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Abstract

It is shown that every cube tiling of R? is layered and the structure
of non-layered cube tilings of R? is described. It is also shown that in
every cube tiling of R* a cylinder contains a column. Simultaneously, this
provides another proof of Keller’s cube tiling conjecture about columns
for dimensions d < 4.

1 Introduction

Let T C RY. A family of cubes [0,1)? + T is called a cube tiling of R if elements of
this family are pairwise disjoint and the union of cubes of this family is the whole
space R, A set T is said to be a set that determines a cube tiling. If T forms a lattice,
then we say that it determines a lattice cube tiling of R%. In 1896 Minkowski |13]
conjectured that in every lattice cube tiling of R? there is a pair of cubes which have
a (d — 1)-dimensional face in common. In 1930 Keller [5| generalized Minkowski’s
problem and conjectured that in every, not only lattice, cube tiling there is such a
pair of cubes.

A family of cubes F in R? is called an [-column, 1 < | < d, if there is a set of
vectors S C R¢ such that:

1. F=[0,1)4+S;

2. there is an index ¢ € {1,...,d} such that the mapping = — x; transforms the
set S bijectively into a set that determines a cube tiling of R;

3. there are [ indices ¢ € {1,...,d} such that the sets {z;: © = (z1,...,24) € S}
are singletons.

Then the set S is said to be a set that determines an [-column. Every (d—1)-column
in R is called a column.
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For example, in Figure 1 a part of a cube tiling of R? is shown. The horizontal
coordinate axis is the first axis, and the vertical coordinate axis is the second. The
grey cubes form a 1-column, and as it is in 2-dimensional space, we say that it is
a column. The lower left corners of grey cubes, which are pointed in Figure 1, are
elements of the set S, i.e.,

S={ .. (=6;-14),(=5;—1.4),. .. (2;—14),(3;-1.4), (4 —1.4),...}.

Then there is an index i € {1,2},i.e.,7 = 1, such that the mapping = — x; transforms
the set S bijectively into a set that determines a cube tiling of R and there is one
index 7 € {1,2}, i.e., i = 2, such that the set {xo: x = (21,22) € S} = {—1.4} is a
singleton.

T

€
—1

—2

-3

Fig. 1
A part of a cube tiling of R2.

The grey cubes form a column (1-column).

Minkowski’s conjecture can be equivalently formulated in the form: in every
lattice cube tiling of R? there is a column, whereas Keller’s conjecture gives two
problems: about a pair of cubes and about a column. In 1940 Perron [14] published
the proof of the weaker Keller conjecture for dimensions not exceeding 6, whereas
in 1941 Hajos |4] showed that Minkowski’s conjecture is true for all d > 1. Next,
in 1992 Lagarias and Shor [9] discovered a counterexample to Keller’s conjecture
about a pair of cubes in dimension 10 and ten years later Mackey [12] found such
a counterexample in dimension 8. This implies that both Keller’s conjectures are
not valid in any dimension greater than 7. In 2012 Lysakowska and Przestawski
[11] showed that Keller’s conjecture about a column is true for d < 6. In the years
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2011-2017, Keller’s conjecture about a pair of cubes for dimension 7 was proved in
some special cases (see [2, 8, 7]), and in 2020 Brakensiek, Heule, Mackey, Narvéez
[1], using computer calculations, showed that this conjecture is true in dimension 7.
As a result, Keller’s conjecture about a pair of cubes is completely verified, while
Keller’s conjecture about a column is still open for dimension 7.

In this paper the structure of cube tilings is investigated. Let 7' C R? be a set
that determines a cube tiling of R? and let W C T'. The set W determines a cylinder
(in the direction of the i-th coordinate axis), if there is i € {1,...,d} and « € R
such that

W=A{t=(t,....tq) € T: t; € a+7Z}.

Then the family [0, 1)+ W = {[0,1)¢ +w: w € W} is called a cylinder. Let S C R¢
and S; = {s;: s = (s1,...,5q4) € S} for i € {1,...,d}. A family of cubes [0,1)? + S
is said to be layered, if there is i € {1,...,d} and o € R such that S; C a+Z. A
family of cubes which is not layered is called non-layered.

In [10] authors pointed out an example of a cube tiling of R® in which there is
a cylinder without any column. This implies that for d > 5 there are cylinders in
cube tilings without /-columns, [ > 4. It is worthwhile to see that this is one of the
reasons why the methods used by authors in [11] in the proof of Keller’s conjecture
about columns for d € {1,...,6} do not work in dimension 7.

In contrast to 3-dimensional space, the fact that each cylinder in a cube tiling
of R* contains a column is not sufficient to describe the structure of all non-layered
cube tilings in 4-dimensional space. Moreover, Sikiri¢ and Lysakowska [3] showed
that there are 183 non-isomorphic two-periodic non-layered cube tilings of R, where
a cube tiling is said to be two-periodic if the set T that determines it has the property
such that T' = T+ 2e; for every vector e; of the standard basis. By comparison, in R?
there is only one such cube tiling. The higher the dimension, the more complicated
the structure of cube tilings. In R* there are cube tilings that cannot be described
in the same way as in R®. So it seems to be impossible to describe the structure
of all non-layered cube tilings of R*. However, as in Lemma 4.1, we can analyse
the structure of cylinders, especially the existence of [-columns in them, in higher
dimensions.

In this article it is shown that every cube tiling of R? is layered and the structure
of non-layered cube tilings in three-dimensional space is described. It is also proved
that in a cube tiling of R* every cylinder contains a column. A part of these results
is known (see |10, 6]); however in this paper the new important thing is Lemma 4.1,
telling us that in every 4-dimensional cube tiling each cylinder contains a 2-column.
Moreover, the other methods are used, which can be exploited to analyse the struc-
ture of cube tilings in higher dimensions, especially to solve Keller’s conjecture in
dimension 7. Additionally, the results at the same time provide a new proof of
Keller’s conjecture about columns for dimensions d < 4.
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2 Preliminaries

The terminology and notation are taken from the paper [11|. As usual, the set of
all integers is denoted by Z, and the set of positive integers is denoted by N. The
mapping ¢: R? — N9 given by

5(:1:) = 8(:131, R ,xd) = (51(951)7 ce ,gd(xd)),

where for each ¢ € {1,...,d} a mapping ¢;: R — N is defined such that for every
x € R the restriction ;|z + Z is a bijection between the sets © +7Z = {z + k: k € Z}
and N, is called a code.

In 1930 Keller |5] showed that if [0,1)¢ + T is a cube tiling of R, then for each
pair of distinct elements s = (s1,...,8q4),t = (t1,...,tq) € T there is an index
i€ {l,...,d} such that |s; —t;| € N. Basing on Keller’s result, in [11] the authors
proved the following theorem.

Theorem 2.1 Let e: R — N? be a code. Then a set T C R? determines a cube
tiling of R? if and only if e(T) = N? and for every pair of distinct elements s,t € T
there is i € {1,...,d} such that |s; — t;] € N.

Notice that if T C R™ is a set that determines a cube tiling of R™, m > d,
I'={iy,.  yima} C{l,...om},and TF = {t = (t1,...,tp) € T: (tiy, .. i) =
k} for k € R™ 4 then by Theorem 2.1 we obtain that a set T*({1,...,m}\ ) =
{(ti, wrrs- o tin): t=(t1,...,tm) € TF} determines a cube tiling of R?. This implies
the following corollary.

Corollary 2.1 If every cube tiling of R? contains a column, then for each m > d
every cube tiling of R™ contains a (d — 1)-column.

Two vectors = = (z1,...,24),y = (Y1,...,ya) € R are called distinguishable if
there is an index i € {1,...,d} such that x; # y; and x; € y; + Z. A system of
vectors is said to be distinguishable if any two vectors of it are distinguishable.

Two sets of vectors F, G C R are said to be isomorphic if there are a bijection
f: F — G and a permutation o of the set {1,...,d} such that x; = y; if and only if
f(@)oy = f(Y)og), and |z; — ;| € N if and only if |f(2)o@) — f(¥)o@)| € N for every
pair of vectors © = (z1,...,24),y = (y1,...,yq) € F and for each i € {1,...,d}.

We will write x: z; ...z4 instead of x = (21,...,24). The coordinates of vectors
will be denoted by Roman or Greek lower case letters. If we talk about the set
determining a cube tiling of RY, then we will tacitly assume that a code of R? is
defined and we will use Theorem 2.1 without explicitly referring to it. Roman letters
will occur only with lower indices, while Greek letters will occur with lower and
upper indices. A coordinate of a vector will be denoted by a Greek letter when
it is not explicit. Lower indices of coordinates of a vector will correspond to the
code of this vector. When ¢-th coordinates of two vectors are denoted by the same
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lower case letter with the same upper index (if there is any), then they differ by an
integer, and when they are denoted by different Roman letters, then their difference
is not an integer. For example, w;: a1a3Bsas, wy: bia?Bias means that vectors
wy = (a1,a3, B3, a5) and wy = (by, a3, B3, as3) have codes e(w;) = (1,4,2,5) and
e(wy) = (1,1,2,3). Differences (wy)s — (ws)s = o — a? and (wy)4 — (w2)s = as — as
are non-zero integers, and the difference (w;); — w(2); = a; — by is not an integer.
Moreover, the third coordinates of the vectors w; and wy have the same code but it
is not decided whether they are equal or different. As another example, let us see

that the vectors .
wy: ap ap Gy a1 Qf,

. 3 4
W Q1 G2 Gy a1 O,

. 5 6
w3 ap az Q5 a1 oy,

determine a 2-column in 5-dimensional space and they can be written in the short

form

wy s oap ap o2 oay o, 1> 1.

If A C X, then the set X \ A will be denoted by A’. Let x € R, A C N and let
£: R — N be a code. Then the family {z;: i € A} will be denoted by z4. We will
denote by the symbol % an unspecified member of the family xy. These symbols will
be used in the following way. Let Ay, Ay, ..., A, C N and T"C R". We will denote
by aa,a4, ...aa, the following family of vectors from 7"

AA,QA, - - AA, = {tETI t:ailaig...ain, il EAl,’iQ EAQ,...,in EAn}

The inscription aap* will denote an unspecified member of the family of sets

U aiajx(iaj)Na

(i,j)e AxB

where x runs over all functions from A x B to R. The symbol x 4+ Z will denote an
unspecified member of the family a4+ Z, o € R, and the inscription X X (x + Z) will
denote an unspecified member of the family

e} x (ale) +2),

zeX

where « runs over all functions from X to R.

Using geometric arguments it is easy to see that in R? every cube tiling is layered.
We prove this obvious fact by using our notation to demonstrate how it works.

Theorem 2.2 FEwvery cube tiling of R? is layered.

Proof. Suppose that T C R? determines a non-layered cube tiling of R?. According,
with our notation we can assume that the vector of 7" with the code (1, 1) has the
form

wy, . ap aip.
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As the tiling determined by 7T is non-layered, the set T contains the following vectors

Wo © O bl,
wz: by f

for some k,l € N, up to an isomorphism. By distinguishability of vectors wy, ws and
wy, w3, we have ap = ag, k # 1 and 5, = a;, | # 1. As a result, vectors wy and w3
are not distinguishable, which is impossible. O]

3 Cube tilings of 3-dimensional space

Theorem 3.1 Let T C R? be a set determining a cube tiling of R3 and let W C T
be a set determining a cylinder. Then in W there is a set that determines a column.

Proof. Let W be a set that determines a cylinder in [0,1)% + T, i.e.
W = {t = (tl,tg,tg) el: t3 € CLN},

up to an isomorphism. Passing to an isomorphic system if necessary, we can assume
that the vector with the code (1,1, 1) belongs to W and it has the form

wy, 1 - a1 a; ag.

Consider the vectors of T' with codes (I,1,1), [ > 2. By their distinguishability from
w1, 1, they have the form

w3 a2 [ >2.

If af = a; for all # > 1, then the vectors w; ;, [ > 2, belong to W and together with
w1, 1 determine a column. Suppose that oﬂi = ay for some 7 > 1. We have to consider
two cases:

1. o} # ay for somei € {1,3,...}.

Assume that of # a;. (If af = a; and for example o # a1, then we replace the code
e1 by ¢}, where €||(a1 +7Z) = (2 3) oy and €] = ¢; on the complement of the set
a;+7.) Take into account the vectors with codes (1,1, 1), [ > 2. By distinguishability,
they can be written as follows

why o oar @ >
If 31 = a; for all 7 > 1, then the vectors w§7 ;1> 1, lie in W and together with w; ;
determine a column. Suppose that 8! # a; for some i > 1. We can assume that
Bt # ay. (If Bf = a; and Bi # a; for some i > 2, then we can change the code &5 in
an appropriate way.) Consider the vectors with codes (1,1,1), [ > 2. They have the
form

wh o, Y e a,  1>2
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Notice that the vectors wéy 5, [ > 1, belong to W. If af # a, for some i € {2,4,...},
then by distinguishability of wy ;, [ > 2, and w3 ;, [ > 1, we obtain i = ay for all
¢ > 1 and the vectors wy 1, wévl, [ > 1, determine a column. Suppose that o} = a;
for i = 2,4,... and v} # a; for some i > 1. We can assume that v; # a;. (If 7{ = a;
and ~i # a; for some i > 2, then we can change the code €3 respectively.) Take the
vectors with codes (I, 1,2), [ > 2. By distinguishability, they are as follows

/ . 1
Wy Y a1 ag, [>2.

The vectors wj ;, | > 1, belong to W and together with wj ; determine a column.

2. o # ay for somei € {2,4,...}. We can assume that a? # a;. (If o} = a; and for

example af # a1, then we replace the code g, by €] so that &}|(a; +Z) = (23) o g
and €] = £, on the complement of the set a; + Z.) Consider the vectors with codes
(1,1,1), I > 2. By distinguishability from w; ;, [ > 1, they have the form

. -1
Wa, -1+ a1 1 ar, l > 2.

The vectors wsy, ;, { > 1, belong to W. If Bi = ay for all i > 1, then the vectors w1
and wy 4, [ > 1, determine a column. Suppose that B4 # ay for some i > 1. We can
assume that 3 # a;. (If not, then we can change the code €3 in an appropriate way.)
Now take the vectors with codes (1,[,1), [ > 2. By distinguishability from w; ; and
wsy, 1, | > 1, they can be written in the form

L1
w3 -1 N a; ai, [>2.

Notice that the vectors ws ;, [ > 1 belong to W. If o} # a; for some i € {1,3,...},
then by distinguishability of wy ;, [ > 2, and ws ;, [ > 1, it follows that 7% = a; for
all © > 1 and the vectors w; 1, ws ;, { > 1, determine a column. So suppose that
o) =a; fori=1,3,... and 7} # a; for some i > 1. We can assume that 7] # a;. (If
not, then we can change the code e, respectively.) Consider the vectors with codes
(1,2,1), 1 > 2. They are as follows

o
Wy 1-1: 7Y G2 ay, [ >2.

The vectors wy, i, [ > 1, belong to W and together with ws | determine a column. [

Lemma 3.1 Let T C R? be a set determining a non-layered cube tiling of R3, which
contains a column in the direction of the third coordinate axis. Then there are proper
subsets A and B of Z and real numbers v and 5 such that a subset of T that contains
the vectors determining all columns in the direction of the third coordinate axis has
the form

(a+A) x (B+ B) x (x+Z).

Proof. First we will show that if a subset of 7" that contains the vectors determining
all columns in the direction of the third coordinate axis has the form (a+ A) x (6 +
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B) x (x+2Z), then sets A and B have to be proper subsets of Z. Suppose that A = Z
or B = Z. We can assume that A = Z. Then for every vector ¢t = (t1,19,t3) €
T\ ((a+A)x(B+ B) x (x+Z)) we have ty € + Z. It means that T determines
a layered tiling. This implies that sets A and B are proper subsets of Z.

According with our notation, it remains to show that there are proper subsets C
and D of N such that a subset of T" that contains the vectors determining all columns
in the direction of the third coordinate axis has the form ac ap *.

It is sufficient to show that if the set T contains vectors {a'} x {a?} x (a® + Z)
and {3'} x {8?} x (8% +Z) determining two columns such that o' # 8! and o # 32,
then the vectors {al} x {%} x (v + Z) for some v € R belong to T'.

Passing to an isomorphic system if necessary, we can assume that the vectors of
T which determine a column in the direction of the third coordinate axis have the
form
wy g oap ap  ap, [>1.

Suppose that the set T" contains the vectors determining another column in the third
direction, i.e. the following vectors

wy oo af of,  1>1,

for some i,j € N. If o} # a;, then by distinguishability we have 04]2- =a; and j # 1.
Now, the vectors with codes (r, k, s), k € N\ {1, j}, for arbitrary r, s € N imply that
T determines a layered tiling. Similarly, if 04]2- # aj, then o} = a; and 7 # 1. Next,
the vectors with codes (k,r,s), k € N\ {1,i}, for arbitrary r, s € N imply that T
determines a layered tiling. As a result we have

wyy: oa; a; «of, 1>1.

We can assume that ¢ # 1 and j # 1. Consider the vectors with codes (1, j,1) and
(i,1,1), I > 1. By distinguishability, they have the form

. 1
Wz 1+ a1 Gy Bl )
. 2
Wy, 1+ Q; Qi Bl’ l Z 1.

These vectors also determine columns in the direction of the third coordinate axis.
It implies that the set of vectors determining all columns in the third direction has
the desired form. O

Lemma 3.1 is obviously also true for columns in the direction of the first or second
instead of third coordinate axis.

Theorem 3.2 Let T C R? be a set that determines a non-layered cube tiling of R3.
Then there are proper subsets A, B, C of Z and real numbers a, B, v such that the
set T' can be presented as the union of the following sets of vectors:

(a+ A) x (B+ B) x (x+Z),
(a+ A) x (x+Z) x (v +C),
(x+2Z)x (B+B)x (v+C),
(a+A) x (B+B) x (y+C),
(a+A)x (B+B)x (v+C).
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Proof. In [11] the authors showed that the set T contains vectors that determine
a column. Passing to an isomorphic system if necessary, we can assume that it is a
column in the direction of the third coordinate axis. By Lemma 3.1, a set of vectors
determining all columns in the third direction can be written in the form

Ki=ay ap *,

for some proper subsets A, B of N. As the tiling determined by 7T is non-layered, T’
contains the vector

L1 2
wy;oa; b,

for some 1, j, k € N. By distinguishability of w; ; with vectors of the set K, we have
a} = a; and 1 ¢ A. Consider vectors of the set T with codes (i,1,k), l € N\ {j}. By

distinguishability, they have the form

wy g :oa; b B leN\{j}

If B # a2 for some | € N\{j}, then taking the vectors with codes (i, j,7), r € N\{k},
which have the form
a; bj 0[2 TEN\{]{?},

()

we obtain the vectors that determine a column in the third direction, but they do
not belong to K, which is impossible. Thus 8. = «af for all [ € N\ {j} and the
vectors wy, ;, [ > 1, determine a column in the direction of the second coordinate axis.
Moreover, this column is disjoint with all columns determined by the set K. By
an appropriate version of Lemma 3.1 and definition of distinguishability, the vectors
determining all columns in the second direction disjoint with columns determined by
vectors of K are contained in the set

KQICLA/ *  ac,

for some proper subset C of N. Again, as the tiling determined by 7" is non-layered,
T contains the vector

. 1 2
Wy, r : br Vs Vi

for some r,s,t € N. By distinguishability of ws , from vectors of sets K; and Ko,
we have 7! = a,, s ¢ B and 2 = a;, t ¢ C. Now, take the vectors of T" with codes
(I,s,t), 1 € N\ {r}. They are as follows

woe.p: by as ay, e N\ {r}.

)

The vectors wq ;, [ > 1, determine a column in the direction of the first coordinate
axis disjoint with all columns determined by the vectors of sets K; and K,. By
an appropriate version of Lemma 3.1 and definition of distinguishability, vectors
determining all columns in the first direction disjoint with columns determined by
the vectors of sets K; and K5 are contained in the set

ng* ap Qgr.
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By distinguishability, the vectors of the set 7"\ (U?:1 KZ-) are contained in the union
of the following sets:

Gy ap acs,

apn ap Qgc.

As vectors of the set ,

S =aqgapac Uasapac U U K;
i=1
are pairwise distinguishable and £(S) = N3, where £: R* — N? is a code, by Theo-
rem 2.1 we obtain T'= 5. [

Theorem 3.2 is illustrated in Figure 2.

Fig. 2
A part of a non-layered cube tiling of R3.

Each column can be partitioned into cubes in an arbitrary way.

4 Cube tilings of 4-dimensional space

Lemma 4.1 Let T C R* be a set that determines a cube tiling of R* and let W C T
be a set that determines a cylinder. Then the set W contains vectors that determine
a 2-column.

Proof. If W C T is a set that determines a cylinder of the tiling [0,1)* + T, then it
has the form
W = {t = (tl,tg,tg,t4) - TI t4 - (IN},

up to an isomorphism. Suppose that W does not contain vectors determining a
2-column. Passing to an isomorphic system if necessary, we can assume that the
vector

Wwy,1: a1 ap ap a4
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belongs to W. Consider the vectors of T" with codes (1,1,1,1), [ > 2. By distin-
guishability, they have the form

wy, g % S e S [ >2.
The vectors wy 4, | > 2, belong to the set W. As W does not contain vectors
determining a 2-column, we can assume that o! # a; for some ¢ € {1,4,...} and
ol # ay for some i € {2,5,...}. We can suppose that ai # a;. (If ol = a; and for
example o] # a;, then we replace the code g4 by €, where &}|(a; +Z) = (2 3) o g4
and €} = ¢4 on the complement of the set a; + Z.) Take into account the vectors
with codes (I,1,1,1), [ > 2. They are as follows

. 20-3 20-2
w2 -1+ 1 1 ai, [ > 2.

The vectors wq ;, [ > 1, belong to W. Again, as W does not contain vectors deter-
mining a 2-column, we can suppose that 3i # a; for some i € {1,3,...} and i # a,
for some i € {2,4,...}. We can assume that 8} # a;. (If 3] = a; and for example
(2 # ap, then we replace the code g, by &}, where €||(a; + Z) = (2 3) o &; and
g} = €1 on the complement of the set a; + Z.) Now, consider the vectors with codes
(1,1,1,1), [ > 2. By distinguishability, they have the form

. -1
wz -1 oar a7y, a1 >2.

The vectors ws ;, [ > 1, belong to W and together with w; ; determine a 2-column.

O

Theorem 4.1 LetT C R* be a set that determines a cube tiling of R* and let W C T
be a set that determines a cylinder. Then W contains vectors determining a column.

Proof. From the definition it follows that W has the form
W = {t = (tl,tz,tg,t4) eT: t4 € GN},

up to an isomorphism. By Lemma 4.1, W contains vectors determining a 2-column.
We have to consider two cases:

L. Vectors determining a 2-column have the form (up to permutations of the first,
second, and third coordinate axes):

wi,1: a; a; ag,

wy, g o/fl a1 a; a, [ > 2.

If af = a for all i > 1, then the vectors wy g, k > 1, determine a column. Suppose
that o} # a; for some ¢ > 1. We can assume that of # a;. (If aj = a; and for
example o # a;, then we replace the code g4 by €/, where &}|(a; +Z) = (2 3) o4
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and € = ¢4 on the complement of the set a; + Z.) Consider the vectors with codes
(1,1,1,1), [ > 2. By distinguishability, they have the form

. 21—3 20—2
Wa, 1-1 - 1 1 ai, l > 2.

The vectors wy 4, [ > 1, belong to W. If Bi = ay for all i > 1, then the vectors
wy,1 and wsy, ;, | > 1, determine a column. Suppose that Bt # ay for some i > 1.
We can assume that 8} # a;. (If 8§ = a; and for example 8] # ay, then we change
the order of the second and third coordinates and replace the code €1 by &/, where
gl|(a; +7Z) = (2 3) oy and €] = &1 on the complement of the set a; + Z.) Take the
vectors with codes (2,1,1,1), 1 > 2. They are as follows

. 1 -1
ws -1 az By o a, [ >2.

The vectors w3 ;, [ > 1, belong to W. If 44 = 5% for all i > 1, then the vectors ws
and ws ;, [ > 1, determine a column. Suppose that v; # 57 for some ¢ > 1. We can
assume that v # 2. (If not, then we change the code €5 in an appropriate way.)
Then we can also assume that v{ # a;. (If v{ = a; and 87 # ay, then we replace the
code g9 by &}, where gb|(8] + Z) = (1 2) 0 g5 and &, = £ on the complement of the
set A} + Z.) Consider the vectors with codes (2,2,1,1), [ > 2. By distinguishability,
they have the form
wy 1 ay By o oan,  1>2.

The vectors wy, ;, [ > 1, belong to W and together with ws ; determine a column.

II. Vectors determining a 2-column have the form (up to permutations of the first,
second, and third coordinate azes):

wy1 - Ay a1 a; ag,

wyy 0/1_1 a, ap ar, [ > 2.

If ot = a, for all 4 > 1, then the vectors wy, g, k > 1, determine a column. Suppose
that o} # a; for some ¢ > 1. We can assume that o # a;. (If aj = a; and for
example af # a;, then we replace the code gy by &}, where &)|(a; + Z) = (2 3) o &y
and €}, = g9 on the complement of the set a; + Z.) Consider the vectors with codes
(1,2,1,1), Il > 2. By distinguishability, they have the form

e A3 22
Wy -1 o ay B B [ >2.

If 8i = a; for all i > 1, then the vectors wy ;, [ > 1, belong to W and together with
wy, 2 determine a column. We have to consider the following three cases:

1. Bi # ay for somei € {1,3,...} and Bi =ay fori=24,....

Then the vectors wy ;, [ > 1, belong to W. We can assume that 8] # a;. (If 8{ = a;
and for example 3} # a;, then we replace the code e, by &, where &||(a] + Z) =
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(2 3)oeg; and €] = &; on the complement of the set o] + Z.) Consider the vectors
with codes (2,2,1,1), [ > 2. They are as follows

ool 1 -1
Us -1 3 as B Y, [>2.

If 4§ = a; for all i > 1, then the vectors us ;, [ > 1, belong to W and together with
wsy, 1 determine a column. Suppose that 7{ # ay for some ¢ > 1. We can assume
that vi # a;. (If not, then we change the code €3 in an appropriate way.) Take the
vectors with codes (2,2,1,1), ] > 2. They have the form

. 21-3 20—2 1

The vectors uy i, [ > 1, belong to W. If 65 = o for i = 1,3,... and &5 = ay for
i = 2,4, ..., then the vectors wy | and uy 4, [ > 1, determine a column. Suppose that
8y # ad for some i € {1,3,...}. We can assume that 6 # ai. (If 42 = o} and for
example 05 # ai, then we replace the code &4 by &), where &}|(a; +Z) = (2 3) o g4
and ¢} = g4 on the complement of the set a; + Z.) Consider the vectors with codes
(1,2,1,2), 1 € N\ {2}. By distinguishability, they can be written in the form

roL. o511 1
Us q° o1 My 1 G2,

/ . 1 -1 1
Us oyt O 1 1 as, [>3.

The vectors u’5 5y 1> 1, belong to W. If ni = 62 for all 4 > 1, then the vectors uy, 1,
ug ;, I > 1, determine a column. Suppose that ny # 65 for some i > 1. We can
assume that ni # 65. (If not, then we change the code £; appropriately.) Then we
can also assume that ni # ay. ( If i = ay and 62 # ay, then we replace the code
g1 by €}, where &/|(6; +Z) = (1 2) oe; and €} = £, on the complement of the set
01 + Z.) Take the vectors with codes (1,1,1,2), 1 € N\ {2}. They have the form

S TS T
Ug, 1+ op my B as,
/ o511 pl

ug gyt Oy M Proag, [>3.

The vectors ug ;, | > 1, belong to W and together with ug ; determine a column.
Suppose now that 05 # ay for some i € {2,4,...}. We can assume that 05 # as.
(If 2 = ay and for example 03 # ay, then we replace the code &4 by €}, where
ei|(a1 +7Z) = (2 3) o g4 and €} = €4 on the complement of the set a; + Z.) Consider
the vectors with codes (2,1,1,2), [ € N\ {2}. By distinguishability, they are as
follows
us,1t My 0F Bi o as,
us1: 1y 0 Bloay,  1>3.

The vectors us,;, [ > 1, belong to W. If i = 43 for all i > 1, then the vectors uy, 1,
us, 1, [ > 1, determine a column. Suppose that n # 65 for some ¢ > 1. We can
assume that s # 6i. (If not, then we change the code &, in an appropriate way.)
Then we can also assume that 73 # ad. (If ni = ol and 42 # o, then we replace the
code g5 by &}, where 5|(67 + Z) = (1 2) o &5 and €, = &, on the complement of the
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set 02 + 7.) Now take the vectors with codes (1,1,1,2), 1 € N\ {2}. They have the
form
ug,1: M 0F Bi o az,
ug —1: np 0% B as, [>3.

The vectors ug,;, [ > 1, belong to W and together with us ; determine a column.

2. Bl =ay fori=1,3,... and Bi # ay for somei € {2,4,...}.

We can assume that 3?2 # a;. (If 87 = a; and for example 3 # a;, then we replace
the code &1 by £}, where &} |(a} +7Z) = (2 3)oe; and €] = €, on the complement of the
set aj + Z.) Consider the vectors with codes (1,2, 1,1), [ > 2. By distinguishability
from wy 4, 1 > 1, and wy 4, [ > 1, they are as follows

v3 1 : ad R AT g 1 >2
The vectors v3 ;, [ > 1, belong to W. If 74 = ay for i = 1,3,... and 4} = a; for
i =2,4,..., then vectors wy o, v3 1, [ > 1, determine a column. Suppose that 73 # ay
for some i € {1,3,...}. We can assume that v # ay. (If not, then we change the
code g4 appropriately.) Consider the vectors with codes (1,1,1,2), l € N\ {2}. They
have the form
Vit oor Mo 0p a,
IR ol vy ot ay, > 3.

The vectors v} ;, [ > 1, belong to W. If 6] = 7 for all # > 1, then vectors vs, 1, v} ;,
[ > 1, determine a column. Suppose that di # 7 for some i > 1. We can assume
that d1 # 2. (If not, then we change the code e, in an appropriate way.) Then we
can also assume that 6] # a;. (If 6f = a; and 7} # ay, then we replace the code
gy by &), where &5|(vf +Z) = (1 2) o g5 and €, = e on the complement of the set
v + Z.) Take the vectors with codes (1,1,1,2), I > 2. By distinguishability, they
can be written in the form

Vit ooy O ay,  1>2
The vectors vg 4, | > 1, belong to W and together with v} ; determine a column.
Now, suppose that 7 # a; for some i € {2,4,...}. We can assume that v? # a;.
(If ¥2 = a; and for example 7{ # a;, then we replace the code g4 by &), where
eil(ar +7Z) = (2 3) oey and €}, = €4 on the complement of the set a; + Z.) Consider
the vectors with codes (1,2,1,2), ] > 2. They have the form

o1 sl-1 2
Vg 10 Q7 0y Vi ag, [ > 2.

The vectors vy ;, [ > 1, belong to W. If 65 = ~4 for all i > 1, then vectors vs
and vy ;, [ > 1, determine a column. Suppose that &5 # ~4 for some i > 1. We can
assume that 63 # 3. (If not, then we change the code e3 in an appropriate way.)
Then we can also assume that §2 # ay. (If 05 = ay and 74 # as, then we replace
the code e3 by &4, where €5|(7Z + Z) = (1 2) oe3 and €4 = €3 on the complement
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of the set 72 + Z.) Now, take the vectors with codes (1,1,2,2), I € N\ {2}. By
distinguishability, they are as follows

o1 sl 2
Us,1t oy 07 3 ag,
o1 sl 2
Vs -1 Qi 0 5 ag, > 3.

The vectors v 4, [ > 1, belong to W and together with v, ; determine a column.

3. B # ay for somei € {1,3,...} and Bi # a1 for somei € {2,4,...}.

We can assume that 8] # a;. (If 3 = a; and for example 3} # a;, then we replace
the code &1 by &}, where €/|(aj +Z) = (2 3) o, and €| = £; on the complement
of the set af + Z.) Set r € {2,4...} such that 3] # a;. Consider the vectors with
codes (1,2,1,1), I > 2. By distinguishability from w; ;, [ > 1, and wo 4, | > 1, they
have the form

L1 203 212
W3 -1 Q7 Y " ai, [ >2.

The vectors ws 4, [ > 1, belong to W. If 744 = ay for i = 1,3,... and 7} = a; for
i = 2,4, ..., then vectors w; o and ws ;, [ > 2, determine a column. Suppose that
Vs # as for some i € {1,3,...}. We can assume that 74 # ay. (If not, then we change
the code €4 appropriately.) Consider the vectors with codes (1,1,1,2), 1 € N\ {2}.
They have the form

wiipt oop 9 0 as
wy g al b ot ay, [ >3.
The vectors wy ;, [ > 1, belong to W. If 6} = ~7 for all 7 > 1, then vectors ws, 1
and wy ;, [ > 1, determine a column. Suppose that 5% # 2 for some i > 1. We can
assume that §{ # ~2. (If not, then we change the code e, in an appropriate way.)
Then we can also assume that §1 # a;. (If 67 = a; and 73 # ay, then we replace the
code g9 by &b, where gh|(yf + Z) = (1 2) o &3 and €, = &5 on the complement of the
set 71 + Z.) Take the vectors with codes (1,1,1,2), [ > 2. They are as follows

wi s om0 e, 122

The vectors wg ;, | > 1, belong to W. If B7~t # 61, then, by distinguishability of
wy, = and wy ;, [ > 1, we have nt = af for all i > 1 and the vectors wy 4, wg g, 121,
determine a column. Suppose that 3]~ = 6! and 0} # al for some i > 1. We can

assume that ni # al. (If not, then we change the code 3 appropriately.) Consider
the vectors with codes (I, 1,2,2), | > 2. By distinguishability, they have the form

Wl b o w122

The vectors wg ;, | > 1, belong to W and together with w5 ; determine a column.
Now, suppose that vi # a; for some ¢ € {2,4,...}. We can assume that v # a;.
(If ¥ = a; and for example 7{ # a1, then we replace the code g4 by &), where
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eil(ar +7Z) = (2 3) oey and €} = &4 on the complement of the set a; + Z.) Consider
the vectors with codes (1,2,1,2), [ > 2. They have the following form

. 20-3 21—-2 2

The vectors wy,;, | > 1, belong to W. If BI7t # ~2, then by distinguishability of
wy, = and wy 4, 1 > 1, we have 6 = af for i =1,3,.... Ifnow 0y =3 fori =2,4,..
then vectors ws 1 and wy 4, | > 1, determine a column. Suppose that &5 # ~; for
some i € {2,4,...}. We can assume that 65 # 4. (If not, then we change the code
g3 in an appropriate way.) Then we can also suppose that 63 # ay. (If 63 = ay
and 75 # ay, then we replace the code €3 by &, where €|(7? + Z) = (1 2) o g3 and
g4 = 3 on the complement of the set 77 +Z.) Take the vectors with codes (1,1,2,2),
[ € N\ {2}. They have the form

1 52 .2
ay 0 vy ag,

al 0F vE ag, [ > 3.

These vectors belong to W and together with w,, ; determine a column. Thus 8] " =
Y. I 0] = af for i = 1,3,... and 8, = 73 for ¢ = 2,4,..., then vectors ws 1, wy 4,
[ > 1, determine a column. Suppose that 05 # v for some ¢ € {2,4,...}. We can
assume that 05 # ;5. (If not, then we change the code €3 appropriately.) Consider
the vectors with codes (1,1,2,2), [ € N\ {2}. By distinguishability, they are as
follows

wi om0 9 a,

-1
wé,l—l S 5l2 ’Y% a2, l Z 3.

The vectors wévl, [ > 1, belong to W. If ni = §{ for all @ > 1, then vectors Wy, 1
and wg ;, [ > 1, determine a column. Suppose that nt # 6+ for some i > 1. We can
assume that i # 61. (If not, then we change the code &, in an appropriate way.)
Then we can also assume that ni # af. (If i = a} and §! # af, then we replace the
code g5 by &}, where 5](67 + Z) = (1 2) o &5 and &), = &5 on the complement of the
set 02 + Z.) Take the vectors with codes (I, 1,2,2), [ > 2. They have the form

Wyt om0 v vy, 122
If v4 = ay for all 4 > 1, then the vectors wév ;» L > 1, belong to W and together with
wy | determine a column. Suppose that vy # ay for some i > 1. We can assume
that v4 # ay. (If not, then we change the code g; in an appropriate way.) Then, by
distinguishability of wg ;, wy, 1, and wy, 5, we obtain 7y = ay and 07 = a;. Take the
vectors with codes (1,2,1,1), [ > 2. By distinguishability, they are as follows

/ |
Wyt Qi Gy @ a, > 2.

The vectors w’77 ;» 1 > 1, belong to W and together with w; o determine a column.
Now, suppose that 6} # aji for some i € {1,3,...}. We can assume that d; # af.
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(If not, then we change the code 3 appropriately.) Consider the vectors with codes
(1,2,2,2), 1 > 2. They have the form

ws -1 OF né‘l Vs ag, [ > 2.

The vectors ws_;, [ > 1, belong to W. If i = 65 for all i > 1, then vectors wy, 1, ws, 1,
[ > 1, determine a column. Suppose that 1} # 65 for some i > 1. We can assume
that 73 # 62. (If not, then we change the code £; in an appropriate way.) Then we
can also assume that 1y # 74. (If n3 = 44 and 62 # ~4, then we replace the code
g1 by &}, where &/|(6{ + Z) = (1 2) o0&y and &} = £; on the complement of the set
61 +7Z.) Consider the vectors with codes (2,1,2,2), 1 € N\ {2}. They are as follows

NS R S |
We,1: Oy M Yz Vi
S R B S |
We —1: 0y M V3 Vg o, 1>3.

If ) = ay for all ¢ > 1, then the vectors wg,;, [ > 1, belong to W and together
with ws ; determine a column. Suppose that vi # ay for some i > 1. We can
assume that v4 # as. (If not, then we change the code e, appropriately.) Then, by
distinguishability of wg, 1, wy 1, and wy, 2, we obtain n{ = a; and d) = ap. Take the
vectors with codes (1,2,1,1), [ > 2. By distinguishability, they have the form

wr, -1 ¢ al as ap ay, [ > 2.

The vectors wr,;, [ > 1, belong to W and together with w; o determine a column. [
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