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Abstract

It is shown that if K is a set of k points of PG(r, q) of hyperplane-type
(m,n)r−1, q = ph, p an odd prime and h ≥ 1, then either n−m ≤ q(r−1)/2

or p divides m,n and k or p divides m− 1, n− 1 and k − 1.

1 Introduction

Let k, m and n be three integers satisfying k > 0, 0 ≤ m < n ≤ qr−1+qr−2+· · ·+q+1.
Then a k-set K of points of PG(r, q) of hyperplane-type (m,n)r−1 is a set of points of
PG(r, q) of size k intersected by any hyperplane of PG(r, q) either in m or n points,
and both the sizes m and n of these intersections occur. The integers m and n
are the intersection numbers of K with respect to the hyperplanes. The interest in
the study of such sets is motivated not only by the fact that many classical and
nice objects of PG(3, q) have exactly two intersection numbers with respect to the
hyperplanes, but also because of their connection with coding theory: the points of
a k-set of hyperplane-type (m,n)r−1 seen as columns of a matrix give rise to a linear
(projective) code of dimension r and with two weights, and vice versa (see e.g. [1]).

Such sets have been intensively investigated, especially for r ≤ 3, and for any r
one has that (n−m) | qr−1 and k fulfils the equation

θr−2k
2 − k[θr−2 + (m+ n− 1)θr−1] +mnθr = 0 (1.1)

where θr = qr + qr−1 + · · ·+ q + 1.
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Since, ifm = 0 then the set K is either a point or the complement of a hyperplane,
and if n = θr−1, then the set K is either the complement of a point or a hyperplane,
we may assume that 1 ≤ m < θr−1.

As already remarked, the most studied cases are r = 2 and r = 3, and in the
2-dimensional case not only desarguesian planes have been considered. When r = 3,
most attention has been devoted to the case n − m ≤ q, which certainly occurs if
1 ≤ m ≤ q (see e.g. [5]). Some examples of such sets with n − m = q and r = 3
are hyperbolic quadrics, Baer subgeometries and Hermitian surfaces. If r = 3 and

n −m = q then the possible sizes of K are k = m(q + 1) and k =
(q2 + 1)(q +m)

q + 1
.

In [4] or [5] two subsets of PG(3, 3) of plane-type (3, 6)2 and size k = 15 = (32+1)(3+3)
3+1

are given. For a more general overview of k-sets of PG(3, q) of plane-type (m,n)2
with n − m = q we refer the interested reader to [2]. When n − m �= q, a triple
(k,m, n) with k fulfilling Equation (1.1) is called non-standard, and recently in [3]
we can find results concerning the existence of admissible non-standard triples for
k-sets of plane-type (m,n)2 in PG(3, q).

If r = 3 and n−m = q2, then m ≥ q+1 and so n = q2+q+1 and m = q+1; that
is, K is a plane. Note that, in this case, since q = ph, p prime, we have that p divides
m− 1, n− 1 and k − 1. If r = 3 and n−m = 1, the discriminant of Equation (1.1)
is Δ = (q + 1)2 − 4mq2(q(q + 1)−m), and from Δ ≥ 0 it follows that m = 0. Thus,
a set of points of PG(3, q) of plane type (m,m+ 1)2 is a point.

In the planar case, independently of the plane being desarguesian, in [7] it has
been proved that if (m,n) = 1 = (m−1, n−1), m ≥ 2, then either n−m <

√
q or q

is a square, n−m =
√
q and k = m(q+

√
q+1) or k = q

√
q+

√
q(
√
q−1)(m−1)+m.

Sets of points of PG(r, q) with two intersection numbers m and n with respect
to the family of all d-dimensional subspaces of PG(r, q) are defined similarly, and we
recall that such sets with d ≤ r− 2 also have exactly two intersection numbers with
respect to hyperplanes.

In this note, it is shown that if K is a k-set of hyperplane-type (m,n)r−1, r ≥ 2,
then either n − m ≤ q(r−1)/2 or p divides m and n or p divides m − 1 and n − 1,
where p is the prime number such that q = ph, with p odd and h ≥ 1. Indeed, this
will follow from the proof of the following result.

Theorem 1.1 Let K be a k-set of points of PG(r, q) of hyperplane-type (m,n)r−1,

r ≥ 2, q = ph and h ≥ 1. Assume n − m > q
r−1
2 . Then either m ≡ n ≡ k ≡ 0

mod p or m ≡ n ≡ k ≡ 1 mod p.

2 Proof of Theorem 1.1

Let us start by recalling some useful properties for k-sets of points of PG(r, q) of
hyperplane-type (m,n)r−1.

An m-hyperplane (or n-hyperplane) is a hyperplane intersecting K in exactly m
(or n) points.
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If P is a point of K, denote by vm(P ) and vn(P ), respectively, the number of
m-hyperplanes and n-hyperplanes through P . Then vm(P ) + vn(P ) = θr−1 and (see
e.g. [4, 6])

vm(P ) =
nθr−1 − kθr−2

n−m
− qr−1

n−m
, (2.1)

vn(P ) =
kθr−2 −mθr−1

n−m
+

qr−1

n−m
. (2.2)

Let P be a point of PG(r, q) not in K, and denote by um(P ) and un(P ), respectively,
the number of m-hyperplanes and n-hyperplanes through P . Then um(P )+un(P ) =
θr−1 and

um(P ) =
nθr−1 − kθr−2

n−m
, un(P ) =

kθr−2 −mθr−1

n−m
. (2.3)

Thus the integers vm(P ), vn(P ), um(P ), un(P ) are independent from the point
P , and comparing Equations (2.1), (2.2) and (2.3) gives

(n−m) | qr−1

and, from un =
(k −m)θr−2 −mqr−1

n−m
, it follows that (n−m) | (k−m). So (n−m) |

(k − n) since k − n = k −m− (n−m).

Now for the proof of Theorem 1.1, we are going to rewrite Equation (1.1). Let

θr−2k
2 − k[θr−2 + (m+ n− 1)θr−1] +mnθr = 0.

Thus,

θr−2k
2 − k((m+ n)qr−1 + (m+ n)θr−2 − qr−1) +mnθr = 0,

θr−2k
2 − kmqr−1 − knqr−1 − kmθr−2 − knθr−2 + kqr−1

+mnqr +mnqr−1 +mnθr−2 = 0,

θr−2k(k − n)−mqr−1(k − n)−mθr−2(k − n)− knqr−1

+kqr−1 +mnqr −mnqr−1 +mnqr−1 = 0,

θr−2(k − n)(k −m)−mqr−1(k − n)− nqr−1(k −m)

+kqr−1 +mnqr −mnqr−1 −mqr−1 +mqr−1 = 0,

θr−2(k − n)(k −m)−mqr−1(k − n)− nqr−1(k −m) + (k −m)qr−1

= −mnqr +mnqr−1 −mqr−1,

θr−2(k − n)(k −m)−mqr−1(k − n)− nqr−1(k −m) + (k −m)qr−1

= −mnqr +mqr−1(n− 1),

θr−2(k − n)(k −m)−mqr−1(k − n)− nqr−1(k −m) + (k −m)qr−1

= mqr−1(n− 1− nq).

The left-hand side is divisible by (n−m)2 and so (n−m)2 divides mqr−1(n−1−nq).

Hence, since n−m > q
r−1
2 , a factor of n−m has to divide m(n− 1); in particular

p | m(n− 1). Thus, either p divides m, n and k or p divides m− 1, n− 1 and k − 1,
and so the theorem is proved.
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