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Abstract

Partition theory abounds with bijections between different types of par-
titions. One of the most famous partition bijections maps each self-
conjugate partition of a positive integer n to a partition of n into distinct
odd parts, and vice versa. Here we prove new necessary and sufficient
conditions for a self-conjugate partition to be t-core, in terms of only
the parts of the corresponding partition into distinct odd parts, by prov-
ing a new hook length formula. Corollaries of these results include new
applications of t-core self-conjugate partitions to subsets of the natural
numbers, due to the recent investigation of a new partition statistic called
the supernorm by the first author, Just, and Schneider, as well as many
results on t-cores by Bringmann, Kane, Males, Ono, Raji, and others.
We provide several examples of these applications, one of which gives a
new formula for certain families of Hurwitz class numbers.

1 Introduction and statement of results

A partition A of a positive integer n is a non-increasing sequence A = (A1,..., Ag)
of positive integers which sum to n. The integers \q, ..., \; are called the parts of
the partition. The sum n is called the size of the partition and denoted |\|, and the
number of parts is called the length of the partition and denoted ¢(\). The notation
A F n is also common notation for a partition A of size n. Despite their simplic-
ity, integer partitions have many, many deep applications in varied fields, including
algebraic and analytic number theory as well as combinatorics. For example, see
[1, 2, 10] for background information on partitions and [9, 19, 20, 21, 22| for several
famous results on the number of partitions of any fixed size n. Some applications
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arise from certain sets of restricted partitions and bijections between those sets. The
most classical example of a partition bijection is due to Euler:

The number of partitions of a positive integer n into odd parts

1s equal to the number of partitions of n into distinct parts.

This particular partition bijection can be proved by cleverly constructing an ex-
plicit bijection between the set of partitions into odd parts and the set of partitions
into distinct parts which uses uniqueness of the binary representations of the parts.
Constructive methods of proof are common for partition bijections in general.

Each partition A = (A1, Ag,..., A\x) F n has an associated Young diagram, which
is a diagram of n total boxes arranged in ¢(\) = k rows such that row ¢ contains
A; boxes, for all 1 < ¢ < k. A self-conjugate partition of a positive integer n is
a partition whose corresponding Young diagram is symmetric by reflection across
the main diagonal. Throughout, v will be used to denote a self-conjugate partition.
Another famous example of a partition bijection is:

The number of self-conjugate partitions of a positive integer n (1.1)

15 equal to the number of partitions of n into distinct odd parts.

The proof of this bijection is simple using only the Young diagram of the self-
conjugate partition. In particular, the main ingredient involves what are called the
hook lengths (alternatively, hook numbers) of the boxes along the main diagonal. Let
(7,7) denote the box in row ¢ and column j of the Young diagram of a partition A.
The hook length of box (i,7) is defined to be the number of boxes below (i, j), to
the right of (¢, 7), and at the box (i, 7) itself, and it is denoted h) (i, 7). See Figure 1
below for an example, and notice that this is also a self-conjugate partition.

13/100 8| 714121
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Figure 1: Young diagram of v = (7,5,4,4,2,1,1) with hook lengths

For example, h,(2,3) =5 and h,(3,1) = 8.

A self-conjugate partition v - n corresponds to a partition A = (Ay, Ay, ..., A\x) F
n into distinct odd parts via the partition bijection (1.1) mentioned above if the hook
lengths of v along the main diagonal yield the parts of A: h,(i,i) = A; foreach 1 < i <
k. In Figure 1, the partition A into distinct odd parts that corresponds in such a way
to the given self-conjugate partition v is the partition A = (13,7, 3,1). Throughout,
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when we say that each self-conjugate partition v corresponds to a partition A into
distinct odd parts, we mean that v and A map to each other via this bijection.

Divisibility properties of hook lengths have been studied extensively, although
they are difficult to prove in general. A partition is called ¢-core if none of its hook
lengths are divisible by ¢. Results have been proven previously to determine exactly
when a partition is ¢-core, and these results typically depend on Frobenius symbols
and beta-sets (for example, see Olsson’s work [13, 14] and Vandehey’s undergraduate
thesis [25]). Applications of hook length divisibility results have been developed as
well (see work of Garvan, Granville, Ono, and Sze [6, 7, 15, 16, 18] for background on
the topic), some of which are specifically for self-conjugate partitions (for example,
see work of Bringmann, Kane, Males, Ono, and Raji [3, 17]). These applications for
self-conjugate partitions will be provided in Section 2.2.

As of yet, it seems that no results for t-core self-conjugate partitions depend
solely on the corresponding partition into distinct odd parts, but such results could
deepen these applications when paired with recent work of the first author, Just, and
Schneider [5] on a new partition statistic called the supernorm of a partition (see
Section 4 for more details). In particular, the supernorm maps each partition to the
prime factorization of a positive integer which is uniquely determined by the parts
of the partition. For this reason, taking advantage of the corresponding partition
into distinct odd parts provides enough information to achieve meaningful results
about prime factorizations of integers via the supernorm map, whereas formulas
using Frobenius symbols and beta-sets do not.

Here we exploit the partition bijection (1.1) to prove a new formula for hook
lengths of self-conjugate partitions based only on the parts of the corresponding
partitions into distinct odd parts. This formula immediately gives necessary and
sufficient conditions for when a self-conjugate partition is t-core. First, we state
a simple preliminary proposition regarding hook length divisibility related to gaps
between parts of partitions to give an idea of the combinatorial flavor of the results
and applications discussed in this paper.

Proposition 1.1 Let v be a self-conjugate partition, and let A = (A1, Ao, ..., A\x) be
the corresponding partition into distinct odd parts. If \j — Nip1 > 2(t + 1) for any
1 <1 <k, then v is not t-core.

Proof. Suppose \; — A\ix1 > 2(t + 1) for some 1 < ¢ < k. Applying the bijection
A — v, \; and \;y1 become consecutive hooks of v with corners located along the
main diagonal. Once \; (respectively, A;;1) is folded in the middle by the bijection,
each leg has 1 (\; — 1) boxes (respectively, 1 (Ai+1 — 1) boxes), excluding the corner
box. By assumption, A\; > A\;11 + 2(t 4+ 1), and therefore each leg of A; has at least

1 1
5(/\i+1+2(t+1)—1):5()\1‘4-1—1—1)—}-75

boxes, excluding the corner box. This means that each leg of \; has at least

(% (g1 + 1) +t> - (% (Mo — 1)> S
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more boxes than each leg of \; ;. Since \; is centered at box (i,4) and A, is centered
at box (i + 1,7+ 1), \; appears in at least (t + 1) — 1 = ¢ more rows of the Young
diagram than A;,;. Thus, the hook length of box

(i+%()\i—1)—(t—1),i)

is exactly t, and so 7 is not t-core. 0

More generally, one can calculate all of the hook lengths of a self-conjugate parti-
tion using (1.1). The following theorem provides a new way to calculate these hook
lengths.

Theorem 1.2 Let 7y be a self-conjugate partition, and let A = (A1, Ao, ..., \g) be the
corresponding partition into distinct odd parts. Let i,7 be integers such that (i,7) is
a box in the Young diagram of v, and assume without loss of generality that i > 7.
Then the hook lengths of ~v are given by

(1

5 it A), ifi <k
hy (i, J) = hy (4, 1) = { 4 o
5()\j+1)—|—j—l—1

|+ H#{<m<k:Ay>2—2m+1}, ifi>k

Remark 1.3 Theorem 1.2 for i < k was stated without proof in [8, Lemma 2.1].

Remark 1.4 The above formula for ¢ < k gives the hook lengths of v within the
Durfee square (the largest square which can fit in the top left corner of the Young
diagram), whereas the formula for i > k gives the hook lengths of v outside the
Durfee square (see Section 3 for details). The fact that h, (i, j) = hy(7,9) is discussed
in further detail in Section 2.1.

This hook length formula gives a process by which one can immediately identify
the self-conjugate partitions which are t-core, although in practice this process is
quite inefficient as it requires the calculation of at least half of the hook lengths in
the Young diagram.

Corollary 1.5 Let v be a self-conjugate partition, and let A = (A1, Aa, ..., \) be the
corresponding partition into distinct odd parts. Then v is t-core if and only if

1
5(/\Z-+)\j) Z0 (mod t)
for all pairs of integers (i,j) with 1 < j <1 <k, and
1
5()\j+1)+j—i—1+#{jSmgk:AmZQi—2m+1}$O (mod t)

for all pairs of integers (i,7) with 1 < j <k <i < % (M +1) and \; > 2i — 25 + 1.
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The proof of Corollary 1.5 is immediate from Theorem 1.2 and the definition of
t-core partitions. The requirement that \; > 27 — 25 4+ 1 guarantees that the box
(i,7) is contained in the Young diagram of ; this is clear from equation (3.1) and
the preceding text, which identify the columns of the Young diagram that contain
at least i boxes. Also note that 3 (A1 + 1) = £().

The following is an example of a self-conjugate partition which we determine to
be 6-core but not 7-core, based on Corollary 1.5.

Example 1.6 Define the self-conjugate partition v and the corresponding partition
A into distinct odd parts by

v =1(7,5,4,4,2,1,1) and A= (13,7,3,1).

Notice that these are the same partitions v and A as in Figure 1. The pairs (4, j),
1 < j <i <k, and the respective values of % (Ai + ;) are

(1,1): (134 13) =13,
(2,1):  3(7+13) =10,
(3,1): 1(3+13)=3,
(4,1):  1(1+13)=T,
(2,2): (7T+7)=T7,
(3,2) : %(3+7): ,
(4,2):  $(1+7) =4,
(3,3) : %(3+3) =3,
(4,3) : %(1—1—3): ,
(4,4): 11+1)=

We see that none of the values above are divisible by 6. The pairs (7, j) with 1 <
j<k<i<i(M+1)and\; >2i—2j+1 and the respective values of

%()\j—kl)—i—j—i—l—l—#{jgmgl{::/\mZQi—Qm—i—l}

are
5,1): (T+1-5-D)+#{1<m<4: A\, >11-2m}=2+2=4,
(T+1-6-D+#{1<m<4:)\,>13-2ml=1+1=2,
(T+1-7T-D+#{1<m<4: A, >15-2m}=0+1=1,
A+2-5-D+#2<m<4:\,>11-2m}=0+1=1.

(5,1):
(6,1) :
(7,1) :
(5,2) :
We also see that none of these values are divisible by 6. Therefore, v is 6-core. To
show that ~ is not 7-core, it suffices to identify one pair (7, j) in either of the cases
above such that the corresponding calculation is divisible by 7. For example, we see
above that the hook length of box (4, j) = (4,1) is (1 + 13) = 7. Therefore, 7 is not
T-core. See Figure 1 above with hook lengths included for an illustration. Notice also
that the hook lengths below and including the main diagonal (equivalently, above
and including the main diagonal, by symmetry) are equal to the values calculated
from Corollary 1.5, as mentioned in Remark 1.4.
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Although Corollary 1.5 requires calculations for at least half of the boxes in the
Young diagram—that is, at least |y|/2 different hook length calculations—it is a
new formula which does not rely on Frobenius symbols and only requires parts of
partitions.

In Section 2, we give more details about self-conjugate partitions and hook
lengths, as well as some known applications of t-core partitions. In Section 3, we
prove Theorem 1.2. Finally, in Section 4, we provide some background on the recently
defined supernorm map and a few explicit examples of resulting applications.

2 Partitions and t-cores

Here we recall background information and known results on self-conjugate parti-
tions and t-core partitions. In Section 2.1, we give more details about self-conjugate
partitions and their hook lengths. In Section 2.2, we recall some known results on
self-conjugate t-core partitions.

2.1 Self-conjugate partitions

As mentioned in the previous section, a self-conjugate partition is a partition whose
Young diagram is symmetric by reflection across the main diagonal (from the top left
corner). In other words, a partition  is self-conjugate if the conjugate of -, which is
the new partition obtained by swapping the rows and columns of its Young diagram,
is the same partition as 7 itself.

The hook lengths of a self-conjugate partition v, which we recall count the number
of boxes extending downward and to the right in a hook within the Young diagram
of v, are symmetric in self-conjugate partitions. Namely, we have that if v is self-
conjugate, then h,(i,j) = h,(j,7) for all boxes (i,7) in the Young diagram of ~.
It is straightforward to justify this fact using the symmetry of ~ itself. Since 7 is
symmetric by reflection across the main diagonal, the hook length of each box must
also be the same for v as for its conjugate (which is also equal to 7).

Hook length symmetry does simplify our calculations somewhat, as we must only
calculate the hook lengths of a little over half of the boxes in the Young diagram in
order to use Corollary 1.5 to determine whether a self-conjugate partition is ¢-core.
Specifically, the number of hook lengths one must calculate using Theorem 1.2 is
the number of boxes below the Durfee square (or to the right of the Durfee square)
plus the number of boxes whose intersection with the half of the area in the Durfee
square below the main diagonal (respectively, above the main diagonal) is nonempty.
Recall the partition bijection (1.1) between self-conjugate partitions and partitions
into distinct odd parts. For a self-conjugate partition v F n corresponding via this
bijection to a partition A into distinct odd parts, the discussion above leads to

n — ()2 (e(w 6()\)) L)
+ + =—=

2 2 2 2

hook length calculations, since £(A\)?/2 only counts half of each box along the main
diagonal of v within the Durfee square.
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2.2 Self-conjugate t-core partitions

In this section, we recall known results on the number of self-conjugate 2-core, 3-core,
and 7-core partitions of any integer n. These are the examples for which we will give
applications of the supernorm map in Section 4.

We say a partition v of size n is perfectly triangular if ~ is of the form

v=(kk—1k—2,...,321).

Notice that for a partition v - n of this form, n must be a triangular number, i.e.

k

n=k(k+1)/2=) i,

=1

and 7 is self-conjugate. This type of partition is referred to as a “fancy triangle” in
[12]. The following well-known theorem about 2-core partitions can be found in [23],
for example, but we provide a proof below that uses Theorem 1.2.

Theorem 2.1 Let v be a partition. Then ~ is 2-core if and only if v is perfectly
triangular.

Proof. Suppose v = (k,k — 1,k —2,...,3,2,1) is a perfectly triangular partition.
Then 7 is self-conjugate by [12, Lemma 2.4]. Therefore, v corresponds to a partition
A into distinct odd parts. Since h,(,7) = A; for all 1 <1 < ¢(X), the largest part of
Ais A\ = 2k — 1. The second largest part of A must be Ay = \; —4 = 2k — 5, since
the hook with corner (2,2) must fit inside the hook with corner (1,1) in order for
the parts of v to be non-increasing (meaning h.(2,2) < h,(1,1) — 2) and must be
exactly one additional box shorter in each leg in order for 7 to be perfectly triangular
(meaning h.(2,2) = h,(1,1) — 4). By the same reasoning, each part of A must be
four less than the previous part, so A is given by

A= (2k-1,2(k—2)—1,2(k—4)—1,...).

Note that if £ =2m — 1 is odd, then 2k — 1 =4m — 3 =1 (mod 4), and so

o[£ -] o122

and the smallest part of X is 1. On the other hand, if £k = 2m is even, then 2k — 1 =
4m —1 =3 (mod 4), and so

o[£t

and the smallest part of A is 3. In either case, we use Theorem 1.2 to verify that the
hook lengths of v are odd. The values of % (A + ;) for all pairs (4,75), 1 <j <i<
((N), are of the form

%((2(k—2€)—1)+(2(%—25)—1)) :%(41{—4@—43—2):2@—@—3)—1
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for integers ¢,s > 0. Therefore, the hook lengths within the Durfee square are all
odd. Now, consider the boxes in the Young diagram below the Durfee square. These
are the parts of v whose indices are at least ¢(\) = % if k£ is odd (respectively,
((\) = £ —1if k is even) and at most ¢(y) = k. These parts form a sub-partition

(see [12, 24] for more details on sub-partitions) 7 of v of the form

1= () 5] s2),

which is itself a perfectly triangular partition. We continue this process inductively,
eliminating Durfee squares of successive sub-partitions until all that remains of v is
the sub-partition (1), whose one box has hook length 1. Thus, all of the hook lengths
of v are odd.

Conversely, suppose - is 2-core. Then each part of v must be at most one more than
the next part, or else the second to last box in the row corresponding to the larger
part will have a hook length of 2. Each part of v must also be at least one more
than the next part, because if at least two rows have the same number of boxes, then
the last box in the second to last such row will have a hook length of 2. Therefore,
each part of v must be exactly one more than the next part, so v must be perfectly
triangular. 0

Remark 2.2 The above proof of Theorem 2.1 uses techniques resulting from the
connection between self-conjugate t-cores and partitions into distinct odd parts to
emphasize their usefulness. This particular proof can be made much simpler without
using these techniques.

In particular, there is a 2-core partition of size n if and only if n is a triangular
number, and in this case the 2-core partition is unique: it is the perfectly triangular
(self-conjugate) partition of size n. If sc;(n) denotes the number of self-conjugate
t-core partitions of n, then we have that

(2.1)

sea(n) = {1, if n =k(k+1)/2 for some k > 1,

0, otherwise.

Next, we turn to self-conjugate 3-core partitions, which have been studied by

Robbins [23].

Theorem 2.3 (Robbins, Theorem 7 of [23]) There is a self-conjugate 3-core
partition of size n if and only if there exists r > 1 such that n = r(3r +2). If
such a self-conjugate 3-core partition exists, then it is unique.

The proof of Theorem 7 in [23] is constructive and provides the following nice,
closed formula for the parts of the unique self-conjugate 3-core partitions of size
n = r(3r £2), r > 1. For notational convenience, we use the frequency notation
v = (1™ 2m2 3ms ) for the partition 7, where m; is the multiplicity of the part i
in 7.
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Theorem 2.4 (Robbins, [23]) The unique self-conjugate 3-core partition of n =
r(3r—2), r>1, is

yo = <12,22,...,(r—2)2,(r—1)2,7’,7“—1—2,...,3T—4,3r—2>.
The unique self-conjugate 3-core partition of n =r(3r+2), r > 1, is
Yy = <12,22,...,(T—2)2,(T—1)2,T2,T—|—2,...,3r—2,3r>.

Theorem 2.3 counts the number of self-conjugate 3-core partitions of n:

scg(n) = (2.2)

1, if n=r(3r£2) for some r > 1,
0, otherwise.

Counting self-conjugate t-core partitions of an integer n becomes more difficult
as t gets larger, so there are very few explicit expressions for sc;(n) for larger ¢. The
number of self-conjugate 7-core partitions has also been studied by Ono and Raji, and
by Bringmann, Kane, and Males, because of its interesting relationship to Hurwitz
class numbers. For a discriminant —D < 0, the Hurwitz class number H(—D) is
equal to the number of equivalence classes in SLy(Z) of integral, binary quadratic
forms of discriminant — D, weighted by 1/2 the order of their automorphism group,
and H(z) = 0 if z € Q\ Z (this follows the definitions in [3, 17]; for more details,
see [4], for example).

The following theorem gives a formula for the number of self-conjugate 7-core
partitions of certain odd integers in terms of Hurwitz class numbers.

Theorem 2.5 (Ono—Raji, Theorem 1 of [17]) If n # 5 (mod 7) is a positive
odd integer, then the number of self-conjugate 7-core partitions of size n is given by

1H(-28n—56), ifn=1 (mod 4),
scr(n) = ¢ $H(=Tn—14), ifn=3 (mod 8), (2.3)
0, ifn="7 (mod 8).

The next result expands Theorem 2.5 to count the number of self-conjugate 7-core
partitions of any integer n as a linear combination of Hurwitz class numbers.

Theorem 2.6 (Bringmann—Kane-Males, Theorem 1.3 of [3]) For every pos-
itive integer n, the number of self-conjugate T-core partitions of size n is given by

scr(n) = % (H(—28n —56) — H (ﬁ) —2H(~Tn —14) + 2H <_”7_ 2)(24.)

All of these values of sci(n) for t = 2,3,7 will lead to results on the cardinalities
of certain subsets of natural numbers in Section 4, although the subsets for t = 2,3
are trivial.
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3 Proof of Theorem 1.2

Suppose 7 is a self-conjugate partition and A = (A1, Ag, ..., \x) is the corresponding
partition into distinct odd parts. In particular, since h,(i,i) = A; for all 1 <7 <k,
cach leg of the hook with corner located at the main diagonal box (i,7) contains
% (\; — 1) boxes, excluding the corner box. We will use this observation repeatedly
to prove the hook length formula for h (4, j) for all boxes (7, j) in the Young diagram
of 7. Throughout the proof, we assume without loss of generality (by symmetry)
that the row ¢ is greater than or equal to the column j.

First, fix a row ¢ and a column j in the Durfee square of the Young diagram
of 7, so that 1 < 57 < ¢ < k. The total number of boxes in the jth column is
2 (\j+1)+j — 1, so the number of boxes in the jth column below the box (i, j) is
5 (Aj + 1)+ j—1—4. The number of boxes to the right of the box (i, j) is the same as
the number of boxes below the box (j,) by symmetry, which is 3 (\; + 1) +i—1—.
Combining these two legs and adding 1 to include the box at (i, j) itself, we have

that the hook lengths within the Durfee square satisfy

m@g):(%Qf+n+j—1—w)+(%Qf+m+i—1—j)+1
=2,

This completes the proof of the formula for h.(Z,5), i < k.

Now, fix a row ¢ and a column j below the Durfee square of the Young diagram
of 7, so that 1 < j < k < i. The number of boxes below the box (i,7) is still
2 (A\j+ 1)+ j —1—i. The number of boxes at and to the right of the box (i, ) is
equal to the number of columns at and to the right of column j which contain at least
? boxes. Since the mth column contains % (A +1)+m — 1 boxes for 1 <m < k,
the mth column contains at least 7 boxes if % (A + 1) +m —1 > i. We simplify this
requirement as follows:

1
A4+ 1+2m—2>2
Am > 1+ 2i — 2m. (3.1)

Therefore, the number of boxes at and to the right of the box (4, 7) is equal to the
number of integers m, j < m < k, such that \,, > 1+ 2¢ — 2m. All together, we
have that the hook lengths below the Durfee square satisfy

1
ho(inf) =5+ D) 45— 1—it #{j Sm <k Ay > 142 = 2m}.

This completes the proof of the formula for h,(7,j), i > k. The formula for h.(j,1%)
follows by symmetry. O
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4 Applications

Most of what number theorists know about partitions at this point in time arises
from studying their additive properties, including the partition function p(n), which
counts the number of partitions of size n, and its generating function. It is also
possible to study partitions from a multiplicative standpoint, however. Recent work
by the first author, Just, and Schneider [5] introduces a multiplicative partition
statistic called the supernorm of a partition, denoted by ]/\7(/\) for a partition A. The
supernorm map N from the set of all partitions to the set of all positive integers is
defined as follows:

k
Nox=(1mome 3me gy e [
=1

where p; is the ith prime (p; = 2, po = 3, p3 = 5,...). In other words, N maps cach
partition A to the unique positive integer whose prime factors are indexed by the
parts of A\. Uniqueness of prime factorizations of positive integers makes this map a
bijection. For example, applying the supernorm map to the partition

A=(6,5,3,3,2,1,1,1)

yields the positive integer

~

N\ = p pappsps =235 11 - 13 = 85800,

and no other partition corresponds to the number 85800 via N.

Many new applications arise from NV, simply because it offers a new perspective
with which to study partitions. For an application to arithmetic densities, see [5].
One can also apply the supernorm map to a partition bijection in order to learn new
information about certain (sometimes obscure) subsets of natural numbers. The
following example of N applied to both sides of Euler’s famous partition bijection is
given in [5]. Note that a squarefree positive integer is one whose prime factors are
all distinct.

Example 4.1 There is a bijection between squarefree positive integers and integers
with only odd-indexed prime factors.

Explicitly, if n is a positive integer, then the number of squarefree positive integers
whose prime factors’ indices sum to n is equal to the number of positive integers with
only odd-indexed prime factors whose indices sum to n.

The partition bijection in (1.1) with which this paper is concerned, between self-
conjugate partitions and partitions into distinct odd parts, is not inherently able to
give new information when factored through the supernorm map, because N requires
at least some details about the parts of partitions. The partitions into distinct odd
parts can be mapped to squarefree positive integers with only odd-indexed prime
factors, but the parts of self-conjugate partitions generally do not follow a simple
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pattern and therefore may not have a clear correspondence with a specific subset of
the positive integers. Perhaps one could use [12, Theorem 6.1], which gives necessary
and sufficient conditions for a partition to be self-conjugate based only on the form
of the parts, to make some progress in this area.

However, the set of t-core self-conjugate partitions is in bijection both with a
specific subset of partitions into distinct odd parts for general ¢, as shown in Corollary
1.5, and with a specific subset of the positive integers for ¢t = 2, 3, and 7, as shown
in Section 2.2. One can therefore apply the supernorm map to both sides of these
bijections to obtain a new subset of the positive integers which has cardinality given
by the counts in equations (2.1), (2.2), (2.3), and (2.4). The following examples make
this correspondence explicit.

Example 4.2 (2-cores) The set of 2-core partitions is the same as the set of per-
fectly triangular partitions v = (k,k — 1,k —2,...,3,2,1), k > 1, which are all self-
conjugate, by Theorem 2.1. Since we already have a description of the parts of all
2-core partitions, we can apply the supernorm map to those partitions and also to the
corresponding partitions into distinct odd parts: A = (2k—1,2k—5,2k—9,...,5,1)
if kisodd, or A = (2k—1,2k—5,2k—9,...,7,3) if k is even. The set {]\7(7)} for all
perfectly triangular partitions « is the set of positive integers whose prime factoriza-
tions consist of all of the consecutive primes up to a certain point. The set {J/\\f ()\)}

for all corresponding partitions A into distinct odd parts is the set of positive integers
whose prime factors are all of the primes whose indices are 1 (mod 4) (respectively,
3 (mod 4)) up to a certain point. Therefore, the supernorm map yields the following
bijection between subsets of the positive integers:

There is a bijection between the set of positive integers whose prime factorizations
consist of consecutive distinct primes starting from p; = 2 and the set of positive in-
tegers whose prime factorizations consist of consecutive distinct primes whose indices
are 1 (mod 4) starting from p; = 2, or 3 (mod 4) starting from ps = 5.

Explicitly, if n and k are fixed positive integers such that n = k(k + 1)/2, then
the number of positive integers with prime factorizations of the form p; psp3 - - - ps
is equal to the number of squarefree positive integers whose prime factors consist of
the first & primes whose indices are 1 (mod 4) if £ is odd (respectively, 3 (mod 4) if
k is even) and whose indices sum to n.

Notice that for each fixed n, these sets either have one element (if n is a triangular
number) or are empty by equation (2.1), so the explicit bijection which calculates
the cardinality of each set for 2-core partitions is basically trivial.

In order to apply N to the partitions provided in Theorem 2.4 and Theorems 2.5
and 2.6, we first identify the images under N of the partitions A into distinct odd parts
which correspond to the self-conjugate 3-core and 7-core partitions. We fix positive
integers n and ¢t and apply N to the set of all restricted partitions A = (A1, Ag, ..., Ax)
defined in Corollary 1.5 to obtain the set of all squarefree positive integers with prime
factorizations [ [, ..., px;, whose indices \; are all odd and sum to n, such that

% (A+X) 20 (mod b)
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for all pairs of integers (i, 7) with 1 < j <i <k, and
1
a(Aj—f—l)—l—j—i—l—l—#{jSmgk‘:/\mZQi—Zm—i—l};éO (mod t)

for all pairs of integers (i,7) with 1 < j <k <i < %()\1 +1) and \; > 2i — 25 + 1.
Although this description is fairly difficult to use in practice, it does give a well-
defined subset of the positive integers.

Example 4.3 (3-cores) The set of self-conjugate 3-core partitions is the same as
the set of partitions of the form

7_:<12,22,...,(r—2)2,(r—1)2,7’,7“—1—2,...,3T—4,3r—2>,
if n = r(3r — 2) for some r > 1, or

Ve = <12,22,...,(T—2)2,(T—1)2,T2,T—|—2,...,3r—2,3r>,

~

if n = r(3r + 2) for some r > 1, by Theorem 2.4. The set {N(y_)} for all such

partitions y_ is the set of positive integers with prime factorizations of the form

22 . 32 e 'pg_g : p?«_l *Pr o Pr42 " P3r—4 " P3r—2

~

for some r > 1; the set < N (y4) ¢ for all such partitions «, is the set of positive

integers with prime factorizations of the form

2 3% Py P DreatPar—a Dar

for some r > 1. By Corollary 1.5, the set of self-conjugate 3-core partitions is in
bijection with a specific set of partitions A into distinct odd parts whose images
under N yield the set of positive integers described above for ¢ = 3. Therefore, the
supernorm map yields the following bijection between subsets of the positive integers:

There is a bijection between the set of positive integers with prime factorizations
of the form

22 : 32 o 'p372 : pzfl *Dr Pr+2°° P3r—4 ° P3r—2
for some r >1 or
22.3%.. 'pf,l 'pf “Pri2cP3r—2 " P3r

for some r > 1 and the set of squarefree positive integers whose prime factors’ indices
A; are odd, such that

1
5()\1-—1-)\]') #Z0 (mod 3)
for all pairs of integers (i,j) with 1 < j <1 <k, and
1
5(/\j—|—1)+j—i—1—|—#{jSmgk:)\mZQi—Qm—i—l};éO (mod 3)

for all pairs of integers (i,7) with1 < j <k <i<i(M+1)andA\; >2i—2j+1.
Notice that for each fixed n, these sets either have one element (if n = r(3r+£2) for

some r > 1) or are empty by equation (2.2), so the corresponding explicit bijection

within the set of positive integers for 3-core partitions is basically trivial as well.
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Example 4.4 (7-cores) There is not an explicit description of the parts of self-
conjugate 7-core partitions, so we only have the above description of the images
under N of the corresponding partitions A into distinct odd parts for ¢ = 7. However,
equations (2.3) and (2.4) give the number of self-conjugate 7-core partitions of a
positive integer as a Hurwitz class number or a linear combination of Hurwitz class
numbers. Therefore, these (linear combinations of) Hurwitz class numbers also give
the number of partitions A described above, which is the same as the number of

elements in the set {N ()\)} for all such A. We have the following two new expressions

for these Hurwitz class number formulas.

1. Fiz a positive odd integer n # 5 (mod 7). Ifn = 1 (mod 4) (respectively,
n =3 (mod 8)), then 1H(—28n — 56) (respectively, s H(—Tn—14)) is equal to
the number of squarefree positive integers with prime factorizations [ [, <x Px;,
whose indices \; are all odd and sum to n, such that o

1
5()\1'4‘)\]') Z0 (mod 7)
for all pairs of integers (i,j) with 1 < j <1 <k, and
1
5(/\j—|—1)+j—i—1—|—#{jSmgk‘:)\mZQi—Qm—i—l};ﬁO (mod 7)

for all pairs of integers (i,7) with 1 < j < k < i < %()\1 +1) and \; >
21 —2j+ 1. Ifn=7 (mod 8), then there are no such positive integers.

2. Fixz any positive integer n. Then

; (H(—28n —56)— H (ﬁ) — 2H(~Tn — 14) + 2H (—n7— 2>>

is equal to the number of squarefree positive integers with prime factorizations
H1gigk Dy;, whose indices \; are all odd and sum to n, such that

1
§(Ai+)\j);—é0 (mod 7)
for all pairs of integers (i,7) with 1 < j <i <k, and
1
a(Aijl)—l—j—i—l—l-#{jSmgk:)\mEQi—Qm—l—l};éO (mod 7)

for all pairs of integers (i,j) with 1 < j < k < i < (M +1) and A\; >
2% — 2+ 1.

Although it is an understatement to say that the explicit bijections and formulas
for Hurwitz class numbers given in Examples 4.2, 4.3, and 4.4 are bulky and difficult
to use, they do give “nice” combinatorial expressions which were previously unknown,
where by “nice” we mean that they actually count elements of explicit sets of positive
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integers. These counts are essentially trivial for the simplest cases of t =2 and t = 3
but more interesting for ¢ = 7. Perhaps if results on self-conjugate ¢-core partitions
are proven for other values of ¢, the counts in these cases would also lead to interesting
(albeit cumbersome) formulas for other known number theoretic quantities.
Another direction that could potentially lead to further applications is the study
of t-cores, self-conjugate t-cores, and sums of squares in [11]. Males and Tripp con-
struct explicit bijections between families of t-cores and certain sets of representations
of integers as sums of squares dictated by congruence conditions. As an application,
for instance, one could attempt to combine the connections provided here between
self-conjugate t-cores and the partitions into distinct odd parts detailed in Corollary
1.5 with the connections provided in [11] to obtain new results on sums of squares.
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