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Abstract

For any fixed integer k£ > 3, a hypergraph H is k-uniform if each edge
is a set of k vertices, and is said to be linear if any two distinct edges
intersect in at most one vertex. A k-clique in a graph is a complete
subgraph on k vertices. The random greedy k-clique removal algorithm
starts with a complete graph on vertex set [n] = {1,2,...,n}, and iter-
atively removes the edges of a uniformly chosen k-clique. The process
terminates once the remaining graph contains no k-cliques, say after M
steps. Let E(M) be the edge set of the graph when the process termi-
nates. This process is equivalently viewed as creating a random linear
k-uniform hypergraph, which is also called the random greedy linear hy-
pergraph packing algorithm, starting with vertex set [n] and no edges,
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and adding the vertex set of each chosen k-clique as a new edge in the hy-
pergraph at each step. This algorithm generates a linear k-uniform hyper-
graph with M edges. A special case of a conjecture proposed by Bennett
and Bohman implies that with high probability |E(M)| = n2 Erto)
Fewer results are known for the cases £k > 4. In this paper, we di-
rectly show that |E(M)| < n? w20 for k> 3, which implies
M = k(,:f—il)—n%m“(l). This upper bound on |E(M)| equals ni+o®)
when k = 3, coinciding with an upper bound obtained by Grable for ran-
dom triangle packing. We also show the bound is a natural barrier in our
proof.

1 Introduction

Hypergraphs, which are also known as set systems and block designs, are fundamental
to the study of complex discrete systems. Let k and ¢ be given fixed integers such
that 2 < ¢ < k— 1. A hypergraph H on vertex set [n] is a k-uniform hypergraph
(k-graph for short) if each edge is a set of k vertices, and is said to be linear if every
pair of distinct edges intersect in at most one vertex. A k-graph is called a partial
Steiner (n, k, £)-system, if every subset of size ¢ (¢-set for short) lies in at most one
edge of H. In particular, partial Steiner (n,k,2)-systems are linear hypergraphs.
Linear hypergraphs are the subject of much study [1, 3, 14, 15].

Random greedy processes are classical mathematical models, and the power usu-
ally goes beyond the probabilistic method used in previous work [10]. A k-clique in
a graph is a complete subgraph on k vertices. The random greedy k-clique removal
algorithm starts with a complete graph on the vertex set [n] = {1,2,...,n}, denoted
by G(0), and G(i + 1) is the remaining graph from G(i) by selecting one k-clique
uniformly at random out of all k-cliques in G(i) and deleting all its edges from the
edge set E(i) of G(7). The process terminates once the remaining graph contains no
k-cliques. Let M = min{i : G(i) is k-clique free}, and E(M) be the set of edges left
unsaturated by the produced k-cliques, which are related via

- () - (o

This process is equivalently viewed as creating a random linear k-graph, which is also
called the random greedy linear hypergraph packing algorithm, starting with vertex
set [n] and no edges, and adding the vertex set of each chosen k-clique as a new
edge in the hypergraph at each step. This algorithm generates a linear k-graph with
M edges. It is an important special case of the random greedy hypergraph matching
algorithm [2]. As usual, we say some property holds with high probability (w.h.p. for
short) if the probability that it holds tends to 1.

Bennett and Bohman [2] proposed a conjecture on the random greedy hypergraph
matching algorithm, which would imply that w.h.p. |E(M)| = n?=/(¢+D+e) [t ig
exactly |E(M)| = n3/2t°() proposed by Bollobas and Erdés [7] when k = 3, which is
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also called the random greedy triangle-removal algorithm [6]. The next few results all
assume k = 3. Spencer [13] and independently Rodl and Thoma [12] showed w.h.p.
|E(M)| = o(n?). Grable [9] improved this bound to |E(M)| < n/*+°(), Bohman
et al. [5] introduced the critical interval method for proving dynamic concentration.
They [6] confirmed the exponent in a breakthrough by generalizing the approach
in [5]. Fewer results are known on |E(M)| when k > 4.

In this paper, we directly discuss the structure of the algorithm, using a heuristic
assumption to find the trajectories of an ensemble of random variables when the pro-
cess evolves. Compared with the random triangle-removal process, it is challenging
to analyze the one-step change of the number of k-cliques in terms of some auxiliary
variables. Finally, we obtain our main results.

Theorem 1.1. Given a fized integer k > 3, consider the random greedy k-clique
removal algorithm on the vertex set [n]. Let E(M) be the edge set of the graph when
the process terminates and M be the number of edges in the generated linear k-graph.
With high probability, there exists some positive constant A\ such that

TL2 \3/5 2

M > - R0 Jog?
Kk—1) k(k—1)" 8T

which implies that

[B(M)] < n* T to),

We make no attempt to optimize the coefficient /2 here. We also show our result
corresponds to the inherent barrier of the process. There is a gap between our upper
bound and the conjectured upper bound |E(M)| = n?=2/(k+D+e(1) from [2]. The main
obstacle is to find better variables to characterize the one-step change of the number
of k-cliques. The analysis still works for the case of k = 3 to give |E(M)| < n™/4+o),
which coincides with the bound in [5, 9]. We believe it is not easy to improve
Theorem 1.1.

The remainder of this paper is organized as follows. In the next section, notation
and some lemmas for analyzing the random linear k-graph packing algorithm are
presented. In Section 3, we discuss the evolution of the process in detail and estimate
the trajectories of these random variables. We formally prove the concentration of
our random variables in Section 4.

2 Notation and some lemmas

All asymptotics in this paper are with respect to n — oo. Let (Q, F,P) be an
arbitrary probability space. Let (F;);>0 be the filtration given by the evolution of the
process. Let n, N > 0 be constants and { X (i) };>¢ be a sequence of random variables,
and let AX = X (i+ 1) — X (i) denote the one-step change for the random variable
X(i). The pair {X (i), F;}iso is then called a submartingale or a supermartingale if
X (i) is Fi-measurable and E[AX|F;] > 0 or E[AX|F;] < 0 for all i > 0, respectively.
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We say that { X (¢), F;}iso is (1, N)-bounded if X (i)—n < X(i+1) < X(i)+ N for all
¢ 2 0. Furthermore, for two positive-valued functions f, g on the variable n, we write
f < g to denote lim,,, f(n)/g(n) =0 and f ~ g to denote lim,,_,o f(n)/g(n) =
Let a = b= ¢ be short for a € [b— ¢, b+ |, (f) =Qand (]) =0if b> |S] and b > a.
We also use the standard asymptotic notation o, O, Q2 and ©. All logarithms are
natural, and the floor and ceiling signs are omitted whenever they are not crucial.

For 2 < m < k, u € [n] and U, = {uy,-- -, um}E( ) let Ny = N, (i) = {x €
[n] : 2u € E(i)}, Nu,, = Nu,, (i) = N7 N, Let Ky(i) be the set of m-cliques in
G(7) and Q,,,(7) = | (4)]. Our goal is to estimate the random variable Qy (7). Fix
one U, € ([:L]), and define the random variable Ry, ¢, = Ry v, (7) to be

R B }{A € (Q/f;';) : A induces a (k — m)-clique in G(z)}}, 2<m< k-1,
ool = 1Uk7 m=k.
(2.1)

Sometimes, for short, we will suppress i. For 2 < m < k — 1, Ry y,, counts the
number of (k — m)-cliques in G(i) such that every vertex in the sets counted by
Ry, is in Ny, ; particularly Rgp, , = [Np,_,| is the codegree of the vertex subset
Uk—1. Also 1y, is the indicator random variable with 1y, = 1 if the subgraph induced
by Uy in G(i) is complete, instead 1y, = 0 otherwise.

Suppose that Uy, is the vertex set of the k-clique chosen from G(i) at (i + 1)-th
step, and let U,, € (g’;) with 2 < m < k. Define

QkUm }{AE’Ck )|AﬁUk Um}},

namely, Qy,,(7) denotes the number of k-cliques in G(i) that exactly contains the
vertices U,, in Uy. In particular, Qg p, (¢) = 1. Thus, we have

Qili) — Quli+1) = Z( > Quu(i): (2.2)

m=2 Une(Y)
By inclusion-exclusion formula, we have
Qkv,. (1) = Rep,, + Z (=)' Reu,um + -+
Tye(Vr\Um)

+ Z (=) " "Rivpury s + (=1 "Rip,,  (23)

Tiem-1€( 50 "1)

where Ry, in (2.1) equals the number of extensions to one copy of k-clique from
the set U,,. Note that

S (X Raw)=(") T R

Ume(Tk) Tye("R\m) Um+5€(k;)



F. TIAN ET AL./AUSTRALAS. J. COMBIN. 87 (3) (2023), 365-390 369

for the mteger J with 0 < 7 < k—m because each element in Ry, ; on the right side
is counted ( ) times on the left side. Summing the above corresponding displays

(2.3) for all Uy, € (V) with 2 < m < k altogether into the equation (2.2), it follows
that

Qr(i) — Qi+ 1)

=Y R+ Z[ () (—1)0<§)]Rk,zf3+...

Use UQ’C) Use Uk)

B Iy ISR

Uk_le(kUch

+ [(—1)";—2 (g) o (=1)° (i)] Ry,

Since 7, (—1)"7 (;) = (—1)"(r — 1) for any given integer r > 2 and Ry, = 1, we
have

Qi) —Qr(i+1) = > R —2 Y Rypuy+

v2e('F) Use(“F)
+ (=D k=2) Y Reu, +(CDFR-1). (24)
Ux-1€(,7%)

Then the expectation E[AQy|F;] of AQy is

E[AQ|Fi]

ZU2E Uk RkUg +(_1)k—1(k—2) ZUk_le U Rk,Uk,l_'_(—l)k(k_l)
_ Z (x2)
- Ul () Qk(l)
vk L 2, (=Df(k-2) 2
SV g, 2 B g 2 R

(2.5)

where the last equality is true because

Z Z Ry.v,, = Z (Riu,,)”

Ukl (i) Une () Um€Km (i)

for 2 < m < k — 1 by double counting.

We also need the following lemmas to establish dynamic concentration on vari-
ables Qg(7) and Ry y,, for any U, € ([”}) with 2 <m < k—1.

Lemma 2.1 (Lemma 2.3 in [6]). Let ay,...,a; € R and a € R. Suppose that
la; —a| < e for all 1 <i < L. Then,
>

a;)?

zlZ

¢ ¢
(Z‘ 1 ai)” Z a’ + 40,

=1

<N
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Lemma 2.2 (Hoeffding and Azuma [11]). Suppose a sequence of random variables
{X () }is0 is a supermartingale (respectively, submartingale) and | X (i) — X (i —1)| <
c;. Then for any positive integer £ and any positive real number a,
—aq?
PIX(¢)—X(0)>a| <exp|——;
X0~ X0 2 o] < o =]

2
(Tespectively, P[X(¢) — X(0) < —a] <exp {%] )
23
Lemma 2.3 (Lemma 6 and Lemma 7 in [4]). Suppose { X (i) }i>o is an (n, N)-bounded

supermartingale (respectively, submartingale) with initial value 0 and n < N/10.
Then for any positive integer £ and any positive real number a with a < n,

a2

3lnN

2

] . (Tespectwely P[X(E) < —a] S exp [_ 3; N] >
n

P[X({) > a] <exp [—

Finally, we will use the Chernoff bound, stated below, in Section 5 to explain
why we believe our bound is not best possible.

Lemma 2.4 ([8]). For X ~ Bin(n,p) and any 0 < £ < np, P[|X —np| > ] <
2exp [—%}.

3 Estimates on the variables in G(7)

A pseudo-random heuristic for divining the evolution of variables plays a central role
in the understanding of graph processes, as shown in [2, 5, 6]. As well as estimating
the random variable Qg (7), we also estimate the likely values of the auxiliary random
variables Ry, ¢, for any U, € ([:j) with 2 < m < k — 1 throughout the process. We
assume the process produces a graph whose variables are roughly the same as they
are in the binomial random graph G(n,p) with the same edge density. Rescale the
number of steps 7 to be t =t; = # and introduce a notion of edge density as

k(k—1)i
p:pi:p(t)zl—Tzl—k:(k:—l)t. (3.1)
Note that p can be viewed as either a continuous function of ¢ or as a function of the
discrete variable . We pass between these interpretations without comment. With

this notation, we have

0= (5) - (5)i=(5) - ga-mm=50t-m. G2

Hence the number of edges in G(i) with edge density p is approximately equal to the
one in G(n,p) up to the negligible linear term when p lies in some proper range.
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Under the assumption that G(i) resembles G(n,p), for a fixed integer k > 3,
2<m<k-1landU,, € ([::j), we anticipate that the expressions of Qg (i) and Ry r,,
are

k k—m
)~ p(3) ~ 1 p()-(3)
Qi (7) p\? and Ry, Gl
where Z—If (5) approximately counts the expected number of k-cliques in G(n,p);
(Z:Z)p(g)f(gl) ~ (Zk_;nm),p(g)f(?) approximately counts the expected number of (k —
m)-cliques in which every vertex is in Mp,,. Our main results below will establish
these results under certain conditions. A detailed analysis and the proof of concen-

tration will follow in the next section.

Theorem 3.1. Given a fized integer k > 3, let U, € ([m"]) with 2 <m < k—1; then

there exist positive constants i, v, and X such that, with high probability,

Q< {50 ke (3.3)
%p(Q) + "2 p(Q)_ , k>4,
k
Qi) > %p(g) — o’np'log" n; (3.4)
' k—m
Riu, = Lp(g)_(Q) + onfrlog™n, 2<m<k—1; (3.5)
’ (k —m)!
holding for every i < ig with ig = k(,?—il) — M;—\/_il)n% R 1 log* n, where
k
+1
a=Fk— % (3.6)
2(2) —2
K\ _ (m
ﬁm:k—m—(2)l€7(2), 2<m<k—-1; (3.7)
2(2) —2
and the error function o = o; = o(t) is defined to be
o(t)=1—k(k—1)logp(t) (3.8)

with initial value o(0) = 1 and it grows slowly.

Theorem 3.1 is proved in Section 4. It implies that with high probability these
random variables are concentrated around the trajectories we have heuristically di-
vined until at least step 5. The dynamic concentration in turn show that the process
produces a graph of size at most |E(i)| with high probability. We make no attempt
to optimize the constants p, A and -, in all error terms with 2 < m < k — 1. There
are many choices of them that can be balanced to satisfy certain inequalities. If we
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choose them to satisfy, for &

(¢
()-

3, for example, the inequalities

>
) })\>,u+3 (3.9)
(

2)})\>7m—|—2, 2<m<k—-1,; (3.10)

m
(T o
72>§ (3.12)

then we will see that these choices are sufficient for our proof of Theorem 3.1 in
the next section. We do not replace them with their actual values. This is for the
interest of understanding the role of these constants played in the calculations.

Proof of Theorem 1.1. We recover the number of edges when ¢ = 7y to be

k
|E(io)| = (Z) — (2)10 ~ £nQ EEE log™ n.

Theorem 1.1 follows directly from Theorem 3.1 by |E(M)| < |E(ip)| and M > i
with room to spare in the power of the logarithmic factor. O

Remark 3.2. We now show that in each of (3.3)—(3.5), the expression is asymptot-
ically dominated by the first term, with the second term negligible compared to the
first term. According to (3.1), define

k(k — 1)io

= {/2n" =02 log™ n. (3.13)
n

Po=pi, =1—

Since i < 4y in Theorem 3.1, we have p > po in (3.13). When k£ > 3, the main

terms in (3.3) clearly dominate the second terms with A > 0. We also have % p( ) >
o’n®p~tlogh n in (3.4) because o = O(logn) in (3.8), where « is in (3.6), )\ and g
satisfy the relation as the equation shown in (3.9). Thus, it follows that Q(i) =

(1 + o(1))n*p2) /k! in (3.3) and (3.4). Similarly, Ry, = (1% 0(1)) 2= mple) ()

n (3.5) for 2<m < k—1and k > 3 because ( ),p( 2)-(3) > onPm log"”™ n, where
Bm is in (3.7), X and ~,, satisfy the relatlon as the equation shown in (3.10). For
k =3, we have a = 2 in (3.6) and 5 = 5 in (3.7), which coincide with the errors of
the number of triangles and the Codegree for any two vertices in [5].

As a supplement, we show the claim below that is required to analyze Theorem 3.1
in the next section.
Claim: Assuming the estimates in (3.5) hold on Ry, for any U,, € ([:j) with
2<m < k—1, we have
2
m! (1) Qi)
> (Rip,)’ > —(m)m e, (3.14)
A nwp
Um €Km (3)
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and
2
> Rip,)’ < %ﬁf” + 200 plog™” n, m=2;
wm ~ nm n m - 2
U €Km (i) Wp(ﬁp@ (%) + onfm log” n) , 3<m<k—1.
(3.15)

Proof of Claim. Firstly, we prove Q,, (i) < %Lp for 2 < m < k—1. In fact, note that
Q.(i) = |E(i)| ~ Zp shown in (3.2) when p > py in (3.13), and Quu(i) < ZQu-1(4)
is clearly true because each element in /C,,_;(7) has at most n possibilities to become
an element in /C,,(7), while each element in /C,, () corresponds to exactly m elements
in Kp—1(7). Then we recursively achieve Qu, (i) < “p for 2<m <k — 1.

By Lemma 2.1, for any U, € K,,(i) with 2 < m < k — 1, we have

Z (RkUm> =z (ZUmeKm RkUM)-

U €Km (1) Q)

Note that >y o o) Riv., = ( )Qi (i) because each element on the right side is
counted (:L) times on the left side, thus we have the lower bound in (3.14) by Q,,,(i) <
b

For the upper bound of ZU26K2(i)(Rk7U2)2, we have 8, = k — 2 in (3.7) and
Q2(7) ~ ";p, then it follows that

2
+ R
S Ry < En ) g ) g )
Usehoa(i) Q2(7)

_2() Q)

~ 1 9022k~ 3p10g2w
nep

when m = 2 by Lemma 2.1 and ZUQEKQ(Z') Riu, = (g)Qk(z) For3<m < k-1,
by the estimates in (3.5) and Q,,(i) < “;p, we have the trivial upper bound of
ZUmEICm(i)(Rkam>2 in (315) U

4 Proof of Theorem 3.1

4.1 The critical interval method

Recall the outline of the critical interval method [2, 5, 6] used to control some graph
parameters as the process evolves. Let the stopping time 7 be the smallest index
such that any one of the random variables violates its corresponding trajectory. In
our situation, this would be the smallest index ¢ such that one of (3.3)—(3.5) fails.
Let the event Ex be of the form X (i) = z(i) + e(i) for all ¢ < 4o, where X (i) is
some random variable, x(7) is the expected trajectory and e(i) is the error term. We
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show that the event {7 = ig} holds by means of {7 = iy} = Nxezr€x, where |Z] is
polynomial in n.

For each such random variable X (i), we define a critical interval Ix for its bound
(upper and lower) that has one endpoint at the bound we are trying to maintain and
the other slightly closer to the expected trajectory of the random variable. Consider
a fixed step j < ip such that X(j) € Ix. Define the stopping time 7x; to be
Tx; = min{ip, max{7j, 7}, the smallest ¢ > j such that X (i) ¢ Ix}, which will make
it possible to establish the martingale condition and apply the martingale inequalities
in Lemma 2.2 and Lemma 2.3. We will bound the probability of the event that the
designated variable crosses its critical interval in the process, and an application of
the union bound over all steps 7 will show that the probability of the occurrence of
any event in the collection is small.

4.2 Tracking Q(7)

For the upper bound of Q3(7) as the equation shown in (3.3), it has been shown in [5]
by taking a critical interval as Z¢, = Z§. (i) = (%3p3 + in?p, %3p3 + 3n?p). For the
upper bound of Qg(7) as the equation shown in (3.3) when k& > 4, we introduce a
critical interval as

y w - nk ok 4 (k) _ n* nkF=t _
Ig, = 1Iq,(i) = (EP(Q) + Bt 1ple)—, HP(Q) + pz) 4>, (4.1)
where
1 1 1 1
B=-— + < - (4.2)
k k
2 2(2) 3(2)(k B 4)! 2

Consider a fixed step j < ip. Suppose Qx(j) € Ti, (j). Define
TQuj = min{io, max{j, 7}, the smallest i > j such that Qy (i) ¢ I&k}

Let j <1 < 7g, ;- Hence, all calculations in this subsection are conditioned on the
estimates in (3.5).

By the equation in (2.5), it follows that

B+l 1) 1 2

EAQuF] = (-1 (k= 1) ~ 5 Ug;c‘:@(Rk’UQ) +..

(=D (k—2) 2

' Qk(z) Uk—1€Z’Ck—1(i)(Rk’Uk_l)

< (—1)k+1(k3 _ 1) o Q(S)QQ/“(Z)
n2p

2 nlp T oo™ 1) 1, (5)-1
+Qk(’i)3—!p<(]€—3)!p(2> +onlog’n) +0(nt 1),
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where ZUQEK2(Z.)(R;§7U2)2 and ZU3€I€3(i)(Rk7U3)2 are replaced by the equations in

(3.14) and (3.15), and the last term O(nk*‘lp(g)*l) comes from ZU4€K4(i)(Rk7U4)2
in (3.14) that dominates all the remaining terms.

Since Qi (i) € Zg, in (4.1), we further have

E[AQu|F] < (—1)F(k — 1) — %p(’;)l _ 2(k>2Bnk_3p(’;)5

_ N )
+ ﬁp@ °+ O(an53p *log” n), (4.3)

where the term O(n"“_‘lp(g)_l) is absorbed into the term O(on®p~2log”n) with
_ (5)-3 .
By =k—3+ 22 (3.7).

For all ¢ with j <14 < 7§, ;, define the sequence of random variables to be

nk (k) nk_l

U(0) = Quli) = 2 = —pl) . (44)

Claim 4.1: The sequence U(j),U(j +1),...,U(7g, ;) is a supermartingale and the
maximum one step AU is O(on*~3 log” n).

Proof of Claim 4.1. To see this, for j <i < 7§, ;, as the equation in (4.4), we have
nFr (% K nF=lr (M)-a -4
EIAUIF] = E[AQwlF] = 47 [p@-(ﬁ —pi( )] e [pi(+>1 —pi( ) }

Note that by (3.1), if p = p; = 1 — k(k — 1)t, then p;y; = p — ’“(’;—;1) Hence, by
Taylor’s expansion, we have
k

EIAUIF] = E[AQuIF] - [—(’;)wp@)wo(%p(sw)]
) ) Ol 0<nw<“>]
0 [(5) o] ()

+O(n*~ p<2)72), (4.5)

E[AQk|Fi] +

where the term O(n"“_5p(§)_6) is absorbed into the term O(nk_4p(§>_2) when p > py
n (3.13). Using (4.3) and (4.5), we further have

s <ot Y- () o) -}

+ O(nk74p(§)_2) + O(Unﬁ"”p’2 log” n)

< (01— 1) =25} )+ Oy o).
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where the term O(nk*‘lp(g)d) is absorbed into the term O(on®p~21log” n) with S5

in (3.7), and
K\ K° (K k!
2 B — 4 v M——t
() 2= () +10) -5
_ 3 K\ (K 2
2 2) 3(k — 3)!
k
2
- 2(3)
with B as shown in (4.2). Note that

@ n*2p()=0 > O(on®p 2 log™ n) + (~1)F (k — 1)

when p > pg in (3.13) with appropriate choices of A and 3 such that [(g) =3\ > y3+2
as the equation shown in (3.10). Hence, we have E[AU|F;] < 0 and the sequence
U(), U@ +1),...,U(7g, ;) is a supermartingale.

Next, we show the maximum one step AU is O(ank_% log™ n). With the help of
the equations in (4.4) and (4.5), we have

AU = AQ; + %)Qn’f—?p@l ¥ K’;) _ 4} (’;) 35 4 0 (=152,

Apply the equation of AQy in (2.4), the equation of Ry y,, for any U,, € ([mm) in
(3.5), and f,, in (3.7) to the above display, then we finally have

k‘ k—2
AU < — (2> (hp@_l — on™ log™ n)

+2 g) (%p@)‘@) + on log™ n) +...
n %’%Hp@—l + K’;) _ 4} (’;) (575 1 O (nh-1p8)-2)

= O(ank’g log™ n),

k
where the two terms involving nk*Qp(2)71 cancel exactly and the term on® log”n
dominates all the remaining terms. The claim follows. O

The number of steps in the sequence U(j), U(j + 1),...,U(7g, ;) is O(n’p) be-

cause |E(i)| ~ ”72]9 shown in (3.2). Note that Qx(j) € Zg, (j), by Lemma 2.2, for all
i with j < < 78, 5, the probability of a large deviation for Qx (i) beginning at the
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step j is at most

P|Qu(i) > Z—Tp<’5> + ”le@ d
- [U(Z) > 0| = ]P’[U(z’) ~-U@y) = —U(j)]

(ot i)
(

an(g)fg
o2log?n /|

Since there are at most n? possible values of j in (3.1) and p > py in (3.13), by the

union bound, we have
2(5)-9
n® exp [—Q (%)] =o(1).

o2log?? n
Hence, w.h.p., Qi (i) never crosses its critical interval Z¢ in (4.1).

Remark 4.1. For the lower bound of Qy (i) as the equation shown in (3.4), we work

with the critical interval
. n’“ k o nk: X o
I‘Sk = I‘gk (7/> = (Fp(2> —_ 0’2/]7, D 1 lOgiu’ n, Fp(Q) _ O'(O' _ 1)n P 1 logy, n>’

where « is in (3.6). The proof is shown in the appendix for reference.

4.3 Tracking Ry y,, for any U, € ([:j) with 2<m<k—-1

We prove the dynamic concentration of Ry, g, for any U, € ([:j) with2<m<k-1
in this subsection. Fix one subset U,,» € (T[Zl) for some m* with 2 < m* < k—1. We
start with the upper bound of Ry .. Our critical interval for the upper bound of
Riu, . is

U U : n - * *
IRk,Um* = IRk,Um* (1) <( ‘p(z) (") + (o0 — 1)nPm* log? n,

nkfm

G = ) onPelog ),
—m”)!

(4.6)

k\_ m*
where B, = k —m* — % in (3.7). Consider a fixed step j < ip. Suppose

Ryu,.(J) € Iﬁk’Um* (7). Define

TP“{WM* = min{z’o, max{j, 7}, the smallest ¢ > j such that Ry . ¢ Iﬁk’Um* }
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Let j <@ <7g,, ;- Hence, all calculations are conditioned on the events that the
estimates in (3.3)mand (3.4) hold on Qg(7), and the estimates in (3.5) hold on Ry,
for all U, € ([::3) with 2 <m <k —1and U, # U,,~.

Fix one set in Ky_,» NNy, , in G(i), denoted by US,.. Let Qi u . e, (i) be the
number of k-cliques in G(i) such that the removal of the edges in any one of these
k-cliques results in US,. ¢ Ki_pr NNy, . in G(i+1). Then, we have

EAR ..

A ¥ Qi 5. (1) (4.7)

US « GICk_m*ﬂ./\fUm* Qk (Z)

Firstly, we consider the value of Qyu,. uve. (7). Let H C Uy UUS. and
Qi'y, . v (i) be the number of k-cliques counted by Qyp, . ve, (i) such that each
k-clique Wfl(k satisfies Ky, N (Up» UUy,-) = H, namely, Qyf;; | e (i) denotes the num-
ber of k-cliques counted by Qgu,,.ve, (7) such that each k—(rznlique exactly contains
the vertices H in Up,» UUE,..

Define |H| = h. To ensure that the removal of the edges in any one of these
k-cliques results in U ¢ Ki_p NNy, in G(i + 1), we have H N US,. # 0 and
2 < h < k. Choose H € U}pzol (U’;*) S (lﬁp), where (U?;*) & ((ﬁp) denotes the
collection of sets consisting of the union of p vertices in U,,~ and h — p vertices in
Uy,-- Hence, Qpu,,. v, (i) is decomposed into

>
—_

Qk,Um*,Ufn* (Z) = Z Z QkH,Um*,Ufn* (Z) (4-8)

k
e (M) ()

Following the inclusion-exclusion counting technique in (2.4), we have

i
o

QkH,Um*,Ufn* (i) =1p - Rym — Z Laor - Remor + -+
Tye(Onr VsV
+ Z (_]-)k_h]-HUTk_h : Rk‘,HUTk_h
T (Vme Ve V)
k—h

= Z Z (—1)j1HUTj . Rk,HUT]’a

where 1 HUT; with 0 < j < k£ — h is the indicator random variable depending on
whether the subgraph induced by H U7} in G(%) is complete or not. Combining with
the equation in (4.8), we further have

k
kaUm*vU,Cn* (’L) = Z Z Z (_1>j]-HUTj : Rk,HUTj-

R Ve e Gy
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Note that

Z Z (—=1)1hur, - Remur,
h+j .
- Z Z [(h Z j> - (2)] (_1)j1Hh” Rim

because each Hy . ; € (U?) & (hJUrT— C) with 0 < ¢ < h+j on the right side is counted

[(h;:j) — (£)] times to be H UTj on the left side. It follows that

k k—h htj h+j ¢ '
Qr,u,,-Ue, ZZZ Z {( h )—<h)](—1)]1Hh+j’Rk,Hh+j'
=2 IO e (M )@(h[f?jg)

(4.9)

Thus, Qk,Um*van* (1) is the sum of all elements in the k x k upper triangular matrix
below

2 k
> S 0U6) - ()tay Rem, - X S R P(5) - (§)my Ren
e (Vpt)e() P e ("o () o

. . . )
B R ORULTRL A :

Pme(Vpt)e(imy)

where the row corresponds to the index A and the column corresponds to the index j
n (4.9), respectively. Summing these elements again according to all back diagonal
lines, it follows that

Qrv, v, (i) = i i > i(—l)h_s KI;) - (i)} 1m, - Rym,,

(4.10)

where there is no Ry, . on the right side of (4.10) because Ry, . corresponds to
the case when ( = h, which has coefficient zero.

Furthermore, according to the expressions of Ry, for 2 < h < k—1in (3.5),
the term Ry g, dominates the sum on the right side of (4.10). For h = 2, the only
cases to consider are (s,() = (2,0), (2,1), and as the equation shown in (4.10), we
have that Qg,v,.ve. (1) satisfies

Qkv,,,ve. (1)

> {(k —Qm*) +m*(k — m*)] <(kni_;!p(§)—1 — onP2log™ n) . O(nk_3p(§)_3),
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where 1y, = 1 always as ( = |Ho N U,«| € {0,1}, (*7*) enumerates Ry, y, when

¢ =0 and s = 2, m*(k — m*) enumerates Ry, when ¢ = 1 and s = 2, and the
last term O(nk*:”p(g)*?’) comes from those terms when i > 3 in (4.10). Note that
(k_Qm*) +m*(k—m*) = (l;) - (";) and 5 = k — 2 in (3.7), combining the equations
in (4.7) and (4.11), and applying the upper bound on Qy(7) from (3.3) for k > 4, we

have

EAR ...

7 <

() = ()] ()" — ot log n) + O(nt—2pl0) )

-2 - .

k 1 (k) _

U €K g W, EP(Q) + nTP(Q) !
(4.12)
Note that %Tp(g) + "k;p(g)_zl = "k—}fp(g)[l + O(n%ﬂ)] and T%pél = o(1) when p > po

in (3.13) and k£ > 4. It is also known that the number of ways to choose US. €
Kiem NNy, . isRyp .,and Ry . € TIg,, . In (4.6). Thus, it further follows from

(4.12) that
E[ARk,Um*|}-i] <

(%)= (9] (%p(é)—(”; ) + (0 — 1) logm* n) (%p(’é)—l — on*~3 log™ n)

20
+0 (nkfm*fégp(g)_(n;*)_s)) .

When k = 3 and m* = 2, the denominator in (4.12) must be replaced by £n*p*+3n?p

in (3.3). Then the above argument holds with the final error term replaced by

k

O(nk_m*_3p(2)_@ )_3) = o(1). Now assume that £ > 3. Rearranging the above
equation, we get

() = (5)]k(k = Ont 2y oy

E[ARk,Um* -Fz] < — (/{j — m*)'
o [G) = (%) Mont™ 2 log™
(k —me)p("2)
BTG E RS
16 - (f)]}ckla(a ~ 1) S gt
NG
+ Ok =3p(5)=(%)-5). (4.13)

Since Ryv,.(7) € Zg,, . (j) for j < i, there exists a constant ¢ € (0,1) such
that "

U ¢
Riu,.(j) ~ 7'}9](. )=(%) _ (0 — 5)nﬁm* log™™* n. (4.14)



F. TIAN ET AL./AUSTRALAS. J. COMBIN. 87 (3) (2023), 365-390 381

For all ¢ with j <@ <7g, , _;, define the sequence of random variables below as

k—m*

2,00 = R 1) = s ) (e log . (419

Claim 4.2: Removing the edges of one k-clique in G(i), we have

I; m*+1)

Riu,.(i) —Ryy,.(i+1) < 2k2nk’m**1p( )-("

Proof of Claim 4.2. According to the definition in (2.1), when we remove the edges
of one k-clique from G(7), there are two cases to consider. One case is to assume that
the removed k-clique contains some u € U,,» and some w € Ny _.; and the other case
is that the removed k-clique contains two distinct elements wq, wo of Ny .. In the
first case, there are m*(k—m*) < k? choices of (u,w), and the number of (k—m*—1)-
cliques such that every vertex is in NUm*U{w} is at most Ry y, .ufw). In the second
case, there are (k_zm) < k2 choices of (wy, ws), and the number of (k—m*—2)-cliques
such that every vertex is in NUm*U{wl,wQ} is at most Ry v, .Ufw;,ws}-

As the equation shown in (3.5), we have

_*_
nkm 2

?

kE\_ (m™*+2
Rk,Um*U{wng} ~ mp(Q) ( 2 )

nkfm*fl K\ (m*41
Rk,Um*U{w} ~ mp(2) ( 2 )

because the estimates in (3.5) hold on Ry y,, for all U, € ([:L]) with2 < m < k—1and
Un # Un+. Thus, Ry, .Ufwiw) = 0(Riu,.uqw)) When p > po in (3.13) and k& > 3.
Summing the values in these two cases, we complete the proof of Claim 4.2. U

Claim 4.3: Zy, .(j) = 0 and the sequence —Zy .(j),—Zy,.(j + 1),...,
~Zy,,. (&, , . ;) is an (n, N)-bounded submartingale, where

0=2(3) - (5 )| s,

N = 3k2nk7m*flp(§>_(m*2+l>

with n = o(N) for 2 <m* < k — 1.

Proof of Claim 4.3. As the equations shown in (4.14) and (4.15), we have Zy_. (j) =
0. For all ¢ with j <@ <7g, , _;, we have

k—m*

E[AZy,.|F] = E[ARyy,.|F] — m [pi(%)l("é*) _ pi(;“)(";*)]

— log™"m* n[aHl - al-]
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by the equation in (4.15). Note that p = p; = 1 — k(k — 1)t, pir1 = p — RED in

(3.1), theno =0; =1—k(k —1)logp and 0;,1 = 1 —k(k—1) log(p — k(fgl)) in (3.8).
Differentiating o with respect to ¢ gives

k*(k —1)* k3(k —1)3
=" =" =0(p?). 4.16
. e (™) (4.16)
Expanding 0741 = o(t + —5) around ¢ gives 0;41 = 0 + Z—; + O(‘:L—Z) Thus, it follows
that

E[AZy,. | F] = E[ARyp, .| )] - % [— ( (];) - (”;)) BE D) 0)-(5)

¥ 0(%19(5)("5)2)} i tog [ %+ 0(%)]

nt

A [6) - ()] e

_ O-/nﬂm* -2 log’%’n* n _|_ O (nk_m*_llp(g)_("; >_2)’ (417)

=E[AR. v, .

where  the term  O(o"nPm~*log’*n) is absorbed into the term
O(nk*m**‘lp(g)*("; )72) because ¢” = O(p~2) in (4.16), B, in (3.7), p = po in (3.13)
with A and v, satisfies [(§) — ("3 )]A > ~m+ + 2 shown in (3.10). Combining the
equations in (4.13) and (4.17), we further have

S (C AL

E[AZy, . ——n 2log™n
(k —m*)pl'z)
k m*
- k(k —1
_ [(5) — (") ] & )Unﬁm* 2Jog ™" n
p
k m*
+ [(2) B (2 }k(k’ B 1)n5m -2 log%”* n
p
k m*
I [(2) - ( 2 }k!a(a - 1)n5m* 2 Jog ™t m*
0
— o'nP 2 log?™* n + O(nkim**gp(g)_(f)_s))a (4.18)
where the term O(nk_m*_‘lp(g)*(n;*)d) in (4.17) is absorbed into the term

*
m

O(nx=m"=3p(2)=("2) %) in (4.13). At last, by (4.18), we have E[AZy .|F] < 0
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because the following inequalities

k! . k(k—1
? ——nFm “2log”n < unﬁm*_Q log™™* n, (4.19)
(k —m)p("2) p
k m*
- k(k—1 !
[(2) ( 2 )j| ( )nﬁm*—Q 1Og’7m* n < %nﬁm* —2 log’ym* n’ (420)
p
k m*
- klo(oc —1 !
[(2) ( 2 )}k U(U )nﬁm**% log’YQJF’Ym* n < inﬁm* -2 log’Ym* n, (421)
p2) 4
* /
O (nk=m=3p(5)~(%)=9) < "Znﬁm*—ﬂ log"™" (4.22)
are true for G,,« in (3.7), p = po in (3.13), £ > 3 and 2 < m* < k — 1. The first

one (4.19) is clearly true when m* = 2, and is also true if we choose [(";) — 1Ay >
v2 when m* > 3, which is assumed in (3.11); the second one (4.20) is always true
because o’ = ]“2(];%1)2 in (4.16); the third one (4.21) is satisfied because o = O(logn)
in (3.8) and [() — 1]\ > 42 + 2 assumed in (3.10) for m = 2; and the last one (4.22)
is always true for £ > 3. We have proved that the sequence —Zy . (j),—Zy,.(j +
1),...,—Zy,. (Tﬁk,Um* ;) is a submartingale for any 2 <m* <k — 1.

In the following, we show the sequence is (1, N)-bounded. By the equation in
(4.15) and the calculation in (4.17), we have

—Zy,,.(1+ 1)+ Zy,,. (i)

— Ry (i)~ Rpg (i +1) +
kU (1) — R, (14 1) + =]

+ nPm log"* nlo(i+ 1) — o(i)] *
 Ryp ()~ Rew . (i41) — [(k> _ (mﬂ kM~ D))

2 2
+ o'nfm "2 log’ n + O (nk—m*—4p(’;)7(";*)72)'
Then, we have
—Zy,.(i+1)+Zy, . (1)

2 2 k—m P

- (5 - ()] e -

and we choose
0=2|(3) - (5 )| e

On the other hand, since
< Ryuw,. (i) = Rew,. (i + 1) + o'n 2 loghn n 4 O (nk=m ~4p()=(%)-2)
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applying Claim 4.2, note that
O—’nﬁm**z log’ym* n+ O(nkim*74p(§)_(yz*)_2) = O(nkim*ilp(g)_(m*;l));

thus we choose
N = gizpk—m=1p() ("),
This completes the proof of Claim 4.3. O

Take a = n®»* log"™" n and £ = O(n?p), then a = o(nf) when p > py and taking A,
Y+ tO satisfy [(g) — (”;)])\ > Y+ + 2 assumed in (3.10). Combining with Claim 4.3,
the assumptions of Lemma 2.3 hold. Applying Lemma 2.3 to —Zy, .(j), =2y, . (7 +
1),...,—Zy,. (Tﬁwm* ;) yields that

_ *
nkm

(k —m*)!

- p[ v (i) < —nPr* logm }
n2Pm= log%m* n

g exp [_Q (nk—m* . nk—m*—l >:|

()

— exp [—Q (nﬁ log?m* nﬂ .

For each m* = 2,...,k—1, note that the number of ways to choose j and U« € ([n})
is at most n™ 2, then we also have

P[RkU L= 'p( 2)-(" ) + onPm log7™* n]

T e )] -

—

n™ 2 exp [—Q (n

which is clearly true when 3 < m* <k —1, or v > % shown in (3.12) when m* = 2.
Finally taking the union bound over m* when 2 < m* < k — 1 completes the proof.
In conclusion, w.h.p., none Ry y,, for any U, € (TZ) with 2 < m < k — 1 crosses its
critical interval 7y, defined in (4.6).

Remark 4.2. The argument for the lower bound of Ry, ¢/, in (3.5) for any U, € ([”})
with 2 < m < k — 1 is the symmetric analogue of the above analysis.

5 |E(M)| < n?V/EE1D=2)+e() i a natural barrier

The bound in Theorem 1.1 for k = 3 is |E(M)| < n™/*F°0) | which is same with the
one in [5, 9]. There is a gap between the upper bound |E( )| < n? Y/ k(k=1)=2)+o(1)
and the conjectured upper bound |E(M)| < n?#/(k+D+e() from [2]. We will show
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that the expression n?~1/(k(k=1)=2)

our proof.

corresponds to a natural barrier of the process in

To illustrate this, as stated in Theorem 3.1, the process G(i) resembles G(n,p)
k(k—1)i

n2

when 7 < ig and p = 1 — ; the standard variation on®log” n of Ryy,, for

any U, € ([:1]) with 2 < m < k£ — 1 would be as large as their main trajectory
%p(g)_(@ when p is around py in (3.13) (up to logarithmic factors). At that

time ig, the power of nk’mpo(g)_(gl) is exactly equal to (,, in (3.7), which means
that the control over Ry, y,, for any U, € ([:L]) is lost up to logarithmic factors. The
main obstacle to improve our main results is that the behaviors of the parameters
Ry y,, for any U, € ([:1]) with 2 < m < k — 1 do not allow us to further analyze the
process, while the following means that it is definitely possible to further improve
these results.

In fact, we apply Lemma 2.4 at the critical point iy to Ry, (ip) with £ =
kK\_(m
(2)-(3) in (3.7). It follows that

k(k—1)—2

on’m log™ n, where B, = k —m —

3 pHRk,UmuO) _ L”!po@m

(k —m)
Ume (), 2<m<h—1

_y < (Z) e {_ (k — m)!(onPm log™™ n>2]

Bnk_mpo(g)f(gl)

5 () wlofe )

k k—1

= O nF! exp {—nl_%‘w(l)] )

> onPm logm n}

where f(m) =k —m — % is decreasing in m and the series is dominated

by the term m = k£ — 1. Thus, the probability of the event that there exists one
U,, € ([m"]) with 2 < m < £ — 1 such that the control over Ry ,, loses when p = py
is very low. In order to obtain better results on |E(M)|, as demonstrated in [6], it is
necessary to design new random variables such that their variations decrease as the
process evolves. This is not easy and we will consider this problem in future work.

Appendix: Lower bound of Q;(i) (for Remark 4.1)

For the lower bound of Qg(7), we work with the critical interval

. nk k o — nk K o —
Iq, = Iq, () = (gp(” — o*np~" log" n, HP(Q) —o(o —1)n“p " log" n) (1)
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where « is shown in (3.6). Consider a fixed step j < ip. Similarly, suppose Q(j) €
7§, (j) and define

Tém = min{z’o, max{j, 7}, the smallest i > j such that Qy(7) }
Let j <i< Ték’ ;- All calculations in this subsection are conditioned on the estimates
n (3.5).

By the equations shown in (2.5), we get the estimate on E[AQy|F;] in reverse
direction,

E[AQiF] = (=) (k- 1)

> (Rk,Uz)2+"'+% > Riw)

U2€l2(4) Uk-1€Kk-1(7)

1 215°Q26
> (—1)k+1(1€ _ 1) _ : ( (2312§k(2) + 20_2n2k73p logQ’Yz n)

k\2 . K 2 .
— (_1)k+1(k, _ 1) _ 2(2) Qk(l) + 12(3) Qk(l) + O(O_an—Bpf(g)Jrl log%g n)’
n’p n®p
where ZUQEKQ(i)(kaV and 3 p i (R, v;)? are replaced by the equations in

(3.14) and (3.15), the term O(nk"lp(g)_n) comes from } p i, ;) (R, v,)? in (3.15)
that dominates all the remaining terms.

Since Qx(i) € Zg, as the equation shown in (1), we further have

]g2n_’“(§)_go__ 110" 1
E[AQ|Fi] > (—1)* 1 (k — 1)_2(2) (k!p ( 1)n*p~'log )

n2p
K20k (5) _ 200, —1 100k
I 12(3) (k!p 3‘7 np~" log n) +O( K32 (5)+ g2 )
n-p
2(F) k2 205’0 (0 — 1)n*2log"
( 1)]9—}—1(]{: 1) . (2)]{:? p(g),l 4 (2> U(U pQ)n og''n

k\2 k-3
Mp(g) —|-O( 2 k= 3p ()+1 logQ'y2 n)’

(2)

where « is in (3.6), and the term O(c?n®3p~2logtn) is absorbed into the term
O(o?n*=3p~ (2)+1 log®” n).
For all 7 with j <7 < 7'ka ;» define the sequence of random variables to be

nk;

L(i) = Qu(i) — o2 + o™n®p " log n. 3)

Claim: The sequence L(j), L(j +1),...,L(7g, ;) is a submartingale and the maxi-
mum one step AL is O(on*~2 log™ n).
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Proof of Claim. Similarly, for all ¢ with j < i < Téw-, as the equation shown in (3),
we have
koo [k . )
BIALIF) = BAQuIF] o o)~ 5] 4+ togn [ 2000 - %,
W Piv1 Di

Since p =p; = 1—k(k—1)t, piy1 = p—k(k Y in (3.1), then o = 0; = 1—k(k — 1) log p,
oit1=1—k(k—1)log(p — “Z—;”) in (3.8), by Taylor’s expansion, we have

E[AL|F] = E[AQ.|F] - 7::{ (’;)wp(’;)wo(%p(’;)ﬂ

N 200'p — o?p’ o
+n log“n[n2—p2 + O<n4p3>

2 K2 k-2 2) / a—21 H
~ Eiaquiz) + 2 0 2o ol

k(k —1)o*n*2loghn
- 2
p

k

+ O(nk*4p(2)*2),

where the term O(n® *o?p~2log" n) is absorbed into the term O(nk*‘lp(g)*z) because

a is shown in (3.6) and p > po is shown in (3.13) by taking A\ and p to satisfy
[(5) +1JA > p+ 3 in (3.9). Combining the equations in (2) and (4), we have

2 (5)2 + k(k — 1)]o?n*2log" n 2(2)20#‘*2 loghn

P’ - p?

kY2, k-3 1 =210 o

12(3) n p(g)_l n 200'm*"“loghn

k! D

E[AL|IF] > (=1)"(k - 1) +

i +O(02nk73p (5)+1 log?™ )

where the term O(n k*4p(§)72) in (4) is absorbed into the term
O(o?n*=3p~ ()41 10g2 n) in (2). We have
1\ 2
2000 ?loghnp! = 8(2) on®*p~?logh n
by ¢/ = k*(k — 1)*>p~! in (3.8). It follows that
2 (5)2 + k(k — 1)]o*n*"2log" n
2

1\ 2
+6 (2) on®?*p~?logh'n (5)

E[AL|IF] > (=1)"(k — 1) +

k—3
N 12(3)k'n p(g) +O( 2k =3 ()Hlogzw )

Note that

[2(5)2+k(k 1)] n*2p~2log" n > O(o*n*3p~ ()Jrllog;z”2 n)+(—=1)*1(k—1)
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when « is shown in (3.6), p > po in (3.13), A, p and 7, are chosen such that [(g) =3\ >
27y, — p. We have E[AL|F;] > 0 in (5). The sequence L(j), L(j +1),...,L(7§, ;) is
a submartingale.

Next, we show the maximum one step AL is O(on¥~3 log” n). As the equation

shown in (3) and the calculations in (4), we have

K2 k—2 1o o—2 n
AL =AQ; + 7(2); p(h)-1 4 200 p log" n
. 2, ,a—2 1%
| =)o - og’n O(nk=4p(2)-2).

p

Apply the equation of AQy in (2.4) and the estimates on Ry p,, for any U, € ([;:3)
when 2 < m < k —11in (3.5) to the above display,

k—2 &
AL < — (];) ((kn— 2)']9(2)1 — on log™ n)

+ (5 (g0 oo n) 4o+ 260 o)

2 /a—21 Y k(k —1 2a—21 12
oo'n®"loghn ( Jo 7; og'n O(nk"lp(g)_Q)
p p
= O(ank_% log™ n),

where the two terms involving nk*Qp(g)fl cancel exactly and the term on® log” n
dominates all the remaining terms because the terms (200'n“ ?loghn)/p and
(k(k — 1)0*n®2log n)/p? are absorbed into the term O(on*~% log” n) by choos-
ing A\, p and 75 such that 2\ + v, > p+ 1 when p > po in (3.13).

The number of steps in this sequence is also O(n?p). Note that Qx(j) € T, (j),
for all ¢ with j <1 < Tékvj, Lemma 2.3 yields that the probability of such a large
deviation beginning at the step j is at most

k
P|Qu(i) < 7p) — o®np log’ |

— IP’[L('L’) < 0] = IP’[L('L') —L(j) < —L(j)]

(nop~"log" n)” )}

< exp [—Q ( 5
(nQp) (Unk;—5/2 log™? n)

n20—2k+3 log2” n
= exp | —{} 203 1oo272 )
o?p3log™n

There are at most n? possible values of j shown in (3.1), by the union bound, then
we have

2

{_Q(n”’ﬁ“logz“n)] .

o2p? logQW n

with a is shown in (3.6) and p > po for k > 3. Hence, w.h.p., Qx(i) never crosses its
critical interval Zg, in (1), and so the lower bound on Q(i) in (3.4) is true. O
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