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Abstract

A subset D of V(G) is a dominating set of a graph G if every vertex of
V(G) — D has at least one neighbour in D; let the domination number
7(G) be the minimum cardinality among all dominating sets in G. We
say that a graph G is v-q-critical if subdividing any ¢ edges results in
a graph with domination number greater than v(G) and there exists a
set of ¢ — 1 edges such that subdividing these edges results in a graph
with domination number v(G). In this paper we consider mainly v-¢-
critical trees and give some general properties of y-g-critical graphs; in
particular, we characterize those trees T that are y-(n(7") — 1)-critical.
We also characterize v-2-critical trees 7" with sd(7") = 2 and ~v-3-critical
trees T' with sd(7") = 3, where the domination subdivision number sd(G)
of a graph G is the minimum number of edges which must be subdivided
(where each edge can be subdivided at most once) to construct a graph
with domination number greater than v(G).

* Corresponding author

ISSN: 2202-3518 ©The author(s). Released under the CC BY 4.0 International License



M. DETTLAFF ET AL./AUSTRALAS. J. COMBIN. 89 (3) (2024), 400-412 401

1 Introduction

Let G = (V, E) be a connected graph of order n(G) and size m(G).

The open neighbourhood N¢(v) of a vertex v € V is the set of all vertices adjacent
to v in G and let the closed neighbourhood be the set Ngv] = Ng(v) U {v}. The
degree of a vertex v is denoted by degq(v) = |Ng(v)|. For a set X C V| the open
neighbourhood Ng(X) is the set | J, .y Na(v) and the closed neighbourhood is the set
N¢[X] = Ne(X) U X. For a set S, let Ng[z] = Ng[z]NS.

A vertex v is an end-vertex (or a leaf) of G if v has exactly one neighbour in G.
The set of all end-vertices in G is denoted by Q(G).

A vertex v is called a support if it is adjacent to an end-vertex. If v is adjacent
to only one end-vertex, it is called a weak support. Otherwise, v is called a strong
support. The set of all supports in a graph G is denoted by S(G).

The distance between two vertices u, v is the length of a shortest © — v path in a
graph G and is denoted by dg(u,v). A u— v path of length dg(u,v) is called a u — v
geodesic. We say that a set A C V' is a 2-packing if dg(x,y) > 2 for all z,y € A.

For a graph G, the subdivision of an edge e = uv with a new vertex w (called
the subdivision verter) is an operation which leads to a graph G, with V(G.) =
V(G)U{w} and E(G.) = (E(G)\{uv})U{uw, wv}. Furthermore, the graph obtained
from G by subdividing all the edges in the set F' C FE(G) is denoted by GFp.

A subset D of V is a dominating set of a graph G if every vertex of V' \ D
has at least one neighbour in D. Let «(G) be the minimum cardinality among all
dominating sets in G. A dominating set of cardinality v(G) is called a y-set of G or
v(G)-set. For domination related concepts not defined here, consult [8].

The domination subdivision number, sd(G), of a graph G is the minimum number
of edges which must be subdivided (where each edge can be subdivided at most once)
in order to increase the domination number. Since the domination number of the
graph K5 does not increase when its only edge is subdivided, we therefore consider
only connected graphs of order at least 3. The domination subdivision number was
defined by Velammal in 1997 (see [10]) and since then it has been widely studied in
graph theory papers. This parameter was studied for trees in [1] and [2]. General
bounds and properties have been studied by, among others, [3], [4], [5], and [6].

In [9] Jafari Rad defined a graph to be ~,4-critical if the domination number
increases with the subdivision of any single edge. We generalize this concept to
consider the case of the subdivision of any g edges. A graph G is y-g-critical if
subdividing any ¢ edges results in a graph with domination number greater than
7(G) and there exists a set of ¢ — 1 edges such that subdividing these edges results
in a graph with domination number 7(G). The case where ¢ = 1 is equivalent to the
concept of yg4-critical graphs defined in [9]. Note that from the definition it follows
that sd(G) < ¢ for any v-g-critical graph G.

In this paper we consider mainly ~-g-critical trees and give some general prop-
erties of ~-g-critical graphs; in particular, we characterize those trees T that are
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v-(n(T) — 1)-critical. We also characterize y-2-critical trees T with sd(7") = 2 and
v-3-critical trees T' with sd(7T) = 3.

2 Preliminary results

Note that the domination number of a graph cannot be decreased with the subdivi-
sion of an edge and can increase by at most one.

Proposition 2.1 [9] For any edge e in a graph G, v(G) < v(Ge) < ~v(G) + 1.
We begin with some general remarks.

Observation 2.2 [f there is a y-set D in G such that V'\ D contains a vertex having
k neighbours in D, then G 1is not v-q-critical for q < k — 1.

Corollary 2.3 If G is y-q-critical, then for any vy-set D of G and every v € V \ D
we have |[Np(v)| < q.

Since the subdivision of any k edges in the cycle C, (the path P,) leads to a
graph isomorphic to C, 1% (P,1x), we obtain the following observation.

Observation 2.4 If a cycle C,, and a path P,, n > 3, is y-q-critical, then

1 ifn=0mod 3,
qg=-sd(C,) =sd(P,) =<2 ifn=2mod 3,
3 ifn=1mod3.

Observation 2.5 [9] If G contains a universal vertez, then G is y-1-critical.

Observation 2.6 Let K,; be a complete bipartite graph with 2 < s <t. If s = 2,
then Ky is v-(t 4+ 1)-critical. Otherwise Ky, is y-2-critical.

3 ~-g-critical graphs

We begin this section with some definitions.

The corona G ® H of two graphs GG and H is defined as the graph obtained by
taking n(G) copies of a graph H and for each i < n adding edges between the ith
vertex of G and each vertex of the ith copy of H.

A spider S, is a graph obtained from the star K, for ¢ > 1 by subdividing
each edge of the star. A d-wounded spider S;,_q is the graph formed by subdividing
t —d <t—1edges of astar Kyt > 1 (d is the number of edges that we do not
subdivide; ¢ —1 > d > 1). Note that S;g = K., the case where zero edges are
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subdivided. If ¢ > 2 and exactly t — 1 of the edges of a star are subdivided, i.e.
d = 1, then the resulting graph is called a slightly wounded spider.

An independent set is a set of vertices in a graph, no two of which are adjacent.
The maximum cardinality of an independent set of G is called the independence
number of G and denoted by «(G). An independent set of cardinality a(G) is called
an a-set of G.

In the next proposition we show that for every odd number ¢, there exists a
~-q-critical tree.

Proposition 3.1 If T' = S,,_ is a k-wounded spider, then T is ~y-q-critical for
q=n(T)—k, wheret — 1>k > 2.

Proof. Note that v(T') = ¢t — k + 1. Label the vertices of T" as follows: label the
central vertex of K, with « and its leaves with {vq,...,v;}. Subdivide the edges
xv; with vertices u; fori =k +1,..., ¢

Let A = {zu;,uv; | i =k+1,...,t} beaset of 2(t — k) = n(T) — k — 1 edges. If
the edges in A are subdivided, then the set D = {x, yx11, ..., 4} is a dominating set
of cardinality t — k+ 1, where y; is the subdivision vertex of the edge w;v;. Therefore,
q>2(t—k)+1=n(T)— k.

Let A" be a set of n(T) — k = 2(t — k) + 1 edges. Then A’ necessarily contains
at least one of the edges zv; for i < k. Since k > 2, x is a strong support vertex and
therefore the subdivision of the edges in A’, producing T/, increases the number of
support vertices of 7. Hence y(Ta) > |S(Ta)| >t — k +1 = ~(T). It follows that
T is v-(n(T") — k)-critical. O

To show that this result also holds for even ¢, let T be the graph formed by
joining the internal vertex of a path P; to the vertex of maximum degree of the
k-wounded spider S;;_j. We show that T}, is v-(n(T}) — k — 2)-critical if k& > 2.

Proposition 3.2 For any even number q, the graph Ty is ~v-q-critical, where ¢ =
n(T)—k—2and k > 2.

Proof. Note that v(Ty) =t — k 4+ 2. In T} let = be the vertex of maximum degree
and let y be its neighbour of degree 3. Then the subdivision of all edges except the
pendant edges incident to either x or y will not increase the domination number.
Therefore ¢ > 2(t — k) + 2 = n(Ty) — k — 2.

Let A" be a set of n(T},) —k—2 = 2(t —k)+1 edges. Then A’ necessarily contains
at least one of the pendant edges incident to x or y. The subdivision of the edges
in A’, producing (7)., increases the number of support vertices of T} and hence
Y(Tx)ar) = |1S((Tk)a)| >t — k+ 2 =~(Ty). It follows that T}, is v-(n(Ty) — k — 2)-
critical. O

Corollary 3.3 For each q > 1 there exists a y-q-critical tree.
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If a graph G has a strong support vertex, then sd(G) = 1 [7]. That means both
sd(Sis—x) = 1 and sd(Ty) = 1 if k > 2.

Corollary 3.4 There exist v-q-critical graphs G where the difference between q and
sd(G) is arbitrarily large.

Even if the graph is without leaves, we can obtain a similar result where ¢ is odd.
Construct the graph Gy for k > 1, as follows: take k 4-cycles H; ~ (z;, v, zi, Vs, T;)
for e =1,..., k. Now indentify vertices v; with one another to obtain the vertex v.

Figure 1: The graph Gy.

Proposition 3.5 The graph Gy, is vy-q-critical for ¢ = n(Gy) — k, where k > 1.

Proof. Note that 7(Gy) = k+1, any y-set D of Gy, contains v, and |DN{x;, y;, z;}| =
1 for any i € {1,...,k}. Also, n = n(Gy) = 3k + 1. Now let F' = {vz;,vz; | i =
1,...,k} and consider (Gp)p. The set D' = {v}U{y; | i = 1,...,k} is a vy-set of
(Gr)r of cardinality k + 1 and therefore ¢ > |F|+1=n — k.

On the other hand if we subdivide any set I’ of n — k edges, then there exists
a j < k such that |E(H;) N F’| > 3. This copy becomes a cycle of length at least
7 and we need at least three vertices to dominate it. Therefore v((Gx)r) > v(Gr)
and hence Gy, is y-(n — k)-critical. O

It is also possible for ¢ to be larger than n. Let Ay be the graph obtained from
Ks 45, for k > 0, by adding a leaf to each of the vertices in the partite set Vj,
where |Vi| = 3. Let Vi = {vy,v9,v3}, Vo = {uy, ..., urs5} and label the leaves x; for
1=1,2,3.

Proposition 3.6 The graph Ay is v-q-critical for ¢ = n(Ax) + k, where k > 0.

Proof. Note that v(Ag) = 3 and Vj is a y-set of Ax. Also, n = n(Ax) = k + 11.
Now let F' = {vju;,vou; | i =1,...,k+5}. Then V] is a v-set of (Ax)r and therefore
q>2k+11=n+k.

On the other hand consider any set F’ of n + k edges. If there is at least one
u; incident to three edges of F', then v((Ag)r) > 7(Ag). Otherwise, every u; is
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incident to at most two edges of F’ and therefore at least one pendant edge, say
xqv1, belongs to . If vyu; € F' for some j < k+5, then clearly v((Ag)r) > v(Ag).
If vyu; & F' for all j < k+5, then F’ contains at least 2k 4 8 edges of the form v;u;
for j = 2,3. It is easy to check that v((Ax)pr) > v(Ag). It now follows that Ay is
v-(n + k)-critical. O

Proposition 3.7 Let G be a graph of order n(G) and size m(G) > 1. Then H =
G © Ky is y-(m(G) + 1 + o(G))-critical.

Proof. Of course, every minimum dominating set of H = G ® K; has cardinality
n(G). Let A be an a-set of G. Then D = V(G) \ A is a dominating set of G. Label
the vertices of G as vi, v, ..., v,, Where vi,vs,... 04 € A and label the copies of
K in H with u;, 7 € {1,...,n}.

Let FF = E(G)U{vu; | i = 1,...,a(G)} and consider Hp. The set D U
{wi, ..., wa(e}, where w; is a subdivision vertex of v;u;, is a dominating set of
Hp of cardinality n(G), showing that the subdivision of |F| = m(G) + a(G) edges
does not increase the domination number of H.

Now consider a set B of m(G) + 1 + «(G) edges of H and let B’ = B N {v;u; |
1 <i<n}. Then |B'| > a(G) + ¢ with ¢ > 1 and there exist edges vju;, vyu, € B
such that vju, € E(G), where j, k can be chosen in such a way that v,v, € B.

Let us consider Hp and let D’ be a y-set of Hg. Then Dy = D'N{w;, u;} # @ for
each v;u; € B', where w; subdivides v;u; and Dy = D' N {v;,u;} # & for vu; & B'.
The set Dy U Dy however does not dominate the subdivision vertex of the edge v;vy
and since |Dy U Dy| > n(G), we have |D'| > n = ~v(H). This proves that H is
7-(m(G) + 1 + a(G))-critical. O

Corollary 3.8 If G is a tree, then H = G © K is v-(n(G) + a(Q))-critical.
Since G = K, ® K has 2r + 2 vertices, n(K;,) =r+1and a(K;,) =7, r > 1,
it follows that K;, ® K; is 7-(n(G) — 1)-critical.

Jafari Rad characterized the case where ¢ = 1 as follows:

Theorem 3.9 [9] A graph G is ~y-1-critical if and only if every y-set of G is a
2-packing.

We show that K, ® Ki, r > 1, is the only ¢ = (n(T") — 1)-critical tree.

Theorem 3.10 For a y-q-critical tree T', g = n(T) — 1 if and only if T = K, ® K
for some r > 1 (i.e. T is a slightly wounded spider).

Proof. If T is a slightly wounded spider it follows from Corollary 3.8 that T is
v-(n(T') — 1)-critical.
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Now assume that 7" is y-(n(7") — 1)-critical and let O = V(1) \ (A(T") U S(T)).
To show that 7" is a corona graph we show that 7' = 7" ® K, for some tree 7" (i.e.
T has only weak supports and leaves and that O = &).

First assume that T has a strong support vertex x with at least two neighbours
x1,x9 € Q(T). Since x belongs to any ~-set of T and 1, xs to no v(T')-set, it is
easy to see that subdividing the edge xx; results in a graph with domination number
greater than v(7), i.e. v(Ths,) > (7). Since any set of n — 2 edges contains zx; or
xx9, Y(Tr) > v(T) for any set F' of n—2 edges. It follows that 7" is not y-(n(7") — 1)-
critical, a contradiction. Thus every support of T" is a weak support.

Now assume that O # @. Since T is connected there are at least two edges
between S(7') and O. We consider two cases:

Case 1. If |O] < 2, then S(T) is a y-set of T" and there exist two edge-disjoint
paths P, = (z;, x;,y;) where y; € O, x; € S(T') and z; € Q(T) for i = 1,2. Note that
it is possible that y; = ys.

Let F; = {zz;, z;y;} for i = 1,2 and consider the graph Tr. Suppose that z;y;
are subdivided by w;. Then w; is not dominated by a support vertex of Tp and
Y(Tr) > |S(Tr)|+1=|S(T)|+1>~(T). Since any set of n — 2 edges contains F}
or Fy, v(Tr) > ~(T) for any set F' of n — 2 edges, a contradiction.

Case 2. 1f |O| > 2, there exist two non-adjacent vertices y;,y2 € O adjacent to
two different vertices in S(T), say x; and xq, respectively. Let F; = {z;z;} U {y;v |
v € N(yi)}, i € {1,2}. Suppose that the edges zx; and w;y; are subdivided by f;;
and f; o, respectively, and that the remaining edges incident to y; are subdivided by
fijfor j=3,...,dr(y;) + 1.

Now consider Tx,. Let Dp, be a y-set of T with the minimum number of subdi-
vision vertices. Since {z;, fi1} N Dr, # &, we consider two subcases:

Subcase 2.1. Let f;1 € Dp,. lf x; € Dp,, then D = (Dp, — {fi; | 7 > 1}) U {w:}
is a dominating set of T with |D| < |Dp,|. Hence assume that x; ¢ Dp,. By the
choice of Dp, (as a dominating set containing the smallest number of subdivision
vertices), y; € Dp, to dominate f;o and {fi; | 7 > 2} N Dr, = @. Hence, D =
(Dp, — {vi, fi1}) U{x;} is a dominating set of T" with |D| < |Dp,]|.

Otherwise, from the choice of Dp, (it has the smallest number of subdivision
vertices) y; € Dp, and {f;; | j > 2} N Dp, = @. Hence, D = (Dg, — {vi, fi1}) U{z:}
is a dominating set of 7' with |D| < |Dg|.

Subcase 2.2. Let z; € Dp; then fi; ¢ Dp,. First assume z; € Dp,; then
fiz € Dp,. To dominate y;, either y; or some f;;,j > 3, belongs to Dp,. In this
case D = (Dp, — ({z:i} U{fi; | j = 2})) U{y:} is a dominating set of T" with
|D| < |Dp,|. Hence assume z; ¢ Dp,. To dominate f;o, either y; or fio is in Dp,.
Thus D = (Dg, —{ fi2, ¥i, zi ;) U{x;} is a dominating set of T" with |D| < |Dp,|. Since
FyNF, = @, any set of n — 2 edges contains I} or Fy. Therefore v(Tr) > ~v(T') for
any set F' of n — 2 edges, a contradiction.

It follows that O = @ and hence T'=T" ® K; for a tree T" and T is ~y-g-critical for
q =n(T)— 1. By Corollary 3.8, ¢ = n(T") + a(T"). Since n(T') = 2n(T1") it follows
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that o(7") = n(T") — 1 =m(T"). Thus 7" is a star and T'= K, © K; for r > 1.

If z; € Dp, then obviously fi1 & Dp,. Assume z; € Dp,. In this case D =
(Dp, — ({z:}U{fij | 7 > 2})) U{y} is a dominating set of T" with |D| < |Dg,|. Now
let z;  Dp,. If fi2 € Dp,, then from the choice of Dp, we have ({y} U{f;; | j >
3})) N Dp, = @. Thus D = (D, — {fi2,z}) U {x;} is a dominating set of 7" with
’D‘ < ‘DFZ‘ Finally, if fi,Q ¢ DFi’ then Y; € DFz‘ and {fi,j ’ ] > 3} N DFz = (fI‘OH’l
the choice of Dp,). In this case D = (Dp, — {yi, 2;}) U {z;} is a dominating set of T’
with |D| < |Dg,|.

Since Iy N Fy = @&, any set of n — 2 edges contains I} or Fy. Therefore v(TF) >
v(T') for any set F' of n — 2 edges, a contradiction.

It follows that O = @ and hence T'=T" ® K; for a tree 7" and T is y-g-critical
for ¢ = n(T)—1. By Corollary 3.8, ¢ = n(T") +«a(T"). Since n(T) = 2n(1") it follows
that o(7") = n(T") — 1 =m(T"). Thus 7" is a star and 7' = K; , © K for r > 1. O

4 ~-g-critical trees with sd(7) = ¢

As shown in [10], the subdivision number of any tree lies between 1 and 3. Combining
the characterization of v-1-critical graphs in [9] and the characterization of trees
with sd(7') = 1 in [2] shows which trees with sd(7") = 1 are also y-1-critical. We
now characterize y-2-critical trees T with sd(7) = 2 and ~-3-critical trees T' with
sd(T') = 3.

4.1 ~-2-critical trees

Theorem 4.1 A tree T is v-2-critical if and only if

1. every ~v-set D of T contains at most one pair of vertices x,y such that 1 <
dr(z,y) < 2, and if such a pair x,y ezists, then each of x and y has at least
two neighbours not in D, and

2. T has a y-set containing exactly one such a pair of vertices x,y.

Proof. Suppose that there is no 7-set D in T with exactly one pair of vertices
x,y € D such that dr(z,y) € {1,2}. Then every y-set in T is a 2-packing or
contains more than one pair of vertices at distance at most 2. In the first case it
follows from Theorem 3.9 that T is v-1-critical.

So suppose that 7" has a y-set D with at least two pairs of vertices {x, 91}
and {z3,y2} such that dr(x;,y;) < 2, for ¢ € {1,2}; note that it is possible that
{z1,y1} N{xa,y2} # @. On the x; — y; geodesic, let v; be the vertex adjacent to x;
(note that it is possible that v; = y;). If the edge x;v; is subdivided with w;, then
x; dominates w; and y; dominates v;. Hence there exist two edges whose subdivision
does not increase the domination number of 7" and hence T is not ~-2-critical.

Thus there exists a v(7T)-set D with exactly one pair of vertices z,y € D such
that dr(z,y) € {1,2}. We may assume that D N Q(T) = &, otherwise we may
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exchange a leaf with its support vertex. If this exchange results in a dominating set
having two pairs of vertices x,y € D such that dy(z,y) € {1,2}, then we obtain
the case considered in the paragraph above. Hence assume this is not the case and
suppose at least one of x or y, say x, has at most one neighbour not in D. Since D
is a y-set of T, x and y has at least one neighbour in V(7") \ D. Hence, x has exactly
one neighbour 2’ € V(T') \ D. Since x is not a leaf, xy € E(T"). Subdivide the edges
zz' and xy with w; and wsq, respectively, to form 7”. Then (D — {z}) U{w;} is a
dominating set of 7" and therefore T' is not ~y-2-critical.

Conversely, assume that every ~-set of T has the desired property and to the
contrary suppose that 7' is not -2-critical. Hence there exists a set of two edges
F = {e1 = xy1,e2 = x2y2} such that y(Tp) = (7). Let w; and wy be the
subdivision vertices of e; and ey, respectively.

Let D' be a ~-set of Tr with the smallest number of subdivision vertices and
consider the following cases.

Case 1. Edges e; and ey are adjacent. Without loss of generality assume that
x = x1 = xy. If x € D', then there is a vertex z; € N[y;] N D' for i = 1,2. From
the choice of D', it follows that wy,wy & D’. Therefore, D’ is a «y-set of T' such that
dr(x,z) < 2 for i = 1,2, a contradiction.

Now consider the case where x & D’. If wy,wy & D', then y;,y € D' and there
exists a vertex ' € N(z) \ {wy, ws} such that ' € D’. Therefore, D' is a 7-set of
T such that dr(2',y;) < 2 for ¢ = 1,2, a contradiction. Thus w; € D’ for at least
one i and by the choice of D" exactly one, say w, belongs to D’. It is clear that
y2 € D'. If degyp, () > 2, then there exists 2’ € N(x) \ {wi, wa}. Since x € D', there
exists ” € N[2'] N D’. But then D = (D’ \ {w;}) U {z} is a y-set of T" such that
dr(z",r) <2 and dr(z,y2) = 1, a contradiction. On the other hand, if deg;_ (7) = 2,
then D = (D' \ {wy})U{z} is a y-set of T such that d(x,y2) = 1, but y; is the only
neighbour of x outside of D, a contradiction.

Case 2. FEdges ey and ey are not adjacent. We show that there exists a vy-set D
of T such that for each edge e; there exists a pair u;, v; € D such that dr(u;,v;) < 2.
If wy,wy € D', then at least one of x1,y;, say 1, belongs to D’ and at least one of
Tg, Y2, SAY Ty, belongs to D’. Then there exists z; € N[y;| \ {w;} such that z; € D’
for i = 1,2. Therefore, D" is a 7-set of T such that dp(z;,2;) < 2 for i = 1,2, a
contradiction. Thus w; € D’ for at least one 1.

Subcase 2.1. dp({z1, 1}, {w2,y2}) = 1, say dp(x1,22) = 1.

e Suppose wi,ws € D'. Then by the choice of D', x1,x9,y1,y2 &€ D’. Thus
D = (D' \ {wy,wa}) U{xy, 22} is a y-set of T
If degy(z1) > 2, then there exists a vertex 2’ € D' such that dr(z1,2") < 2.
Since dr(xy,x9) = 1, D is a y-set of T' containing two pairs of vertices at
distance at most 2, a contradiction.
On the other hand, if degp(z1) = 2, then dr(x1,22) = 1 and y; is the only
neighbour of x; outside of D, also a contradiction.

e Assume now only one of w; or wy belongs to D', say w;. Thus by the choice of
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D' xy,y1 ¢ D'. Also, o ¢ D', otherwise D"\ {w;}) U {y;} would be a 7-set of
Tr contradicting our choice of D'. Since D’ is dominating, yo € D" and there
exists 2’ € N(x2) \ {x1,ws} such that 2’ € D’. Then D = (D' \ {w}) U {z1}
is a y-set of T" and dr(x1,2") = dr(2',y2) = 2, a contradiction.

Subcase 2.2. dr({x1,11}, {x2,y2}) > 1. At least one of wy, wy, say wq, belongs to
D’. Then x1,y; ¢ D" and since T is connected at least one of x1 or y;, say x1, has
degree greater than 1. Therefore there exists a vertex 2” such that dp(zy,2") = 2
and 2’/ € D'.

o If wy € D', there similarly exists y” € D’ such that dr(xs,y”) = 2.

o If wy & D', then without loss of generality zo € D" and there exists a vertex
z € Nya) \ {wa} such that z € D'.

In both cases D = (D" \ {w;}) U {x;} is a y-set of T' containing two pairs of vertices
at distance at most 2, a contradiction.

Hence T' is y-2-critical. O

From Observation 2.4 we know that the paths Psx. o, for £ > 1, are ~y-2-critical.
Double stars of order more than 4, that is, trees obtained by joining the central
vertices of two disjoint stars, are also y-2-critical.

Let N(G) consists of those vertices which are not contained in any v(G)-set. Be-
necke and Mynhardt [2] characterized all trees with domination subdivision number
equal to 1 as follows:

Theorem 4.2 [2] For a tree T of order n > 3, sd(T) = 1 if and only if T has
i) aleaf u € N(T) or
it) an edge vy with x,y € N(T).

Note that if a tree T" has a strong support vertex, the leaves adjacent to the strong
support vertex belong to N(T') and therefore sd(T) = 1.
We use Theorem 4.2 to characterize y-2-critical trees T° with subdivision number
equal to 2.

Theorem 4.3 The only vy-2-critical trees T with sd(T) = 2 are the paths T' = Psjyo
for k> 1.

Proof. Let T be a ~v-2-critical tree such that sd(T) = 2. Then T # P,. By
Theorem 4.2, T' has no strong support vertices. Let D be a y(7T)-set and L =
QT)ND. Then D' = (D \ L) U N(L) is also a y-set of T". If |L| > 1, then D’
would contain more than one pair of vertices at distance at most 2, contradicting
Theorem 4.1. Thus, |L| < 1 for any v(T')-set D.
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Claim 4.3.1 If T has a y-set D such that |L| = 1, then D is a 2-packing.

Proof of claim: Let D be a ~(T)-set such that |L| = 1 and assume D is not a 2-
packing. Then either we could find more than one pair of vertices at distance at
most 2 in D' or x € L would be at distance at most 2 from another vertex in D and
x would have only one neighbour in V(7T') — D, contradicting the assumption that T
is y-2-critical.

It is easy to observe that in this case if D contains one leaf x of T, then any ~-set
of T — Nlz] is 2-packing, so D is the unique 7y-set of T' such that L = {z} and D is
2-packing. O

To show that T is a path, assume to the contrary that there exists a vertex v such
that deg,(v) > 3. Root T" at v and label the subtree rooted at v;, where v; € N(v),
with T; for 1 < i < degy(v).

Since T is y-2-critical, v is not a strong support vertex and at most one of these
subtrees is the trivial graph. Assume 7} is trivial for some 1 < j < degy(v) and
let V(T;) = {u}. Since sd(T") = 2 it follows from Theorem 4.2 that there exists a
¥(T')-set D; such that w € D;. Since D; is dominating, D; N N[v;| # @ for each
i # j. But then D’ = (D; — {u}) U{v} is a y(T')-set with at least two vertices in D/,
at distance at most 2 from v, contradicting that T is v-2-critical. Therefore v is not
a support vertex.

Now, for each 1 < ¢ < degg(v), let u; € Q(T) NV(T;) and let s; € N(u;). Since
sd(T) = 2 it follows from Theorem 4.2 that there exists a (7")-set D; such that
u; € Dz

Obviously, D} = (D; — {u;}) U {s;} is a v(T')-set and it follows from the proof of
Claim 4.3.1 that D] — {s;} is a unique 2-packing with S(7") — {s;} C D;. This implies
that D, NV (1;) = D;NV(T;) = D, NV (1;) = Di, NV (T}) for every i # j # k €
{1,...,degy(v)} (for example D\ NV (T3) = DNV (Ty) and D1NV(T3) = DyNV(T3)
and DLNV(Ty) = DyNV(TY)). It follows that either v € D; for each 1 < i < degp(v)
or v & D; for each 1 < i < degp(v).

If v € D; for each 1 < ¢ < degy(v), then D* = (D — V(T3)) U (V(T2) N Ds)
is a v(T')-set with more than one leaf, a contradiction. Otherwise, v ¢ D, and
v is dominated by v; for some 1 < j < degy(v). Since Dj already has a pair of
vertices at distance at most two, it follows that {v; | i # j} N D = @. Then
D* = (D; — V(Ty)) U (V(Ty) N Dy), where £ # j, is a y(T)-set with more than one

leaf, a contradiction.
It follows that T" is a path and from Observation 2.4, T' = Py, for k > 1. O

4.2 ~v-3-critical trees

The following constructive characterization of the family F of labeled trees T" with
sd(T') = 3 was given by Aram, Sheikholeslami and Favaron [1].

Let F be the family of labelled trees such that F
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e contains P, where the two leaves have status A and the two support vertices
have status B; and

e is closed under the two operations 7; and 75, which extend the tree T by
attaching a path to a vertex v € V(7).

Operation 7;. Assume sta(v) = A. Then add a path (z,y, z) and the edge vz. Let
sta(x) = sta(y) = B and sta(z) = A.

Operation 7;. Assume sta(v) = B. Then add a path (z,y) and the edge vz. Let
sta(x) = B and sta(y) = A.

If T e F, we let A(T) and B(T') be the set of vertices of status A and B,
respectively, in T'. It was shown in [1] that A(T) is a y(7)-set and contains all leaves
of T

Theorem 4.4 [1] For a tree T of order n > 3,
sd(T) = 3 if and only if T € F.

We use this result to show that that paths of order 3k + 1, for k£ > 1, are the only
7v-3-critical trees with sd(7") = 3.

Theorem 4.5 The only vy-3-critical trees T with sd(T') = 3 are the paths T' = Psj4q
for k> 1.

Proof. Let T be a tree with sd(T)) = 3. By Theorem 4.4, T' € F and there exists
a y(T)-set D containing all the leaves. Let Q(T) = {vy,...,v,} and let u; be the
neighbour of v;. Now, let F' = {w;v; |i=1,...,¢} and consider the graph T where
the subdivision vertices are denoted by w;, respectively. Then (D \ Q(T))U{w; | i =
1,..., 0} is ay-set of Tr. It therefore follows that if 7" is y-g-critical, then g > |Q2(T)].
Hence if T' is y-3-critical, |Q(T")| = 2 and T is a path. By Observation 2.4 T' = Pjj1;
for k> 1. O

5 Open problems

We conclude by mentioning a number of open problems.

Problem 1 Determine which trees T with sd(T) = 1 are y-2-critical or v-3-critical.
Problem 2 Characterise ~y-q-critical trees T for 2 < q < n(T) — 2.

Problem 3 Characterise graphs G with sd(G) = q which are also y-q-critical.

In Theorem 3.10, y-g-critical trees T' for ¢ = n(T') — 1 were characterised and it
was shown that ¢ is odd. Hence, if n(T')—1 is even, there are no v— (n(7T) —1)-critical
trees.

Problem 4 For which values of k do there exist v — (n(T) — k)-critical trees, and if
they exist, do they exist for all values of n(T)?
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