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Abstract

Let 0 € T" and T" \ {0} be a subgroup of the complex numbers of unit
modulus. Define H,,(I') to be the set of all n x n Hermitian matrices with
entries in I', whose diagonal entries are zero. The matrices A, B € H,(I")
are said to be switching equivalent if there is a diagonal matrix D, in
which the diagonal entries belong to I' \ {0}, such that D™'AD = B.
We find a characterization, in terms of fundamental cycles of graphs, of
switching equivalence of matrices in H,(I"). We give sufficient conditions
to characterize the cospectral matrices in H,(I"). We find bounds on the
number of switching equivalence classes of all mixed graphs with the same
underlying graph. We also provide the size of all switching equivalence
classes of mixed cycles, and give a formula that calculates the size of a
switching equivalence class of a mixed plane graph. We also discuss an
action of the automorphism group of a graph on switching equivalence
classes of matrices in H, ().

1 Introduction

A mized graph G is a pair (V(G), E(G)), where V(G) is a nonempty set and E(G)
is a set of ordered pairs of distinct elements of V(G). The elements of V(G) and
E(G) are called the vertices and edges of G, respectively. Similarly, the sets V(G)
and E(G) are called the vertex set and edge set of G, respectively. If (u,v) € E(G),
then the vertices u and v are called the end vertices of the edge (u,v). In a mixed
graph G, we call an edge with end vertices u and v undirected (respectively directed)
if both (u,v) and (v, u) belong to E(G) (respectively exactly one of (u,v) and (v, u)
belongs to E(G)). If (u,v) is an undirected edge, then the edges (u,v) and (v, u) are
considered identical. Thus, a mixed graph can have both directed and undirected
edges. For more information, we refer the reader to [9]. If all the edges of a mixed
graph G are directed (respectively undirected), then G is called a directed graph
(respectively an undirected graph). For a mixed graph G, the underlying graph Gy

ISSN: 2202-3518 ©The author(s). Released under the CC BY 4.0 International License



M. KADYAN ET AL./AUSTRALAS. J. COMBIN. 85 (3) (2023), 228247 229

of GG is the simple undirected graph in which all edges are considered undirected. By
the terms order, size, number of components, degree of a vertex, distance between
two vertices, walk, path, cycle, tree, bipartiteness etc, we mean the same as in their
underlying graphs.

A partial orientation ¢ of an undirected graph G, denoted G?, is obtained by
choosing one of the two directed edges in each edge of a subset S of E(G). It is
called an orientation of G if S = E(G), and the resulting graph is called an oriented
or directed graph. A partial orientation of G is called trivial if S = (). Thus a mixed
graph is obtained from an undirected graph along with a partial orientation ¢. So,
M is a mixed graph if and only if M = G? for some partial orientation ¢ of an
undirected graph G. Define M(G) to be the set of all mixed graphs having G as the
underlying graph, that is,

M(G) = {G?: ¢ is a partial orientation of G},

where G is an undirected graph. Note that M(G) contains 3™ distinct mixed graphs
with underlying graph G of size m.

Liu et al. [9], and also Guo and Mohar [7] independently, introduced the Hermitian
adjacency matrix of a mixed graph. For a mixed graph G on n vertices, its Hermitian
adjacency matriz H(G?) := [hys)nxn, is defined by

1 if (u,v) € E(G) and (v,u) € E(G
i if (u,v) € E(G) and (v,u) € E(G

—i if (u,v) € E(G) and (v,u) € E(G
0 otherwise.

>
<
<
I
~— — —

Here i := y/—1 is the imaginary number unit. The Hermitian-adjacency matrix of
a mixed graph can also be obtained as a special case of the adjacency matrix of a
3-colored digraph introduced by Bapat et al. [3].

Let Sp(A) denote the multiset of eigenvalues of the matrix A. We say that two
matrices A and B are cospectral if Sp(A) = Sp(B). The spectrum of G?, denoted
Spy(G?), is the spectrum of H(G?). It is easy to see that H(G?) is a Hermitian
matrix, and so Spy(G?) C R. We say that two mixed graphs G¢ and M7 are
cospectral if H(G?) and H(M?) are cospectral.

Let 0 € I' and I"\ {0} be a subgroup of the complex numbers of unit modulus. Let
H,(I") be the set of all n x n Hermitian matrices with entries in I', whose diagonal
entries are zero. Let A := [a;;] € H,(I"). Define a graph G 4 corresponding to A such
that V(Ga) = {1,...,n} and E(Ga) = {(u,v): ay, # 0}. We call G4 the graph of
A. Note that G4 is an undirected graph. The gain graph of A = [ay,] € Hn(T),
denoted G, is the graph G4 in which an edge (u,v) has the gain a,,. The Hermitian
adjacency matrix of a mixed graph is a special case of the adjacency matrix of a
complex unit gain graph in which the gain set is {1,1, —i}. For a walk W := wuy ... uy
in Gi, define the gain of W by C4(W) = @yyuyQugus - - - Quy_yu,- Similarly, for a cycle
C:=uj...upu; in Gi, the gain of C'is Ca(C) = GuyusGugus - - - Oy yuy Qugus - €L US
denote the real part of (4(C) by R4(C), and call it the real gain of C' with respect
to A. A matrix A € H,(T) is said to be balanced if the gain of each cycle in G, is 1.
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A switching function of T' \ {0} on G4 is a function 6 : V(G4) — T\ {0}.
Matrices A, B € H, (") are said to be switching equivalent, denoted A ~ B, if there
is a switching function 6 of T\ {0} on G4 such that D(6)"'AD() = B, where
D(0) = diaglf(1),...,0(n)]. Switching equivalence on H,(I') was also discussed
in [12, 16]. Let Z denote the conjugate of a complex number z. The condition
D(0)"*AD(0) = B, where D(0) = diag[f(1),...,0(n)], implies that an edge (u,v)
has the gain a,, in G if and only if it has the gain 6(u)0(v)ay, in GS. It is clear
that if A ~ B, then G4 = Gp.

Let D(0)"'AD(0) = B, where D(6) = diag[0(1),...,0(n)] and 6(i) € T \ {0} for

each i € {1,...,n}. Let C : vyvy...v5v; be a cycle in G4. We have

gA(C) = Qyyve Augug = * * Ay
- e(vl)avvaQ(UQ)H(UQ)GUNBH(U:%) o 'e(vk)avkvle(vl)
== bvlvgbvgvg e bvkvl
= (p(C).

Thus, if A ~ B then (4(C) = (5(C) for each cycle C' in G4. If A~ B, then we also
say that the gain graphs Gi‘ and GCB are equivalent, and it is denoted by Gi‘ ~ GCB.

The existence of cospectral graphs is one of the widespread problems in graph
theory. The seminal paper by Collatz and Sinogowitz [4] provided the first example
of cospectral trees. Cospectral graphs are studied for signed graphs [2], oriented
graphs [5], mixed graphs [11], complex unit gain graphs [13] etc. In all these cases,
to characterize the cospectral graphs, researchers introduce a switching equivalence
relation, which is a similarity transformation. It is clear that if two matrices in
H,, (') are switching equivalent then they are similar, and hence they are cospectral.
In 1982, Thomas Zaslavsky [15] characterized switching equivalence on signed graphs
in terms of balance of cycles. In 2020, Yi Wang and Bo-Jun Yuan [14] characterized
switching equivalence on mixed graphs using a strong cycle basis. Note that the
cycle basis with respect to a maximal forest of a graph is indeed a strong cycle
basis. Thus, strong cycle bases are not so important in connection with gains on
mixed graphs. Guo and Mohar [7] presented an operation on mixed graphs, called
four-way switching, which can be described as switching equivalence relation that
preserves the spectrum of mixed graphs. The authors in [3] and [12] simultaneously
and independently defined complex unit gain graphs, their adjacency matrices, and
switching. However, the terminologies of [3] and [12] are different.

The paper is organized as follows. In the second section, we introduce a charac-
terization of switching equivalence on H,(I"). A sufficient condition is also presented
that characterizes a bipartite graph G4 in terms of the eigenvalues of a matrix A.
We also provide sufficient conditions to characterize cospectral matrices in H,,(I'). In
the third section, we find bounds on the number of the switching equivalence classes
of all mixed graphs with the same underlying graph. In the fourth section, we find
the size of all switching equivalence classes of mixed cycles, and give a formula that
calculates the size of a switching equivalence class of a mixed plane graph. In the
last section, we discuss an action of the automorphism group of a graph on switching
equivalence classes of matrices in H,(I").
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2 Switching equivalence in #,,(I")

There are various types of adjacency matrices in algebraic graph theory, which are
defined on graphs. For example, the adjacency matrix of a signed graph, the Hermi-
tian adjacency matrix of a complex unit gain graph, and the Hermitian adjacency
matrix of a mixed graph. In all these cases, the notion of switching equivalence is
defined. This section defines switching equivalence on Hermitian matrices with zero
diagonal entries and characterizes them using fundamental cycles. This, in turn,
characterizes switching equivalence in a signed graph, mixed graph, and complex
unit gain graph.
Let G be a graph and F' be a maximal forest of G. Define

Br(G) ={Cr(e) :e € E(G)\ E(F)},

where Cp(e) denotes the unique cycle in F'U {e}. The cycle Cr(e) is called the
fundamental cycle of G with respect to F' and e, and Bp(G) is called the fundamental
cycle basis of G with respect to F'. We say that the matrices A, B € H,(I") have the
same graph if G4, = Gp.

Lemma 2.1. Let A € H,(I') and F be a mazimal forest of G4. Then there is a

matriv [aj;] € Ho(L') such that A ~ [a;;], where aj; = 1 for each edge (i, j) in F.

Further, the switching is unique up to a scalar multiple in each component of F.

Proof. Let A € H,(I') and F be a maximal forest of G4. Let a root be chosen in
each of the components of F. For each w € V(G), define

O(w) — 1 ifw=v
YT ¢ A(Pyy)  otherwise,

where v is the root of the component of F' containing w, and P,, is the unique
wv-path in F. Let

D(9) = diag[f(1),...,0(n)] and [a},] = D(0)""AD(6).

It is clear that [aj;] € H, (') and A ~ [a;;]. If (i,5) € E(F) and v is the root of the
component of F' containing 4, then we have

_ A(Piv)aijajiCA(Piv) if (]7 Z) appears on Pjv
N a;;Ca(Pjy)a;jCa(Pj,) if (j,7) does not appear on FPj,
1

This proves the first part of the lemma. Now suppose [b};] € H,(I') such that A ~
[b};], where b}; = 1 for each edge (4,7) in F'. Then there exists 7 : V(G4) — T'\ {0}
such that [b};] = D(7)"'BD(x), where D(n) = diag[n(1),...,7(n)]. Let the number
of components of F' be k, and let vy, ..., vy be the roots (chosen) in the components
of F'. For convenience, assume 7(v,) = a, for each r € {1,...,k}. Let w be a vertex
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in the component of F' having v, as a root, and let P,,, = wwjws - wv, be the
unique wv,-path in F'. We have

Vovnor Vrorwog ™~ Buugr, = 1
or, T(W) @, T(W1)T(W1) Ay, T(W3) « + - T (W) Ay, (V) = 1

or, m(w) = (V) Qyoy Qs * * * Guwpw, = CaA(Pun,) = a0(w).

Hence the switching 7 is unique up to a scalar multiple in each component of F. [

Theorem 2.2. If A, B € H,(I") have the same graph G, then A and B are switching
equivalent if and only if Ca(C) = (g(C) for each cycle C € Bp(G), where F is a
mazimal forest of G.

Proof. Let F be a maximal forest of G. Apply Lemma 2.1 to find matrices A" :=
[ai;] and B" := [b};] such that A ~ A", B ~ B’ and aj; = 1 = bj; for each edge
(7,7) in F. Assume that (4(C) = (p(C) for all cycles C' € Br(G). Now A" =
D(0)"*AD(0) and B’ = D(w)"'BD(x) for some D(0) = diag[f(1),...,0(n)] and
D(m) = diag[r(1),...,m(n)], where 6(i), (i) € '\ {0} for each i € {1,...,n}. This
gives that (4/(C) = (p/(C) for each cycle C' € Bp(G).

Let (i,j) ¢ E(F), and let C be the cycle in Br(G) containing the edge (i, 7). We
have

a;j = (a(C) =(p(C) = b;j'

Thus A’ = B’. This gives D(0)"'AD(6) = D(w)'BD(7), and hence A and B are
switching equivalent.

Conversely, assume that A and B are switching equivalent. Then clearly (4(C) =
(p(C) for each cycle C' € Br(G). O

An easy consequence of Theorem 2.2 on mixed graphs is presented in the follow-
ing.
Corollary 2.3. If A, B € H,(I') have the same graph G, then (4(C) = (g(C) for
each cycle C € Bp(G) if and only if (a(C) = (p(C) for each cycle C in G.

Proof. Converse part is trivial. Assume that (4(C) = (5(C) for each cycle C €
Br(G). Then Theorem 2.2 gives that A and B are switching equivalent. Hence

Ca(C) = (p(C) for each cycle C in G. O

The following corollaries are immediate consequences of Theorem 2.2.

Corollary 2.4. Let A, B € H, (') be two matrices with the same graph G. If a,, =
buy for each non cut-edge (u,v) in G, then A and B are switching equivalent.

Corollary 2.5. Let A, B € H, (') be two matrices with the same graph G. If G is
a forest, then A and B are switching equivalent.

Theorem 2.6. If A, B € H,(I") have the same graph G, then A and B are switching
equivalent if and only if (4(C) = (g(C) for each chordless cycle C in G.



M. KADYAN ET AL./AUSTRALAS. J. COMBIN. 85 (3) (2023), 228247 233

Proof. Assume that (4(C) = (g(C) for each chordless cycle C' in G. We now show
that (4(C) = (p(C) for each cycle C' in G. Suppose, on the contrary, that there
is a cycle C' in G of least length such that (4(C) # (g(C). So, C contains a
chord, say v;uy such that C := vy ... vpus ... ugvq. Let Cy = vy ... vu3vy and Cy =
uy ... ugvrug. If C and Cy are chordless, then clearly (4(C;) = ((C;) for j € {1,2}.
If either C or C5 has a chord, then also by the choice of C, we have (4(C;) = (5(C))
for j € {1,2}. Since Gy, v, -Gy, = 1 = buyu, -buye,, We have

_ GalG)CalC) _ CB(C1)CR(C)

a’Ulvl a’Ulvl bu1v1 bu1v1

CA(C) = CB(C).

This contradicts our assumption. Thus the result follows. The proof of the other
part follows directly from the equivalence of A and B. O

In the next theorem, we characterize switching equivalence of the matrices A and
—A in H,(I") in terms of bipartite graphs.

Theorem 2.7. [f A € H,(T'), then A and —A are switching equivalent if and only
if Ga 1s bipartite.

Proof. The matrices A and —A are switching equivalent if and only if (_4(C) =
Ca(C) for all cycles C' in G 4, which is true if and only if the length of each cycle in
G 4 is even. Hence the proof follows. O

Corollary 2.8. Let A € H,(I'). If G, is bipartite, then the eigenvalues of A are
symmetric about zero.

Proof. Switching equivalence of A and —A implies that eigenvalues of A are sym-
metric about zero. O

The converse of Corollary 2.8 need not be true. Consider the Hermitian adjacency
matrix of the mixed graph CJ in Figure 1. Here spectrum of H(CY) is {0, +v/3}.
However, C5 is not bipartite.

2 3
Figure 1: Mixed graph CJ
Assume that A € H,,(I"). An elementary graph with respect to A is a subgraph

of G 4 such that every component is an edge or a cycle. Let & (A) denote the set of
all elementary graphs with respect to A of order k. For any H € &.(A), let C(H)
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denote the set of cycles in H, ¢(H) denote the number of cycles in H, and k(H)
denote the number of components of H. Let the characteristic polynomial of A be

O(A,z) =a" +a "+ +a,.
Recall that % 4(C') denotes the real part of (4(C). The following results appear in [8].

Theorem 2.9 ([8]). The coefficients of the characteristic polynomial of a matriz
A€ H,(I') are given by

ay= Y (1M TT R,(C) for all k € {1,...,n}.
He&,(A) CeC(H)

Corollary 2.10 ([8]). If A € H,(T'), then
det(A) = (=1)" Y (=D)FI2eD TT Ra(C).
)

HEE(A) CeC(H

In the discussion following Corollary 2.8, we observed that even if the eigenvalues
of a matrix A in H,(I") are symmetric about zero, the corresponding graph G 4 need
not be bipartite. However, the converse of Corollary 2.8 is true under a sufficient
condition, as mentioned in the next theorem.

Theorem 2.11 ([10]). Let A € Ho(T') and 3 e, (@) Ra(C) # 0 for all k, where

Cr(Ga) is the set of all cycles of length k in G 4. If eigenvalues of A are symmetric
about zero, then G 4 is bipartite.

Let A, B € H,(I') have the same graph G. Using Theorem 2.9, we observe that
if Ra(C) = Rp(C) for all cycles C'in G, then A and B are cospectral. However, the
converse of this statement need not be true. For example, consider the Hermitian
adjacency matrices of the mixed graphs G¢ and G” in Figure 2. Here both H(G?) and
H(G") are cospectral with the spectrum {0, +1,+v/5}. However, (i(gs)(C) = —1
and (g (C) =i for the cycle C':= 123.

1 4 1 4

o) Y
G 5 3 G 5

Figure 2: The graphs G¢ and G

In the next two results, we establish two sufficient conditions under which
RA(C) = Rp(C) for each cycle C'in G whenever A and B are two cospectral matrices
in H,(I') with the same graph G. Some similar results appear in [13]. Our proof
technique is also similar with that in [13].
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Theorem 2.12. Let A, B € H,(I") have the same graph G. If Ra(C) < Rp(C) for
each cycle C in G, then A and B are cospectral if and only if R4(C) = Rp(C) for
each cycle C' in G.

Proof. Let ®(A,z) = 2™ + a;2™ ' + -+ +a, and ®(B,z) = 2" + bya" ' + -+ b,
be the characteristic polynomials of A and B, respectively. Assume that R4(C) <
Rp(C) for each cycle C' in G, and that Sp(A) = Sp(B). Then we have a; = by
for each k € {1,...,n}. We apply induction on the length of cycles. Let Cx(G) be
the set of all cycles of length k£ in G. Note that a3 = b3, and therefore we have
=23 cecse) Ra(C) = =23 0ceyq) R(C). The given condition R4(C) < Rp(C)
implies that R4(C) = Rp(C) for each C' € C5(G). Assume that the statement holds
for each cycle of length less than or equal to I. By induction hypothesis, we have

He&11(A)\Cr41(G) CeC(H) He&11(B)\Ci41(G ) CeC(H)

Since a;41 = b1, we have

Z (—1)k(H) 9elH) H RA(C) = Z (-1 H Rp(C ©)

He&1(A) CeC(H) He&11(B) CeC(H)

From (1) and (2), we get

2 ) RuC)=-2 ) Rp(0).

CECH_l(G) CEC1+1(G)

Now R4(C) < Rp(C) implies that R4 (C') = Rp(C) for each C' € C;y1(G). Hence
by induction, R4 (C) = Rp(C) for each cycle C' in G. The other part of the theorem
is Theorem 2.9. O

Corollary 2.13. Let A, B € H,(I') have the same graph G. If A is balanced, then
A and B are cospectral if and only if Ra(C) = Rp(C) for each cycle C in G.

Proof. Since Rp(C) < 1 = R4(C) for each cycle C in G, by Theorem 2.12 we get
the desired result. O

Some characterizations of balance in gain graphs (Theorem 2.4 of [8]) and signed
graphs [1] are consequences of Corollary 2.13. In the next section, we introduce a
similar characterization of balanced mixed graphs. The proof of the following result
is similar to the proof of Theorem 2.12.

Theorem 2.14. Let A, B € H,(I') have the same graph G. Suppose that R4(Cy) =
RA(Co) and Rp(Cy) = Rp(Cs) for every pair of cycles Cy and Cy of the same length
in G. Then A and B are cospectral if and only if R4(C) = Rp(C) for each cycle C
in G.
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3 Switching equivalence on mixed graphs

All definitions for complex unit gain graphs apply to mixed graphs with the gains
in {1,—1,i,—i}. Thus, the terms switching equivalence of mixed graphs, gain (re-
spectively real gain) of walks in a mixed graph, balanced mixed graphs etc. have
the same meaning as in the corresponding Hermitian adjacency matrices. A mixed
graph G is negative (respectively imaginary) if the gain with respect to G® of each
cycle in G is —1 (respectively i or —1i).

Switching equivalence of the mixed graphs G¢ and G7 is denoted by G¢ ~ G.
Switching equivalence is an equivalence relation on M(G). An equivalence class
under this switching equivalence is the switching equivalence class of a mixed graph.
The switching equivalence class containing the mixed graph G is denoted by [G?].
The set of all switching equivalence classes of a mixed graph G is denoted by Q(G).
It is straight forward to see that if two mixed graphs G¢ and G7 are switching
equivalent, then G® and G” are cospectral.

In 2020, Yi Wang and Bo-Jun Yuan [14] introduced a strong cycle basis for mixed
graphs and proved that every graph admits a strong cycle basis. Using a strong cycle
basis, they proved that two mixed graphs are switching equivalent if and only if the
gains of each cycle in the strong cycle basis are same. Indeed, the cycle basis with
respect to a maximal forest is always a strong cycle basis. Thus, the characterization
of switching equivalent mixed graphs in [14] is a special case of Theorem 2.2, where
' ={0,£1,+i}. We present this in the next result.

Theorem 3.1. Let ¢ and v be two partial orientations of a graph G. If F is a
maximal forest of G, then G® and GV are switching equivalent if and only if {qe(C) =
(e (C) for each cycle C € Bp(G).

Using Corollary 2.13, we now present a characterization of balanced mixed graphs.

Theorem 3.2. Let ¢ be a partial orientation of a graph G. Then G® is balanced if
and only if G and G are cospectral.

Proof. Let A = H(G) and B = H(G?). Note that G is undirected, and so A is
always balanced. Now by Corollary 2.13, A and B are cospectral if and only if
RA(C) =Rp(C) for each cycle C' in G. As A is balanced, R4(C) = 1 for each cycle
C'in G. Further, (5(C) € {£1, £i}, and therefore R5(C) = 1 gives that (5(C) = 1.
Thus A and B are cospectral if and only if (5(C) = 1 for each cycle C in G, that is,
G and G? are cospectral if and only if G? is balanced. O

We note that Theorem 3.2 for gains in R\ {0} is Theorem 1 of [1]. Given a graph
G on n vertices and m edges, there are 3™ ways of constructing a mixed graph on
G. We give a natural lower bound and upper bound of [Q,(G)| in the next result.

Theorem 3.3. Let G be a graph of order n, size m and ¢ components. Then there are
at least 3™ "¢ and at most 4™ "¢ distinct mized graphs up to switching equivalence
on G. Further, equality occurs in the upper bound if each fundamental cycle of G
with respect to a mazximal forest F' has at least two edges that do not lie on other
fundamental cycles with respect to F.
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Proof. Let F' be a maximal forest of G. Consider each edge of F' to be undirected.
Each e € E(G) \ E(F) lies on exactly one fundamental cycle Cr(e). So we can get
the gains 1,+i on Cpg(e) by assigning a suitable direction on the edge e. We can
do this with all fundamental cycles in Br(G). So there are three possible choices of
gains on each fundamental cycle in Br(G). Hence we find at least 3™ "¢ distinct
mixed graphs up to switching equivalence on G. Further, there are at most four
gains, namely, +1,+i, possible for a fundamental cycle. Hence there are at most
4m=n+e distinet mixed graphs up to switching equivalence on G.

Let e, f be two edges of a cycle C' in Br(G) that do not lie on other fundamental
cycles in Bp(G). It is clear that by assigning appropriate gains to e and f, and
leaving the edges in C' — {e, f} undirected, we can get the gain of C' to be any given
number in {+1, +i}. Hence, equality occurs in the upper bound in this case. O

A graph G is a cactus graph if every block of G is a cycle or a single edge.

Theorem 3.4. If G? is a negative or imaginary mized graph, then each component
of G is a cactus graph.

Proof. Suppose, for a contradiction, that G is not a cactus graph. Then there are
two cycles C7 and Cy in G such that E(Cy) N E(Cs) # (. Let P := xy... 14,
Cy =201 ... 02 xp—y ... 71 and Cy := 21 ... 25Uy ... ugy. Let C = zyv1 ... vp25u
... ugxy satisfy the condition that E(C) = E(Cy)AE(Cy), where A is the symmetric
difference of sets. It is clear that

Cao(C) = Cas (C1)Cas (P)Cae (P)Cas (C2) = (as (C1)(ge (Ca).

If G? is a negative mixed graph, then (g (C1) = (qo(Cy) = —1. This gives (g4 (C) =
1, which is a contradiction. If G? is an imaginary mixed graph, then (gs(C1), (ge(Cy)
€ {i, —i}. This gives that (z+(C) € {1, —1}, a contradiction again. Hence G must
be a a cactus graph. O

Let G? and D” be two mixed graphs. The cartesian product G?0D? of G and
D7 is a mixed graph with vertex set V(G) x V(D) and there is an undirected edge
(respectively directed edge) from (g1, d;) to (ge, d2) if and only if g1 = g, and (dy, d»)
is an undirected edge (respectively directed edge) in D7, or d; = dy and (g1, go) is
an undirected edge (respectively directed edge) in G?. One can see that

H(G’OD") = Ly ® H(D") + H(G?) ® Ijv(py.-
Theorem 3.5. If G ~ G and D?? ~ D2, then G**OD?%? ~ GMOD".

Proof. Since G ~G" and D% ~ D2, there exist diagonal matrices D(6;) and D(6y)
such that H(G?) = D(0,)"'H(G"™)D(6,) and H(D?) = D(0y)"'H(D"™)D(0s).
Thus

(D(6,) ® D(6,)) " H(G™OD™)(D(6,) ® D(6y)) = H(G*'OID%).

Hence G0D% ~ GMD%2. O
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4 Size of switching equivalence classes of mixed graphs
Let G? be a mixed graph. Recall that
[G?] = {G": G? and G" are switching equivalent}.

Theorem 4.1. Let G be a graph and S be the collection of all cut-edges of G. Then
the size of each switching equivalence class of a mized graph over G is at least 3151,
If G is a forest, then the equality occurs.

Proof. Let G? be a mixed graph over G. By Theorem 3.1, the switching equivalence
relation depends on the gain of fundamental cycles. Further, the edges of S do not
belong to any cycle. So, changing the gains on the edges of S, the graph remains
switching equivalent to G?. Since there are only three gains possible on each edge,
the size of [G?] is at least 35l If G is a forest then |E(G)| = |S| and G? is always
balanced. Hence there is only one switching equivalence class, and its size is 3/°I. O

Let {1,£i}" := {(z1,...,2,) € C": z; € {1, £i} for each j}. For z € {1, +£i}",
define ((z) := 21 - - - z,,, that is, {(2) is the product of the coordinates of z. Let a(0) =
[1 0 0 0]". For z € {1,£i}" and n > 1, let a(n) := [a1(n) a_i(n) a(n) a_i(n)]*
be the vector in R? such that a,(n) is the number of z in {1, +i}" with ((z) = =,
where z € {£1,+i}. Thus a(1) =[1 0 1 1]°. In general, a,(n) = |[C?]|, where
T = ch(C’n). Let I,, be the n x n identity matrix, and let .J,, be the n X n matrix
with all entries 1. Further, let

b

Jy Iy
Lemma 4.2. Ifn > 1, then a(n) = La(n — 1).

Proof. Use induction on n. As a(1) =[1 0 1 1Jf, we have a(1) = La(0). Assume
that the statement is true for n < k. Now take n = k + 1.

Claim: oy (k+1) = ai(k) + a;(k) + a_;(k), that is, oy (k+1) =[1 0 1 1]a(k). Each
z € {1, £i}**! can be written as z = (Z, zx41), where 2 € {1, +i}* and 2, € {1, &i}.
If ((2) =1, then

s =1=(¢(2) =1, zn=1=(#)=-1 and zu =-i=((?) =

Hence ay(k + 1) = a1(k) + as(k) + a—i(k),

Similarly, one can show that o 1(l<:+1) 011 la(k), ai(k+1)=1[1 1 1 0Ja(k)
and a_j(k+1)=1[1 1 0 1]a(k). Thus a(k + 1) = La(k), and the proof follows by
induction. O

that is, ay(k+1) =1 0 1 1Ja(k).

Lemma 4.3. If Q = J, — L, then

" — i(3n+1)J4—Q if n is odd
i(?)n —1)Jy+ Iy if nis even.
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Proof. Since L = J; — @, we have

L= (- Q)"
= Z (n> Jffj(—l)JQ], as Jy and () commute
J

Now using the facts that if n is even then Q" = I, and if n is odd then Q" = @), we
get the desired conclusion. O

Theorem 4.4. Ifn > 3 and C?¢ is a mized cycle of order n, then

FH if nis odd and (e (Ch) € {1, #i}
9] = =3 if p is odd and Ces(Cn) = —1
n ¥4 if p is even and Ces(Cn) =1
F-1 if n is even and (oo (Cn) € {—1, £i}.

Proof. From the definition of a,(n), we know that [[C?]| = a,(n), where 2 =
Ceo(Cn) € {£1, £i}. Lemma 4.2 gives that a(n) = L"a/(0), where a(0) = [1 0 0 0]".
Therefore

(a1 (n) a_1(n) az(n) a_i(n)]* = the first column of L"

3"41 37—3 341 37417t :
- [ 1 1 1 1 } if n is odd,
[3"+3 3n—1 3"—1 37—1
4 4 4 4

t . .
} if n is even.

Thus the result follows. U

Let R be a finite subset of T'\ {0}. A restricted gain graph G with gain set R,
denoted G¥, is a gain graph in which the gain of each edge belongs to the set R.
Switching of a restricted gain graph is done by the elements in I'\ {0}, with the added
condition that the switched gain graph is also restricted in R. Note that mixed graphs
with the Hermitian adjacency matrix are restricted gain graphs, where R = {1,1, —i}
in the group {1, —1,1, —i}. It is clear that the switching of restricted gain graphs is
also an equivalence relation. The equivalence class, under this equivalence relation,
containing the restricted gain graph G is denoted by [GF].

Remark 4.5. By Theorem 2.2, two restricted gain graphs, with the same underlying
graph and same gain set, are switching equivalent if and only if they have the same
gain on each cycle of a fundamental cycle basis of the underlying graph.
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Theorem 4.6. Let G® be a restricted gain graph with a finite gain set R and un-
derlying graph G. If Gy, ..., Gy are the blocks of G, then

e™1 = TTIEs,

Jj=1

where Gf is the restricted gain graph with underlying graph G; in which gains are
the same as that in G® for each j € {1,... k}.

Proof. Let G® be another restricted gain graph with the finite gain set R and un-
derlying graph G. Also, let G’f be the restricted gain graph with underlying graph
G in which gains are the same as that in GP for each j € {1,...,k}.

Let F' be a spanning subgraph of G and F; = FF'N G, for each j € {1,... k}.
Clearly, I is a maximal forest of G if and only if F} is a spanning tree of G for each
jeA{l,...,k}. Thus Bp(G) = Ur_ By, (G;), a disjoint union. This fact, along with
Remark 4.5, gives that GF and G are switching equivalent if and only if G7 and

CNJf are switching equivalent for each j € {1,...,k}. Hence
6" = TTIGH O
j=1

Corollary 4.7. Let G be a mized graph such that G is a cactus graph. If {C,,, ...,
Chn,} is the set of cycles in G, then

k
1G7]] = 35 [ e, (m),

j=1
where S is the set of all cut-edges of G and x; = (s (Ch;) for each j € {1,...,k}.
Proof. Note that the blocks of G are the edges of S and the cycles C,,,...,C,,.
If 2; = (go(Ch,;), then by definition, |[C’f7]| = ag,(n;) for each j € {1,...,k}.
Also, if the complete graph K represents an edge in S, then |[KJ]| = 3. Thus by
Theorem 4.6, we have

[G7]] = 3% ﬁazj(nj)- B

J=1

Now our aim is to calculate the size |[G?]| of a mixed plane graph G°. Due to
Theorem 4.6, it is enough to consider G to be 2-connected. Let G be a 2-connected
plane graph, and let f be an inner (bounded) face of G. The boundary of f may
be regarded as a subgraph. We use the notation J(f) to denote the edge set of this
subgraph. A cycle C' in a plane graph G is said to be a face cycle if E(C) = 0(f)
for some inner face f. Note that a face cycle is defined only for the inner faces of a
plane graph. It is known that the face cycles of a 2-connected plane graph form a
basis of the cycle space of the graph. See [6] for details.
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Let G be a 2-connected mixed plane graph and C,,, ..., C,, be the distinct face
cycles in G, each considered in clockwise direction. Let n, be the order of C,,, for each
re{l,...,k}. Forp # q, define E,, = E(C,,,)NE(C,,) and E,,;; = E(C,,)\ E(Cy,).
Also, let E,, be the set of all edges that lie only on the cycle C, . Note that E,,

does not contain edges of C,,, for ¢ # p. It is clear that Ul;,q:Lpgq E,, is a disjoint
union of all the edges of G. Let n,, = |E,,| for p,q € {1,... k}.

Let ¢ be a partial orientation on G. Let (g¢(E,,) be the product of gains,
with respect to G?, of the edges in E,, according to the clockwise direction of Ch,-
Similarly, (gs(E,/q) is also defined. Note that (ge(Epq) = (ge(Eyp). If Cp, AC,, is a

cycle, then we have

CGﬂﬁ(OnpAqu) = CG¢(Ep/q)CG¢(Eq/p) (3)
= CG¢(EP/Q)CG¢(qu)€G¢(Eqp)€G¢ (Eq/p)
= (o (Cn, )CGs (Chy).-

Let C ={C,,,...,Cy,, }. Note that C is a basis of the cycle space of G. Therefore, if
C' is a fundamental cycle of GG, then C' can be expressed as a symmetric difference of
elements of C. Accordingly, by Equation (3), (4+(C') is a product of gains of some
cycles in C.

Now let v be another partial orientation on G. If G and G” have the same gain
on each cycle in C, then we find that they have the same gain on each fundamental
cycle. Then from Theorem 3.1, we have G ~ G7. Conversely, if G ~ G” then
clearly G® and G have the same gain on each cycle in C. Hence two mixed plane
graphs are switching equivalent if and only if they have the same gain on each face
cycles.

For all y € {#1,+i}*, define T'¢(y) to be the set of all X := [x,,]rxs satisfying
the following conditions:

0 if nyg =0
(1) 2py =14 ljior —i if ny, =1
1,=Lior —i ifny, > 1;
k
(2) Il xpg=uypforpe{l,... . k};

q=1
Npg7#0

(3) zpq =Ty for p # q.

For a partial orientation ¢ on G, let y = (y1,...,yx), where y, = (gs(C,,,) for
each p € {1,...,k}. Define T: [G?] — T'¢(y) such that T(G7) := [y,,], where

_ ] G (Epg)  ifmpg 21
Ypa 0 otherwise.

We have the following observations.

e It is casy to see that each entry of [y,,] satisfies the condition (1) for I'c(y).
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e Since G7 € [G?] and E(C,,) = Ej UE»U- - -UE,y, is a disjoint union, we have

k k
T v = T1 Co(Bnp) = G (Cy) = Cao(Chn,) =
£ o

for each p € {1, ..., k}. Thus [y,,] satisfies the condition (2) for I'¢(y).

e Since the direction of both the face cycles C,, and C,  is clockwise, y,, =

Car (Bpg) = Can(Eygp) =7, for p # ¢, and so condition (3) holds for I'c(y).
o As [y,,] satisfies all the three conditions for I'¢(y), we have T(G") € I'¢(y).

e Foreach Y € I'¢(y), define a mixed graph G by assigning gains on the edges of
E,q, according to the clockwise direction of the cycle C,,,, such that (g (E,,) =
Ypq for my, > 1. We see that T'(G7) =Y. Thus T is surjective.

e Note that

G)= |J T7UY), where T7'(Y) = {G" € [G”]: T(G") =Y}

Yela(y)
Therefore |[G?]| = ZYEFG(y) IT-1(Y)).

Consider the following example to explain the preceding discussion.

Example: Let G be the union of two cycles with a common path, as shown in
Figure 3. Let ¢ be a partial orientation on G. Let C} := u; ... up_1u, ... uguq and

Up+1 (%%

Figure 3: Union of two cycles with a common path

Cy 1= 0102 ... VpUpU,—1 - .. u V1 be the face cycles in G, each in clockwise direction.
Assume that n,, > 2 for all p, ¢. It is clear that E(G) = E11 U Ejp U Eg,.

(1) If CGd’(Cl) =1 and <G¢(CQ) = 1, then Yy = (1, 1) We get FG(y) = {Xl,XQ,Xg,
X4}, where

11 -1 -1 i i —i i
Xl:{l 1]’ XQ:{—1 —1}’ X?’:L —i}’ X‘l:{—i i}'
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For all G* € T7Y(X;), we have (g+(E11) = 1,(c+(E12) = 1 and (gr(Fy) = 1.

Therefore
I T~H(X1)| = au(nir) o (n1z) o (nas).
Similarly,
T H(Xs)| = a—y(nin) a1 (niz) a1 (nas),
IT7H(X3)| = as(nu)a—i(mz)a—i(ns), and
T~ Xy)| = a—i(nin)ai(niz) s (nag).
Thus

‘[Gd)” 2041(7111)041(”12)041(”22) + &71(7111)0471(7112)@71(7122)

+ ai(n11)o—i(ni2)a—i(na2) + a—i(n11)os(niz) s (nag).

(2) If oo (C1) = 1 and Cgo(Ch) = —1, then y = (1, —1). We get
o= (i 2B LS E

‘[Gd)” 2041(7111)041(”12)0471(”22) + afl(nll)Oéfl(nH)al(nm)

+ ai(n11)a—i(ni2)ai(nge) + a—i(nir)ai(niz)a—i(nas).

Thus

Using a similar argument, one can calculate the size of the equivalence classes for
the other possible values of (g¢(C1) and (g¢(C5). In the next result, we introduce a
formula to calculate the size of switching equivalence classes of a mixed plane graph.

Theorem 4.8. Let G be a 2-connected mized plane graph and C.,,,...,C,, be the
distinct face cycles in G, each considered in a clockwise direction. Let n,. be the order
of Cp, for eachr € {1,... ,k}. Then

SO | R

Xelg(y) pa=1
P<q,npq#0

where y = (Y1, ..., Yr) and y, = (ge(Cy,) for each p € {1,... k}.

Proof. Let X = [x,,] € Fg(y) Then T1(X) is the set of all G7 such that (g (E,,) =

Zpq for all p, g. Note that U E,, is a disjoint union of all the edges of G. Thus

p,9=1,p<q

k

T X)) = ] ap(mp)-
,q=1
pﬁzzlyzlpq?éo

Now using |[G?]| = > XeTo() |T~1(X)|, we get the desired result. O
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Theorem 4.9. Let G be a 2-connected plane graph. If the number of face cycles in
G is k, then the number of switching equivalence classes in M(G) is equal to the size

of the set {y: y € {£1,+i}* Ta(y) # 0}.

Proof. Let W = {y: y € {1, +i}*, T'¢(y) # 0}. Let C,,, ..., Cy, be the distinct face
cycles in G, each considered in clockwise direction. Let n, be the order of the cycle
C,, foreach r € {1,...,k}. We establish a bijective mapping f between Q,((G) and
W. Define the map f : Qu(G) — W such that f([G?]) = (Cgs(Chy), -+, Cae(Cny))-
Theorem 3.1 gives that f([G?]) = f([G"]) if and only if [G?] = [G"]. Thus f is well
defined and injective. Let y € W, so that y € {£1,£i}* and I'¢(y) # (). Thus there
exists an X € I'¢(y). Let X = [z,,]. Define a mixed graph G” by assigning gains
on the edges of E,, according to the clockwise direction of the cycle (), , such that
Cer(Epq) = xp, for ny, > 1. Observe that

k k
Car(Cr,) = H Cor(Epy) = H Tp, =y, forpe {1,... k}.
Ep 0 g0

Thus f([G"]) = y, and so f is an onto map. Hence f is a bijective map and the
desired result follows. U

5 Action of automorphism groups on switching equivalence
classes

Consider the gain graphs G and GS of the matrices A := [a;;] and B := [b]
in H,(I'), respectively. The gain graphs Gil and GCB are said to be isomorphic if
there is a bijective map f : {1,...,n} = {1,...,n} such that bsu sy = as; for all
i,j. An automorphism of Gil is an isomorphism of Gi‘ onto itself. The group of
all automorphisms of G is denoted by Aut(GS). If the automorphisms of G are
identified with their corresponding permutation matrices, then

Aut(GS) = {P : P is n x n permutation matrix and PA = AP}.

The gain graphs G and GCB are said to be switching isomorphic if Gi is isomor-
phic to a gain graph G¢ such that C' is switching equivalent to B, that is, there is a
permutation matrix P and a diagonal matrix D(6) := diag[f(1),...,0(n)] such that
A= (D(0)P)'B(D(0)P), where 0(i) € '\ {0} for each i € {1,...,n}.

Recall that mixed graphs are special types of gain graphs. Thus, isomorphisms
and automorphisms of mixed graphs are defined the same as in the gain graphs of
their Hermitian adjacency matrices. The group of all automorphisms of a mixed
graph G? is denoted by Aut(G?). The group of all automorphisms of a simple
undirected graph G is denoted by Aut(G). Recall that a partial orientation ¢ of an
undirected graph G is to specify a direction according to ¢ to each edge in a subset S
of E(G). That is, S is the set of all directed edges of G®. Let G(S)? be the subgraph
of a mixed graph G® with vertex set V(G) and edge set S. Note that all the edges of
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G(S)? are directed. Let G(E \ S) be the subgraph of G¢ with vertex set V(G) and
edge set E(G) \ S. Note that none of the edges of G(E '\ S) are directed. It is easy
to verify that H(G?) = H(G(S)?) + H(G(E \ S)). Now we present the following
lemma.

Lemma 5.1. If G? is a mized graph, then
Aut(G?) = Aut(G) N Aut(G(9)?) = Aut(G(S)?) N Aut(G(E \ S)).

Proof. Tt is straightforward to check that Aut(G?) = Aut(G)NAut(G(S)?). Now we
show that Aut(G?) = Aut(G(S)?) N Aut(G(E \ S)). Since Aut(G?) C Aut(G(S)?)
and Aut(G?) C Aut(G(E \ S)), we have Aut(G?) C Aut(G(S)?) N Aut(G(E \ 9)).
Conversely, if f € Aut(G(S)?) NAut(G(E\ S)) then f is an automorphism of each
of G(S)? and G(E \ S). Thus, f preserves the orientation of the edges of G?. This
gives f € Aut(G?). Thus Aut(G?) = Aut(G(S)?) N Aut(G(E \ S)). O

For an A € H, ('), let M(A) ={B € H,(I'): G4 = Gg}. For B € M(A), let
[B] ={X e M(A): X ~ B} and Qu(A) ={[B]: B€ M(A)}.

We now define an action of the automorphism group Aut(G4) on the set Qa(A),
the set of all equivalence classes in M(A). Let A € H,(I') with G := G4. For an
f € Aut(G) and B € M(A), define the matrix f(B) = [bf,] by bf, = by @) for all
u, v.

To verify that this action is well defined, it is enough to show that if B and C
are switching equivalent then f(B) and f(C') are also switching equivalent. Assume
that B := [by,] and C' := [¢,,] are switching equivalent. Then there exists a diagonal
matrix D(0) := diag[0(1), ..., 0(n)] such that B = D(0)"'C'D(0), where 0(i) € I'\{0}
for each i € {1,...,n}. That is, by, = 0(u)cu,0(v) for all u,v.

Consider the diagonal matrix D(0f) := diag[0(f(1)),...,0(f(n))]. We have

O(F (u))eh,0(f(v)) = O(F (u))epa ) O(f (©)) = brauypw) = bl
This means that f(B) = D(0f)~'f(C)D(0f), that is, f(B) and f(C) are switching
equivalent.

Theorem 5.2. If A, B € H,(I'), then the gain graphs Gi‘ and GCB are switching
isomorphic if and only if [A] and [B] belong to the same orbit of Qp(A) under the
action of Aut(Ga).

Proof. Let A := [ay,] and B := [by,]. Let the gain graphs G% and GS, be switching
isomorphic. Then there exists a gain graph G such that G is 1somorphic to GCC,
and C'is switching equivalent to B. Let C := [cuv] As GC is isomorphic to Gé, there
exists f € Aut(G4) such that c,, = ap)f) for all u,v. This means that C' = f(A).
As C' is switching equivalent to B, we find that f(A) is switching equivalent to B,
that is, [f(A)] = [B]. Hence [A] and [B] belong to the same orbit of Q,(A) under
the action of Aut(Ga).

Conversely, assume that [A] and [B] belong to the same orbit of Q,(A) under
the action of Aut(G4). Then there exists f € Aut(G,) such that [f(A)] = [B]. We
see that Gil is isomorphic to ch( A) and f(A) is switching equivalent to B. Hence Gil

and GCB are switching isomorphic. O
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