This yields a transitive action of Sym(n) on €, ;. Moreover, if S = {1,2,... k},
then a permutation o is in the stabilizer of (S,S)" if and only if o(S) = S and
p(o,S) € H. Since the unique permutation that reorders the entries of o(S) and
o(S) in an increasing order is 0!, we deduce that o = p(c,S)~!. Consequently, &
fixes (S,5)" if and only if o € H. Hence,

Stab(Sym(n), (S,S)") = (Sym(k) x Sym(n — k)) N Alt(n).
Similarly,
Stab(Sym(n), (S,5)7) = (Sym(k) x Sym(n — k)) N Alt(n).

The following proposition can be easily verified by using the fact that there is a
unique conjugacy class of subgroups isomorphic to H in Sym(n).

Proposition 8.1. The action of Sym(n) on the cosets of (Sym(k) x Sym(n — k)) N
Alt(n) is permutation equivalent to the action of Sym(n) on €, .

8.3 The orbital scheme J*(n, k)

We will denote the orbital scheme obtained from the Gelfand pair (G, H), where G =
Sym(n), and H = (Sym(k) x Sym(n — k)) N Alt(n) by J*(n,k). This association

scheme is also known as the bipartite double of the Johnson scheme J(n, k).

Theorem 8.2. An orbital of G = Sym(n) acting on the Q, . is one of the following.

1) Of :=G.((A, A)*, (4, A)F), where A € ().

2) Oy = G.((A,A)*, (A, A)"), where A € (1)),

3) O = G.((AJA)T,(B,B)"), for 1 < i < k and for A,B € ([Z]) such that
|ANB| = k—i. In particular, O; contains (X, X)™,(Y,Y)T) for any X,Y € ([Z])
such that |AN B| =k —i.

4) OF = G.((A,A)",(B,B)"), for 1 < i < k and for A,B € ([Z]) such that
|AN B| =k —i. In particular, O contains (X, X)~,(Y,Y)7), for any X,Y €
([Z]) such that | X NY| =k —i.
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Proof. We note first that the action of Sym(n) on €, has rank 2k + 2 (see [9] for
details). Consider the k distinct elements x; < xo < ... <z of [n]\{1,2,...,k}. Let
X, ={1,2,...,k—i,x1,29,...,2;} for 0 <i < k. Note that Xo ={1,2,...,k}, X} =
{z1,29,...,2}. We claim that the set

S={(X, X)": 0<i<k}U{(X;,X;) : 0<i<k}

has 2k + 2 elements in different suborbits of H = (Sym(k) x Sym(n — k)) N Alt(k).

First, note that if A € ([Z]) such that |ANX| = ¢, then (X, X)*, (A, A)*) can only
be mapped by H to an element of the form ((X,X)", (B, B)'), where |B N X| = i.
Now, if o € Sym(n) such that o ((X;, X;)*) = (X;, X;)~, then by definition we must
have p(o, X;) ¢ H. Hence, we can assume without loss of generality that oy, is an
even permutation and o)y, is an odd permutation. Therefore, ox,nx, and o|x,nx,
must have the same sign, whereas 01x,nx; and ojx nx, have opposite signs. Using
this, one can easily prove that o ((Xo, X,))" cannot be equal to (Xo, X,)*, which is
a contradiction. This completes the proof. O

Let KT (n,k) and K~ (n,k) be the two orbital graphs corresponding to O} and
O, , respectively. By definition of the orbital Of, the following lemma follows im-
mediately.

Lemma 8.3. We have K~ (n, k) = Ky x K(n, k) and K*(n, k) is a disjoint union of
two copies of K(n, k).

Proof. In K~ (n, k), the edges are of the form ((A4, A)*,(B,B)")or ((A,A)~,(B,B)"),
where |A N B| = 0. Since this graph is bipartite, we clearly have K~ (n,k) =
Ky x K(n, k).

The graph K" (n, k) is disconnected since there is no edge between vertices of the
form (A, A)" and (B,B)~, for any A, B € ([Z]). The subgraph of K~ (n, k) induced
by all vertices of the form (A, A)™, for all A € ([Z]), is isomorphic to K(n, k). The
same holds for the vertices of the form (A, A)~, for all A € ([Z]). This completes the
proof. O]

8.4 The [n — 1,1]-module

Let K = Sym([n — 1,1]). The orbit partition induced by K on €, x is 7 = {S, Qnx \
S}, where

S = {(A,A)i; Ae ([Z]) andneA}.

We note that |S| = Q(Zj) It is clear that S is a coclique of both orbital graphs
of K~(n, k) and K*(n, k), however, it is not a maximum coclique of the one corre-
sponding to K~ (n, k) since the latter is bipartite. That is, the graph K~ (n, k) gives
an affirmative answer to the first part of Question 1.1, however, the second part of

the question is not satisfied.
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Theorem 8.4. The least eigenvalue of K~ (n, k) is afforded by the [1"]-module.

Proof. By Theorem 3.7, the eigenvalue afforded by the [n — 1, 1]-module is

2" (1)

2(3) —2(:2)
Since K~ (n, k) is bipartite, its smallest eigenvalue is equal to — (";k) One can verify
that this eigenvalue is afforded by the [1"]-module by using Theorem 3.1. ]
Theorem 8.5. The least eigenvalue of KT (n, k) is afforded by the [n — 1, 1]-module.

n—k\(n—1
CED s
eigenvalue afforded by the [n — 1, 1]-module. As KT (n,k) is a disjoint union of two

n—k\(n—1

n—k—l) _ _M_ O

hl (")

Proof. Since S is a coclique, by Theorem 3.7, the eigenvalue —2

copies of K(n, k), its smallest eigenvalue is —(

9 The orbital scheme from line 6 of Table 1

In this section, we prove that the answer to Question 1.1 is affirmative for the group
in line 6 of Table 1. First, we prove that Question 1.1 is affirmative for the Gelfand
pair (Sym(2k), Sym(2) ¢ Sym(k)). Then, we use a graph isomorphism to prove that
Question 1.1 also holds for the Gelfand pair (Sym(2k + 1), Sym(2) ¢ Sym(k)).

9.1 Question 1.1 for the Gelfand pair (Sym(2k), Sym(2) ¢ Sym(k)

For any k > 2, the action of Sym(2k) on the cosets of Sym(2):Sym(k) is multiplicity-
free (see [9]). We note that the second largest in dominance ordering in A(2k, Sym(2)?
Sym(k)) is [2k — 2,2]. The action of Sym(2k) on the cosets of Sym(2) ¢ Sym(k) is
equivalent to the action of Sym(2k) on the perfect matchings of the complete graph
Koi. A perfect matching of Ky is a partition of the set [2k] into &k subsets of size 2.
We will denote the set of all perfect matchings of Ko by P

For any A = [A1, Ag, ..., A, let Opy, oa,,.2x,) be the set of all pairs (P,Q) of
elements of P, such that P U (@ is a union of ¢ cycles of length 2A;, 2o, ..., 2)\;. We
note that an edge is considered a 2-cycle in this definition.

For any A = [A, Ao, ..., A Bk, we define 2\ := [2A1,2\y,...,2);]. The as-
sociation scheme arising from (Sym(2k), Sym(2) ¢ Sym(k)) is the well-known perfect
matching association scheme. The orbitals of the corresponding group action are all

sy, where A = k. Next, we prove that the answer to Question 1.1 follows from a
result in [10, 15].

For any n, we let

| nx(n—2)x...x3x1 ifnisodd
nll =
nx(n—2)x...x4x2 otherwise.
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Using this notation, it is not hard to see that
|Pr| = (2k — D).

For any F C Py, we say that F is intersecting if |P N Q| > 1, for any P and @
in F. We state the following theorem about intersecting families of P.

Theorem 9.1 ([10, 15]). If F C Py, is intersecting, then |F| < (2k —3)!1. Moreover,
equality holds if and only if F consists of all perfect matchings with a fized edge, i.e.,
an orbit of size (2k — 3)!! of a conjugate of Sym(2k — 2) x Sym(2).

To prove Theorem 9.1, the authors relied on cocliques in the so-called perfect
matching derangement graph P(k). The vertices of this graph consist of the elements
of Py, and two perfect matchings are adjacent if they are not intersecting. The graph
P(k) is the union of all orbital graphs corresponding to Osy, where A F k and 2
does not contain any part of size 2. It follows from Theorem 9.1 that any orbital
graph which is a subgraph of P(k) gives an affirmative answer to Question 1.1 (a).
Using the upper bound on the dimension of the Specht modules in A(2k, Sym(2)?
Sym(k)) given in [3, Lemma 3.7] (or [2, Lemma 3.2]) and the “trace trick” as given
in [10, Theorem 7.2], one can prove that the smallest eigenvalue of perfect matching
derangement graph P(k) is equal to —(2k — 2)!!, and the latter is afforded by the
[2k — 2, 2]-module.

However, when considering the subgraphs of P(k) corresponding to orbital graphs
in the association scheme, the trace trick fails. In [15], Lindzey showed that in the
orbital graph Ojy, the least eigenvalue is afforded by [2k — 2,2], and is equal to
—(2k — 2)!l. Thus Question 1.1 (b) is affirmative.

9.2 Question 1.1 for the Gelfand pair (Sym(2k + 1), Sym(2) Sym(k))

Let k be a positive integer. For any A = [Ay, \a, ..., \] F k, under the assumption
that A\g = k + 1, we let

I()\) = {Z € {1,2,,t} | Ailqg > )\2}
For any A = [A1, Ag,..., \] F k, define the partitions of 2k + 1 given by

200 1 = [20,20, ..., 20 + 1,...,2)], foric Z()\)
2D 11 = 20,2, ..., 22, 1]

Further, for any A = [A1, \a, ..., \] F k& we define the set
2A+1={22D 4 1:5 e TN U {t +1}}.
Finally, define the set

Ay = U o\ + 1.
A=K
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The group Sym(2) ! Sym(k) is a multiplicity-free subgroup of Sym(2k + 1) [9)].
Using [9], we know that

Sym(2k+1) -
]'Sym(2)ZSym(/c) - Z Xu‘
HEAL

The action of Sym(2k+ 1) on cosets of Sym(2)!Sym(k) is equivalent to its action
on the set Qy, of all partitions of [2k 4 1] into k sets of size two and a singleton. Such
a partition in Qy is called a quasi-perfect matching of Ko 1. It is clear that

Q4] = (2k + D).

In the next lemma, we determine the orbitals of Sym(2k + 1) in its action on
quasi-perfect matchings of Ko, 1. We omit the proof of this lemma since it is similar
to how the orbital graphs of the action of Sym(2k) on cosets of Sym(2) Sym(k) are
obtained (see [11] for details).

Lemma 9.2. An orbital of Sym(2k + 1) in its action on quasi-perfect matchings of
Kopy1 is of the form:

(i) Opay,..2041,...27], for some partition (A, Aa, ..., \] F k, where
(P, P") € Opx,,..2xn+1,..2x 4f and only if P U P’ is a disjoint union of t — 1
cycles of length 21, ..., 2 \;_1,2Xiv1, ..., 2\ and a path of length 2\; + 1.

(11) Opx,,..2x.1), for some partition [Ai, ..., \] =k, where (P, P') € Opx,,...oxn 1 if
and only if PU P’ is a disjoint union of t — 1 cycles of length 2\, ...,2)\; and
an isolated vertew.

For any k& > 2, let Q(k) be the graph consisting of the union of all orbital graphs
corresponding to O, such that © € Ay does not contain any part of size 1 or 2.
We prove the next result about the relation between (k) and the perfect matching
derangement graph.

Lemma 9.3. For any k > 2, there exists graph isomorphism ¢ from Q(k) to P(k+1).

Proof. Consider the map ¢ : Qr — Pri1 such that any Q € Q, is mapped to
the element ¢(Q) of Pri1 obtained from @ by replacing the singleton {a} € @
by {a,2k + 2}. It is clear p(Q)€ Pry1 and ¢ is well defined. By uniqueness of
the singleton in any element Qj, it is clear that ¢ is injective. The surjectivity is
obtained by replacing the 2-subset {a, 2k +2} in any element of Py, 1 by {a}. Hence,
© is a bijection.

It remains to prove that ¢ preserves adjacency and non-adjacency. For any
Q,Q" € Qy such that Q ~gu) @', it is clear that ¢(Q) U ¢(Q') does not contain
any isolated edge, otherwise, ) U )" would contain a 2-cycle or an isolated vertex.
If P=o(Q),P =¢@) € P(k+ 1) are adjacent, then P U P" does not contain
a 2-cycle, so the removal of the vertex 2k 4 2 cannot give rise to a graph with an
isolated vertex or a graph with 2-cycle. Consequently, ¢ is an isomorphism. ]
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It is not hard to see that the isomorphism ¢ also induces an isomorphism on the
orbital graphs that are subgraphs of Q(k) and P(k + 1).

An immediate corollary of the above lemma and Theorem 9.1 is the following.

Theorem 9.4. If F C Qy is intersecting, then |F| < (2k—1)!1. Equality holds if and
only if F is an orbit of size (2k — 1)!! of a conjugate of Sym([2k, 1]) or a conjugate
of Sym([2k — 1,2]).

We note that the partitions [2k, 1] and [2k — 1,2] are exactly the two resulting
partitions obtained by applying the Branching Rule from Sym(2k+2) to Sym(2k+1)
(see [17] for details) on the partition [2k,2], which is the one that determines the
smallest eigenvalue of P(k + 1).

Since Q(k) is a union of orbital graphs of Sym(2k + 1) acting on Qy, we conclude
that the orbit of Sym([2k,1]) of size (2k — 1)!! is a coclique of any orbital graph
contained in Q(k). Hence, Question 1.1 (a) is affirmative.

For Question 1.1 (b), we consider the orbital graph X corresponding to O 1.
Due to Question 1.1 (a) being affirmative, —(2k —2)!! is the eigenvalue of X afforded
by [2k, 1]-module. Let Y be the subgraph of P(k + 1) which is the orbital graph of
Sym(2k 4 2) acting on Py corresponding to the partition [2k 4 2]. It is known that
the smallest eigenvalue —(2k — 2)!! of YV is afforded by the [2k, 2]-module and is the
least eigenvalue of Y. Therefore, —(2k — 2)!! is also the smallest eigenvalue of X,
since X and Y are isomorphic.

10 Conclusion and future work

In this paper, we proved in Theorem 1.6 that for any Gelfand pair (G, H), where
G = Sym(n) and H is listed in lines 1-6 of Table 1, there exists a graph in the
corresponding orbital scheme for which Question 1.1 is affirmative. We also gave an
example where the answer to Question 1.1 is negative.

We do not know if Question 1.1 is true in general for all multiplicity-free subgroups
H of Sym(n) such that the second largest in dominance ordering in A(n, H) is [n —
1,1]. Therefore, we pose the following problem.

Problem 10.1. Determine whether Question 1.1 is true for all other Gelfand pairs
(Sym(n), H) in which [n — 1, 1] is the second largest in A(n, H).

For orbital schemes arising from other multiplicity-free subgroups, we expect
the case where the second largest in dominance ordering in A(n, H) is not equal to
[n —1, 1] to be more complicated than the case considered in this paper. We provide
some computational results on the small multiplicity-free subgroups obtained from
Sagemath [18] in Table 2.

We also ask the following problem.

Problem 10.2. Find an EKR type theorem for partially 2-intersecting families of
Uy. That is, determine the maximum cocliques of the folded Johnson graph J(2k, k).
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Group n index rank Second largest Question 1.1(a) Question 1.1(b)
AGL(1,5)NAs 5 12 4 3,2] Yes Yes
AGL(1,5) 5 6 2 [22,1] No No
PSL(2,5) 6 12 4 [3% Yes Yes
PGL(2,5) 6 6 2 [29] No No
AGL(1,7) 70120 7 [4,3] No No
PSL(3,2) 7 30 4 [4,3] Yes No
AT'L(1,8) 8 240 8  [5,19 No No
PGL(2,7) 8 120 5 [4,4] No No
AGL(3,2) 8 30 4 [42] Yes No
Sym(2) 1 Alt(3) 6 30 5 [4,2] Yes No
Sym(2) 1 Alt(4) 6 30 5 6, 2] Yes No

Table 2: Answer to Question 1.1 for small multiplicity-free subgroup.

Acknowledgements

The research of both authors is supported in part by the Ministry of Education,
Science and Sport of Republic of Slovenia (University of Primorska Developmental
funding pillar). The work of the second author is also supported in part by the
Slovenian Research Agency through the research project J1-50000.

There is no conflict of interest.

References

1]

2]

E. Bannai and T. Ito, Algebraic combinatorics I : Association schemes, Ben-
jamin/Cummings Publishing Co., Inc., 1984.

A. Behajaina, R. Maleki, A.T. Rasoamanana and A.S. Razafimahatratra, 3-
setwise intersecting families of the symmetric group, Discrete Math. 344(8)
(2021), 112467.

A. Behajaina, R. Maleki and A.S. Razafimahatratra, On the intersection density
of the symmetric group acting on uniform subsets of small size, Linear Algebra
Appl. 664 (2023), 61-103.

R.C. Bose and T. Shimamoto, Classification and analysis of partially balanced
incomplete block designs with two associate classes, J. Amer. Statist. Assoc.
47(258) (1952), 151-184.

A. Brouwer, A. Cohen and A. Neumaier, Distance-Regular Graphs, Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys
in Mathematics. Springer Berlin Heidelberg, 1989.



[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

A.S. RAZAFIMAHATRATRA / AUSTRALAS. J. COMBIN. 89 (3) (2024), 413-447 447

T. Ceccherini Silberstein, F. Scarabotti and F. Tolli, Harmonic analysis on
finite groups, vol. 108 2008, Cambridge University Press.

M. Deza and P. Frankl, On the maximum number of permutations with given
maximal or minimal distance, J. Combin. Theory Ser. A 22(3) (1977), 352-360.

P. Erdés, C. Ko and R. Rado, Intersection theorems for systems of finite sets,
Quart. J. Math. 12(1) (1961), 313-320.

C. Godsil and K. Meagher, Multiplicity-free permutation representations of the
symmetric group, Ann. Comb. 13(4) (2010), 463-490.

C. Godsil and K. Meagher, An algebraic proof of the Erdés-Ko-Rado theorem
for intersecting families of perfect matchings, Ars Math. Contemp. 12(2) (2016),
205-217.

C. Godsil and K. Meagher, FErdds-Ko-Rado Theorems: Algebraic Approaches,
Cambridge University Press, 2016.

W. H. Haemers, Hoffman’s ratio bound, Linear Algebra Appl. 617 (2021),
215-219.

D. G. Higman, Coherent configurations I, Rendiconti del Seminario Matematico
della Universita di Padova, 44 (1970), 1-25.

G. Katona, A simple proof of the Erdos-Ko-Rado theorem, J. Combin. Theory
Ser. B 13(2) (1972), 183-184.

N. Lindzey, Erdés-Ko-Rado for perfect matchings, Furop. J. Combin. 65
(2017), 130-142.

W.J. Martin and H. Tanaka, Commutative association schemes, Furop. J.

Combin. 30(6) (2009), 1497-1525.

B.E. Sagan, The Symmetric Group: Representations, Combinatorial Algo-
rithms, and Symmetric Functions (Graduate Texts in Mathematics), New York:
Springer, 2001.

The Sage Developers, SageMath, the Sage Mathematics Software System (Ver-
sion 9.7), 2022, https://wuw.sagemath.org.

R. M. Wilson, The exact bound in the Erdos-Ko-Rado theorem, Combinatorica
4(2-3), (1984), 247-257.

(Received 25 May 2023; revised 18 Feb 2024, 21 May 2024)



	Introduction
	Motivation
	Main results
	Structure of the paper

	Background results
	Permutation groups
	Equitable partitions
	Hoffman's Ratio Bound
	Graph products

	The association scheme arising from a Gelfand pair (`39`42`"613A``45`47`"603ASym(n),H)
	Eigenvalues
	Equitable partitions

	Proof of Theorem 1.5
	The orbital scheme from line 1 of Table 1
	The orbital scheme from line 2 and line 3 of Table 1
	The quasi k-subsets of [n]
	Action of the `39`42`"613A``45`47`"603ASym(n) on quasi k-subsets
	The quasi Johnson scheme
	The graphs in J+(n,k)
	The [n-1,1]-module

	The orbital scheme from line 4 of Table 1
	Combinatorial objects
	The orbital scheme J++(n,k)
	The [n-1,1]-module

	The orbital scheme from line 5 of Table 1
	Combinatorial objects
	Action of the symmetric group
	The orbital scheme J(n,k)
	The [n-1,1]-module

	The orbital scheme from line 6 of Table 1
	Question 1.1 for the Gelfand pair (`39`42`"613A``45`47`"603ASym(2k),`39`42`"613A``45`47`"603ASym(2)`39`42`"613A``45`47`"603ASym(k)
	Question 1.1 for the Gelfand pair (`39`42`"613A``45`47`"603ASym(2k+1),`39`42`"613A``45`47`"603ASym(2)`39`42`"613A``45`47`"603ASym(k))

	Conclusion and future work

