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Abstract

The star chromatic index of a graph G is the smallest integer £ for which
G admits a proper edge coloring with k colors such that there is no
bi-colored path nor cycle of length four. In this paper, we first obtain an
upper bound for the star chromatic index of the Cartesian product of two
graphs. We then determine the exact value of the star chromatic index of
2-dimensional grids. We also obtain upper bounds on the star chromatic
index of the Cartesian product of a path with a cycle, d-dimensional
grids, d-dimensional hypercubes and d-dimensional toroidal grids, for
every natural number d > 2.

1 Introduction

Here we briefly introduce the graph theory terminology and notations that we need
throughout the paper. All graphs considered in this paper are finite, simple and
undirected. We use P, and C,, to denote a path and a cycle of order n, respectively.
A path (cycle) of length k (i.e. with k edges) is referred to as a k-path (k-cycle).
Let G be a graph with vertex set V(G) and edge set E(G). The number of edges
that are incident to a specific vertex in G is called the degree of that vertex. The
maximum degree of G, denoted by A(G) or simply A, is the maximum degree among
all the vertices in G. The distance between two edges in G is the minimum length
of the paths between every two end-points of these edges. A subset M of edges in G
is called a matching if every two edges in M have no common end-point. A perfect
matching is a matching which covers all vertices of G.

The Cartesian product of two graphs G and H, denoted by GOH, is a graph
with vertex set V(G) x V(H), and (a,z)(b,y) € E(GOH) if either ab € E(G) and
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x =y, orzy € F(H) and a = b. For a natural number d, we denote by G? the
d-th Cartesian power, that is G* = G when d = 1, and G? = G*'0G when d > 1.
A d-dimensional hypercube Qg is the d-th Cartesian power of P,. A d-dimensional
grid Gy, ey, = P,0P,0...0F, is the Cartesian product of d paths. A
d-dimensional toroidal grid Ty, 4, . s, = Cr,0Ce,0O...0Cy, is the Cartesian product
of d cycles.

A proper vertex (respectively edge) coloring of graph G is an assignment of
colors to the vertices (respectively edges) of G such that no two adjacent vertices
(respectively two incident edges) receive the same color. The minimum number of
colors that is needed to properly color the vertices (respectively edges) of G is called
the chromatic number (respectively chromatic index) of G, and is denoted by x(G)
(respectively x'(G)). A star vertex coloring of G, is a proper vertex coloring of G
such that no path or cycle on four vertices in G is bi-colored (see [3,5]).

In 2008, Liu and Deng [7] introduced the edge version of the star vertex coloring
that is defined as follows. A star edge coloring of G is a proper edge coloring of
G such that no path or cycle of length four in G is bi-colored. We call a star edge
coloring of G' with k colors, a k-star edge coloring of G. The smallest integer k for
which G admits a k-star edge coloring is called the star chromatic index of G and
is denoted by x.(G). Liu and Deng [7] presented an upper bound of [16(A — 1)2]
for the star chromatic index of graphs with A > 7. In [2], Dvofdk et al. obtained
the lower bound 2A(1 4 o(1)) and the near-linear upper bound A.20MVIeA for the
star chromatic index of graphs. They also presented some upper bounds and lower
bounds for the star chromatic index of complete graphs and subcubic graphs (graphs
with maximum degree at most 3). In [1], Bezegova et al. obtained some bounds
on the star chromatic index of subcubic outerplanar graphs, trees and outerplanar
graphs. Some other results on the star chromatic index of graphs can be found
in [6,8,10-12].

This paper is organized as follows. In Section 2, we give a tight upper bound
for the star chromatic index of the Cartesian product of two arbitrary graphs G' and
H. In Section 3, we determine the exact value of x.(P,,0F,) for all natural numbers
m,n > 2. Then, we give some upper bounds for the star chromatic index of the
Cartesian product of a path and a cycle and the Cartesian product of two cycles.
Moreover, applying the upper bounds obtained in Section 2, we give upper bounds
on the star chromatic index of grids, hypercubes, and toroidal grids.

2 General upper bounds

In this section, we define the concept of star compatibility and use this concept to
obtain an upper bound for the star chromatic index of the Cartesian product of two
graphs. Naturally, these bounds imply some upper bounds on the star chromatic
index of GOP, and GOC,, for every graph G.

Let f be a star edge coloring of a graph GG. For every vertex v of (G, we denote
the set of colors of the edges incident to v by C¢(v). Two star edge colorings f; and
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fo of G are star compatible if for every vertex v, Cy, (v) N Cy,(v) = 0. We say that
graph G is (k,t)-star colorable if G has t pairwise star compatible colorings with k
colors.

Theorem 2.1. If G and H are two graphs such that G is (kg,tg)-star colorable and
tq > X(H), then
Xo(GOH) < kg + X4 (H).

Moreover, this bound is tight.

Proof. Let f;: E(G) = {0,1,..., kg —1}, 0 <i <ts— 1, be star compatible col-
orings of G and fy : E(H) — {kg,ka+1, ..., kg+Xx.(H)—1} be a star edge coloring
of H. Also, let ¢y be a proper vertex coloring of H using colors {0, 1, ..., x(H)—1}.
We define edge coloring f of GOH as follows. For every edge ab of G and every
vertex x of H, let

f(((l, :L‘)(b, LL’)) = ch(:v)(ab)a
that is well-defined, since t¢ > x(H).

For every edge xy of H and every vertex a of G, let

f((a,2)(a,y)) = fulzy).

Note that edge coloring f uses kg+ x%(H) different colors. Since the colors of edges in
G and H are different and colorings fy and f;, 0 < i < tg—1, are star edge colorings,
the edge coloring f is a proper edge coloring and every 4-path (or 4-cycle) with two
incident edges in G or H uses at least three different colors. Thus, we only need to
consider the case where we have a path with edges o = (a,x)(b,x), 5 = (b, z)(b,y)
and v = (b,y)(c,y), respectively. In such a case, we have f(a) = f., ) (ab) and
f(v) = fepw)(be). On the other hand, cy(x) # cu(y) because xy € E(H), and
consequently star edge colorings f., ) and f.,(, are star compatible. Therefore,
f(a) # f(7v). This shows that f is a star edge coloring of GOH.

Now, we prove the tightness of the bound. Let G = P, and H = C,,, where n > 4
is even. Note that for paths and cycles, there exists a star edge coloring with at
most 3 colors except for Cs which requires 4 colors (see proof of Theorem 5.1 in
[2]). Therefore, since x%(C,,) = 3 and P» is (2,2)-star colorable, we conclude that
XL (P,0C,) < 5. Up to symmetry and permutation, there are only four different
4-star edge colorings of P,00P; that are shown in Figure 1. It is easy to check that
none of the colorings can be extended to a 4-star edge coloring of P,0C,,. Hence, for
every n > 5, x.(P0C,) > 5, which implies the bound is tight. O

Note that if G is a (kg,tg)-star colorable graph, then it is also (akg, atg)-star
colorable for natural number a. In particular, every graph G is (ax,(G),a)-star
colorable and therefore, G is (xL(G)x(H), x(H))-star colorable, for every graph H.
Thus, using Theorem 2.1, we have the following corollary.
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Figure 1: All 4-star edge colorings of P,00P;.

Corollary 2.1. For every two graphs G and H, we have
Xs(GOH) = X, (HOG) < min{x}(G)x(H) + x,(H), X;(H)x(G) + X4(G)}.

In the following theorem we obtain star compatible colorings for the Cartesian prod-
uct of two graphs.

Theorem 2.2. Let G be (kg,tq)-star colorable graph and let H be (kg,ty)-star
colorable graph. Iftg > x(H) and ty > x(G), then GOH is (kg + kg, min{tg, tg})-
star colorable.

Proof.  Suppose that ¢g; : E(G) — {0,1,..., k¢ — 1}, 0 < i < tg — 1, are star
compatible colorings of G and h; : E(H) — {kg, k¢ +1,..., k¢ + kg —1},0<i <
ty —1, are star compatible colorings of H. Also, let ¢ : V(G) — {0,1,...,x(G)—1}
be a proper vertex coloring of G and ¢y : V(H) — {0,1,...,x(H) — 1} be a proper
vertex coloring of H. If ¢ = min{tg,tg}, then for each i, 0 < i < ¢ — 1, we define
edge coloring f; of GOH as follows. For every edge ab of G and for every vertex x of
H, let m;(z) = (cu(x) +1i) (mod tg) and

fi((av x) (b’ ZE)) = gmi(x)(ab)'

Also, for every edge xzy of H and for every vertex a of G, let n;(a) = (cg(a) + 1)
(mod tg) and

fil(a, 2)(a,y)) = hn,a)(2Y).

By the same argument as in proof of Theorem 2.1, every f;, 0 < ¢ <t —1, is a
star edge colorings of GOH. It suffices to prove that edge colorings fi,..., f;_1 are
pairwise compatible as follows. For each vertex (a,z), consider colorings f; and f;,
where 0 <7 < 7 <t — 1. We can easily see that

Cfi((a7 r)) = Cgmi(:z:)<a> U Chni(a) (2),

and

ij((aa z)) = Cgmj(z)<a) U Chnj(a) ().
Also, for i # j, we have m;(z) # m;(x) and n;(a) # nj(a). Therefore, Cy  (a)N
Corn, o (@) =0 and Cy,,,, (z) N Chnj(a)(x) = (). Moreover, since the star edge colorings
of G and H use different sets of colors, Cy, . (a) N Cha) (z) = 0 and Cgmj(z)(a) N

Ch, ., (x) = 0. Thus, we conclude that Cy,((a,x)) N Cy,((a,)) = 0, as desired. O
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Corollary 2.2. If G is a (kg,tg)-star colorable graph and tg > x(G), then G? is
(d - kg, tg)-star colorable.

Proof. If d = 2, then by Theorem 2.2, graph G? is (2kg, tg)-star colorable. Now,
suppose that d > 2 and G4 !is ((d—1) - kg, tg)-star colorable. Then using Theorem
2.2 and by induction on d, we conclude that G¢ = G4710G is (d-kg, tg)-star colorable.

0

In order to study the star chromatic index of the Cartesian product of paths
and cycles with an arbitrary graph, in the following theorems we present some star
compatible colorings of paths and cycles.

Theorem 2.3. For all natural numbers n,r > 2, P, is (2r,r)-star colorable.

Proof. LetV(P,) ={0,1,...,n—1}and E(P,) ={zy:0<zx <n—-2,y =x+1}.
We define edge colorings f; : ( ) = {0,1,...,2r — 1}, 0 < i <r —1, as follows.
For each zy € E(P,) with = < y, let

filry) = x4+ 2i (mod 2r).

Clearly, each f;, 0 < i < r — 1, is a star edge colorings of P,. For every i and j,
0<i<j<r-—1,and every z € V(P,), we have

{2i} N {25} if =0,
Cr(r)NCy(x) = {o—1+2,2+2}N{x—1+2j,2+2} fO0<z<n-—1,
{n—242i}N{n—2+2j} if x=n—1.

Since 0 < i < j < r—1, 2i # 2j (mod 2r). Therefore, Cy,(x) NCy,(z) = 0, and
consequently edge colorings f; and f; are pairwise star compatible. O

Theorem 2.4. For all natural numbers n,r > 2, we have the following statements.

(i) If n > 4 is even, then C,, is (2r,r)-star colorable.

(ii) If n > 2r + 1 is odd, then C,, is (2r + 1, r)-star colorable.

(ili) If n > 3is odd, then C,, is (2r + [-25|,7)-star colorable.

Proof. Let V(C,)={0,1,...,n—1} and E(C,) ={zy:0<axz<n—-1l,y=xz+1
(mod n)}.

(i) Let n > 4 be even. Two cases may occur:

Case 1. r=2.
Since n is even, two cases may be considered:
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e n =0 (mod 4).
Define edge colorings f, and f; of C), as follows:
£5:0,1,2,3,0,1,2,3,...,0,1,2,3,  f1:2,3,0,1,2,3,0,1,...,2,3,0,1.

- -~
n n

e n=2(mod 4).
Define edge colorings fy and f; of C,, as follows:

£0:0,1,2,3,0,1,2,3,...,0,1,2,3,2,1, f1:2,3,0,1,2,3,0,1,...,2,3,0,1,0,3.

Vv Vv
n—2 n—2

It is easy to see that edge colorings fy and f; are star compatible in both cases.

Case 2. r > 2.
Define edge colorings f; : E(C,,) — {0,1,...,2r — 1}, 0 < i <r — 1, as follows. For
every zy € E(C,) (y =2+ 1 (mod n)), let

x+ 2 (mod 2r) if0<z<n-2
filzy) = . :
n+142; (mod 2r) if t=n-—1.

For every ¢, 0 < ¢ < r —1, f; is a star edge coloring of C,,. Otherwise, suppose that
there exists a bi-colored 4-path (or 4-cycle), say P : vjvavzvqvs. Since every three
consecutive edges in C,, \ {On — 1}, that On — 1 denotes the edge between vertex
0 and vertex n — 1, have three different colors, it is enough to consider two cases:
vn=n—-3,v=n—-2v3=n—1v=0,vs=1 and vy =n—2, vg =n — 1,
vy = 0, vy = 1, v5 = 2. In the first case, fi(v1v2) = n — 3 4 2i (mod 2r), and
fi(vsvy) = n+1+2i (mod 2r). Since 2r > 6, we have n —3 # n+ 1 (mod 2r), which
is a contradiction. In the second case, f;(v1v2) = fi(vsvs), and fi(vevs) = fi(vavs).
It implies that n — 2+ 2i = 2i (mod 2r), and n + 1 + 2i = 1 4 2 (mod 2r), which is
a contradiction. Thus, every f;, 0 < i <r —1, is a star edge coloring of C,.

We now show that these star edge colorings are pairwise star compatible. For every
iand j, 0<i<j<r—1, and every z € V(C,), we have

(n+142i,2i) N {n+1+24,25) if 2 =0,
Cr,(x)NCy(x) = S {z—1+2i, 242} N {z—1+2j, 2+25} if 1<z<n-2,
{n—2+2i,n+14+2i} N {n—2+25,n+1+25} if =n—1

Since 0 < i < j <r—1and nis even, 2i # 2j (mod 2r) and n + 1 (mod 2r) is odd.
Therefore, we conclude that Cy,(x) N Cy,(x) = 0, as desired.

(ii) Let n > 2r+1 be odd. First, we consider the case r = 2. Since n is odd, we have
two possibilities: either n =1 (mod 4), or n = 3 (mod 4). If n =1 (mod 4), then we
provide edge colorings fy and f; of C), with the following patterns.

£,:0,1,2,3,0,1,2,3,...,0,1,2,3,0,1,2,4,3, f:4,3,0,1,2,3,0,1,2,...,3,0,1,2.

J

n—>5 n—1
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If n = 3 (mod 4), then we provide edge colorings fy and f; of C), with the following
patterns.

£:0,1,2,3,0,1,2,3,...,0,1,2,3,0,4,2, f1:4,3,0,1,2,3,0,1,2,3,...,0,1,2,3, 1.

v~ '

n—3 n—3

It is then easy to see that in each case edge colorings fy and f; are star compatible.
Now, we consider the case r > 2. Assume that n—1 = 2rp+u, where u € {0,2,4, ...,
2(r—1)} and p > 1. Let
n—1-=2r 2r(p—1)+4u

2 2 !
and for every 0 < ¢ <r—1,u; =b—2i —2 (mod 2r), and

{2r if u; = 0,
xT; =

b —

For every i, 0 < i < r — 1, we define ordered (b + 1)-tuples T; (where each entry in
the tuples represents a color), as follows. For 0 <i <r — 2, let
T, = (?T—Qi—2,2r—2i—1,...,27;,1,2,...,27‘,1,2,...,27",...,1,27...,xi).

-~

Vv
2i+3 b—2i—2

Also, we define

Tooy=(2r,1,2,...,2r, 1,2, ..2r, . 1,2, wey).

-~

b

J

We denote the ¢-th entry of T; by Tf. For every i, 0 < i < r — 1, we provide edge
coloring f; of C,, with the following pattern. Let

. b b—1 1 1 2 b
fO . TO’TO PRI ,To,ao,al,. .. ,a?r_]_’Tr_l?T,,,_l’ .. 'T—l’@'

T

<\ S
NV Vv ~\~

b 2r b

For1 <:<r—1,let

. b b—1 1 1 2 b
fi . T;, aﬂ ) 77-; y Qiy Qi 15 - - 7ai+2rflaT‘i—1aT;;—17 - '7_‘1‘—17&'
-~ - Vv 7 S Vv 4
b

2r b

In this pattern, a; = (2r — 1)i,a;41 = 2r — )i+ 1,...,a49,—1 = (2r — 1)(i + 1)
(arithmetic is done modulo 2r + 1) and ¢; is determined as follows.

Ifb=0, then ¢; = ajy9, = (2r—1)(i+1)+1 (mod 2r+1). If b > 1, then ¢; = T/, If
b =1, then ¢; is adjacent to T}! ; and T}'. Since T}' ; and T} are even, it is reasonable
to choose ¢; from S; = {1,3,...,2r — 1} \ {a;, a;42,—1}. Now, to determine the value
of ¢;, we describe a bipartite graph G(X,Y), as follows. Let X = {Sp, S1,...,S_1}
and Y = {1,3,...,2r — 1}. Note that |X| = |Y|. Also, vertex S, € X is adjacent
to vertex sg € Y if and only if sg belongs to S,. For each i, 0 < i < r — 1,
a; (mod 2r + 1) and ;49,1 (mod 2r 4+ 1) are odd. Moreover, ay (mod 2r + 1) is
even and ag,_1 (mod 2r + 1) is odd. By definition of S;, we have the following facts.
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e Foreveryi, 0<i<r—1,|S]|>r—2.
e Foreveryi, 0<i<r—2|S,USj|>r—1.
e Forevery i, 0 <i<r—3,|S;US;i| =r.

Thus, X satisfies the marriage condition and by the Hall’s marriage theorem [4],
graph G(X,Y’) has a perfect matching. In a perfect matching of G(X,Y), we take
the label of the vertex that is matched to S; as g;.

It is easy to see that every f;, 0 < i < r — 1, is a proper edge colorings of C,,. To
prove that every f;, 0 < i < r — 1, is a star edge coloring, it suffices to show that
every 4-path P in C), is not bi-colored. For every j and k, where 0 < 7 < 2r — 3
and 1 < k < b— 2, we have a; # a;1o and TF # TF+2: thus if P has at least three
consecutive edges with colors from {a;,...,ai12.—1} or {T}, ..., T’}, then P is not
bi-colored. Hence, we consider the following cases.

If P is bi-colored with colors T?, T}, a;, a;y1, or i, T}, a;, a;y 1, then a;; = T}, There-
fore, (2r—1)i+1 = 2r —2i—2 (mod 2r +1). Hence, (2r+1)i = 2r —3 (mod 2r+1),
which is a contradiction.

If P is bi-colored with colors a;jor—a, Giror—1, T} 1, T7 1, OF Giyar—2, Givor—1, Ti- 1, Gi,
then a; 9, o = T} ;. Therefore, (2r —1)(i+1) —1=2r —2(i — 1) — 2 (mod 2r + 1).
Hence, (2r +1)(i + 1) = 2 (mod 2r + 1), which is a contradiction.

or T 1, q, T}, a;, then T! | = T

7

If P is bi-colored with colors a;. 0,1, T 1, q;, T}

Therefore, 2r —2(i — 1) — 2 = 2r — 2i — 2 (mod 2r + 1), which is a contradiction.

If P is bi-colored with colors Aiyror—1,4i, i, Air1, O Aj412p—2, Ajt2pr—1, G5, Aj, then
@i+or—1 = a;. Therefore, (2r —1)(i +1) = (2r — 1)i (mod 2r + 1). Hence, 2r —1 =0
(mod 2r + 1), which is a contradiction.

If b > 1 and P is bi-colored with colors T? ,,q;, T?, Tib’l, or Z}l’_’f,ﬂll, ¢, TP, then
T} | = TP, which is a contradiction.

Thus, every f;, 0 < i < r — 1, is a star edge coloring. Now, we show that the
fi,--., fr_1 are pairwise star compatible. Let ¢ = n — b, and for every vertex = €

V(C,), let d, = x — b. Thus, for all natural numbers ¢ and 7,0 <i < j <r —1, we
have

({aia ai+2r} M {aj7 aj+2r} if z= 07 b= 07
{T}, q:} N {T},q;} if ©=0,b>0,
Ty oy Ty o< <,
{Til,ai}ﬂ{ﬂl,aj} if x=0,b>0,

Cr.(2)NCpy(x) = § {@ira,—1, Gira,} NV {j1a, 1, @j1a, } if o<z <c—1,

{Giyor—1,q:} N {aj+2r71> C]j} if v=c—-1,0=0,
{airor—1, T} N {ajJr?T*lvlefl} if z=c—1,0>0,
{jvim_—lc+177vim_—10+2} N {jwf_—lc—&-l,jwjaz_—lc—m} if ¢ S r<n— 17 bh> 17

\{Tib—lv%}m{j—vjb—la%} it 2=n—-10>0.
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For every s, 0 < s <7 — 1, it is obvious that [T} —T| > 2 is even and |a; — a;| > 2.
Thus, we have Cy,(z) N Cy,(x) = (). As an example, in Figure 2, three pairwise star
compatible colorings of Cj5 by seven colors are shown. Here, Ty = (4,5,6,1,2),
T =(2,3,4,5,6), T, = (6,1,2,3,4), r =3, b=4, p=2, and u = 2.

Figure 2: Three compatible star edge colorings of Cfs.

(iii) If n > 2r+1, then by assertion (ii) we are done. Thus, let 3 <n =2p+1 < 2r+1
and a = [-27] — 1. We show that C,, is (2r + 1 + a,r)-star colorable. By applying
assertion (ii) a times, we can provide ap pairwise star compatible colorings of C,
with (2p+ 1)a colors. Note that each set of p pairwise star compatible colorings uses

2p + 1 new colors. Since

2r+14+a—a2p+1)=2(r—ap)+1<n,

by assertion (ii), we can present (r — ap) pairwise star compatible colorings with
2(r —ap)+1 colors. Therefore, we provide ap+ (r —ap) = r pairwise star compatible
colorings of C,, with (2p+ 1)a + 2(r —ap) +1 = 2r + a + 1 colors, as desired. O

By Theorems 2.1 and 2.4, we have the following corollary.

Corollary 2.3. For every graph G and a natural number n, we have the following
statements.

(i) If n > 2, then x,(GOP,) < x4(GOCy,) < X4(G) + 2x(G).
(i) If n > 2x(G) 4+ 1 is odd, then x,(GOC,) < X4(G) + 2x(G) + 1.

n—1

(iii) Ifn > 3 is odd, then x,(GOC,,) < XL(G)+2x(G)+ {M—‘ < XL(G)+2x(G)+3.

3 Cartesian product of paths and cycles

In this section, we study the star chromatic index of grids, hypercubes, and toroidal
grids. We first obtain the star chromatic index of 2-dimensional grids, and then we
extend this result in order to get an upper bound on the star chromatic index of
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d-dimensional grids and d-dimensional hypercubes, d > 3. Also, we obtain some
upper bounds for the star chromatic index of P,,0C,, C,,0C,, and d-dimensional
toroidal grids.

Theorem 3.1. For all natural numbers 2 < m < n, we have

if m=n=2,
if m=2,n>3,
if m=3,n € {3,4},

otherwise.

X/s(PmDPn) =

S Ot = W

Proof. Let V(P,0P,) ={(4,7): 0<i<m—-1,0<j<n—-1} Im=n=2
then x.(P,0P,) = x.(Cy) = 3. By symmetry, we consider the following cases.

Casel. m=2andn > 3.

It is not difficult to see that there is no 3-star edge coloring of P0OPFP;. Hence, for
every n > 3, x.(P0OP,) > x.(POP;) > 3. Now, consider the edge coloring fs,, of
P,0P, as follows. For every j, 0 < j <n—2, let

7 (mod 4) if i =0,

va”((i’j)<i’j+1)):{j+3 (mod 4)  ifi=1.

For every 7, 0 < j <n—1, let

f2n((0,5)(1, 7)) =7+ 1 (mod 4).

Since f,,, has a repeating pattern, it suffices to check that fs 7 is a star edge coloring
to see that there is no bi-colored 4-path (4-cycle) in P,0OP,. The edge coloring fs 7,
shown in Figure 3, is clearly a 4-star edge coloring. Therefore, for every n > 3,
X (P0P,) = 4.

Figure 3: A 4-star edge coloring of P,0P;.

Case 2. m =3 and n € {3,4}.

By checking all possibilities, it can be seen that there is no 4-star edge coloring of
P30OP;. Therefore, x.(Ps0Py) > x.(Ps0P;) > 4. In Figure 4, 5-star edge colorings
of PsOP; and PsOP, are presented. Thus, x}(Ps0P;) = x,(P0P;) = 5.

Case 3. m=n=4orm >3 and n > 5.
In this case, we first show that x.(P,,0F,) > 6. For this purpose, we construct all
possible 5-star edge colorings of Ps0FP, and then we show it is impossible to extend
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Figure 4: A 5-star edge coloring of P30P; and a 5-star edge coloring of P3O0F;.

these edge colorings to a 5-star edge coloring of P,,0PF,, when m =n =4 or m > 3,
n > 5. Consider path P : (0,0)(1,0)(2,0)(2,1) in Ps0OP;. In a 5-star edge coloring
of this graph, edges (0,0)(1,0) and (2,0)(2,1) either have the same color or not. It
can be checked that in each case, there is only one 5-star edge coloring of P3;O0P;.
Up to symmetry and permutation, the 5-star edge coloring of P;0F; is unique and
is shown in Figure 4(b).

Now, we try to extend the coloring of PsO0F; to a 5-star edge coloring of P30Ps or
P,O0Py. In Figure 5, all possibilities to obtain the desired colorings are depicted. It
turns out that it is impossible and therefore x.(P,,0P,) > 5, when m = n = 4, or
m >3 and n > 5.

3 2 o0

3 _2_0
ol 4 5l 2 ) 3420
ol 4| 3| 2 of 4| 3| 2
21 114 372710 2
o3 o 3 0| 4 73 211147 2 712 1114
3 7 7 1 3 0 3 1 3 0 3
o121
? I3 0 3 027 0 21

Figure 5: There is no 5-star edge coloring of P,0P,; and P30Fs.

Define the edge coloring f,,,, : E(P,0P,) — {0,1,...,5} as follows. For every 7 and
J,where 0 <1 <m—2and 0 <5< n—1,let

i (mod 4) if =0 (mod 2),

fm,n(<Z>J>(Z + l’j)) - {Z + 3 (mod 4) if ] =1 (mOd 2)‘

For every 7 and 7, where 0 <i<m —1land 0 <75 <n—2, let

44 (i (mod 2)) if j=1 (mod 4),
S ((4,5)(,j+1)) =<5~ (i (mod 2)) if j =3 (mod 4),
i+1 (mod 4) otherwise.
Since f,,, has a repeating pattern, it suffices to check that f;¢ is a 6-star edge

coloring. The edge coloring f7¢ is shown in Figure 6; we can see that there is no
bi-colored 4-path (4-cycle) in P;OF. O
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Figure 6: A 6-star edge coloring of P;0F;.

By Corollary 2.2, Theorems 2.1, 2.3, and 3.1, we can obtain an upper bound on the
star chromatic index of d-dimensional grids as follows.

Corollary 3.1. If Gy, 4,,..4, s a d-dimensional grid, d > 2, then

Moreover, for d =2 and l1,ly > 4, this bound is tight.

Proof. By Theorem 3.1, if d = 2, then x,(Ge,0,) = X5(P,,0F,) < 6, and the
equality holds for ¢1, s > 4. By Theorem 2.3 and a similar argument as in the proof
of Corollary 2.2, we conclude that Gy, 4, ¢, , is (4(d — 2),2)-star colorable. Thus,
by Theorems 2.1 and 3.1, we have

Xo(Grpt,ns) < 4(d —2) + X,(Py,OP,,) < 4d — 2.

Corollary 3.2. If Qg is the d-dimensional hypercube with d > 3, then

X(Qa) < 2d — 2.

Moreover, this bound is tight for d =3 and d = 4.

Proof. It is known that for every natural number d > 2, Q4 = Qq_10P,, x(Qq) = 2,
and x,(Q3) = 4 (see proof of Theorem 5.1 in [2]). Therefore, by Corollary 2.1, we
have

Xs(Qa) < Xo(Po)x(Qa-1) + X(Qa-1) < 2+ X(Qa-1)-
Thus, by induction on d, it follows that x,(Qq) < 2(d — 3) + x.(Q3) = 2d — 2.

Since Q4 = C40C, and Y, (P,0P;) = 6, we conclude that x.(Q,) > 6, which implies
the equality. Therefore, for d = 3 and d = 4 the upper bound is tight. O
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Note that, for all natural numbers m and n, P,,0P, is a subgraph of P,,0C, and
C,,0C,. Hence, x,(P,,0PF,) that is determined in Theorem 3.1, is a lower bound for
X.(P,0C,) and x.(C,,0C,). In the following theorem, we give some upper bounds
for the star chromatic index of the Cartesian product of paths and cycles.

Theorem 3.2. For every natural number m,

(i) if n is an even natural number, then x.(P,0C,) < 7;

(i) if n is an odd natural number, then x.(P,0C,) < 8.

Proof. (i) If n > 4 is even, then C,, is (4,2)-star colorable. Therefore, by Theo-
rem 2.1, we have

Xs(PnOC,) <4+ XL(Py) =T.

(ii) If n > 5 is odd, then C, is (5,2)-star colorable and by Theorem 2.1,
X5(P,0C,) < 8. If n = 3, then we define edge coloring g¢,, 5 as follows. For ev-
ery 1 and 7, where 0 <7 <m —1and 0 <5 <2, let

N I if i=0 (mod 2),
gm,S((Zvj)(Za]+1 (Il’lOd TL)))— {]+3 fi=1 (mod 2)

For every 7 and 7, where 0 <7 <m —2and 0 <75 <2, let

J+1 if i =7 (mod 3),
Ims((,7)(i+1,7)) =46 if i=j+1 (mod 3),
7 if i=3542 (mod 3).

Since ¢, 3 has a repeating pattern, it suffices to check that g4 3 is a star edge coloring.
Edge coloring g4 3 is shown in Figure 7, and it is easy to see that there is no bi-colored
4-path (4-cycle) in P,OC5. Thus, we conclude that x%.(P,,0C3) < 8, for every m > 2.

O

Figure 7: An 8-star edge coloring of P,0C5.

By Theorems 2.1 and 2.4, we give some upper bounds on the star chromatic index
of the Cartesian product of two cycles.
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Theorem 3.3. For all natural numbers m,n > 3, we have the following statements.

(i) If m and n are even, then x.(C,,0C,) < 7.

(iii

)
(ii) If m # 3 is odd and n is even, then x',(C,,0C,) < 8.
) If m =3 and n even, then x.(C,,0C,) < 9.

)

(iv) If m and n are odd, then x.(C,,0C,) < 10.

Proof. (i) Let m and n be even. Thus, x.(C,,) = 3 and by Theorem 2.4(i),
C, is (4,2)-star colorable. Applying Theorem 2.1, we conclude that x.(C,,0C,) <
44 (Cy) =T.

(ii) Let m > 3 be odd and n be even. By Theorem 2.4(ii), C,, is (5, 2)-star colorable.
Therefore, by Theorem 2.1, x.(C,,,0C,) < 5+ x4(C,) = 8, as desired.

(iii) Let m = 3 and n be even. By Theorem 2.4(iii), Cj is (6, 2)-star colorable. Then,
by Theorem 2.1, x.(C30C,,) < 6 + x4(C,) = 9.

(iv) Let m and n be odd. A 6-star edge coloring of C50C5 and a 7-star edge coloring
of C50C5 are shown in Figure 8.

Figure 8: A 6-star edge coloring of C30C5 and a 7-star edge coloring of C50Cs5.

Now, assume that m and n are not both 3 or 5. Without loss of generality, assume
that m > 3. If m > 5 and n = 5, then x.(C,,) = 3 and, by Theorem 2.4(ii), C,
is (7,3)-star colorable. Hence, x%(C,,,0Cs) < 7+ x%(C;,) = 10. In other cases,
X.(Cy) = 3 and C,, is (7, 3)-star colorable, or vice versa. Thus, x.(C,,0C,) < 10.

U

Remark. By giving some more complex pattern for the star edge coloring of P,,0C),
and C,,0C,,, we have found that x.(P,0C,) < 7 and x.(C,,0C,,) < 8, for all natural
numbers m and n [9].

We propose the following conjecture.
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Conjecture 3.1. For all natural numbers m,n,

XL (Cr0C,) < 7.

By Corollary 2.2, Theorems 2.1, 2.4, and 3.3, we obtain the following upper
bounds on the star chromatic index of d-dimensional toroidal grids.

Corollary 3.3. For all natural numbers d > 2 and 01,05, ...,y > 3, we have the
following statements.

(i) The toroidal grid Tse, 20,
4d — 1.

9, 15 (4d,2)-star colorable and X'.(Tos, 20y, 20,) <

.....

(i) If every £; > 3, 1 < ¢ < d, then the toroidal grid Ty, ¢, ¢, is (7d,3)-star
colorable and X' (T4, ¢,...0,) < 7d — 4.

Proof. By Theorem 2.4, every even cycle is (4, 2)-star colorable and every odd cycle,
except Cl, is (7, 3)-star colorable. Then, by Corollary 2.2, Toy, o7, 2¢, is (4d, 2)-star
colorable and T}, 4, . ¢, is (7d,3)-star colorable. Thus, by Theorems 2.1 and 3.3, we
have

Xo (Tt 205,...20,) < A(d —2) + X (Cogy ,OC5,) < 4d —1,

and
XIS(D17£2 ----- fd) < 7<d - 2) + X;(Ced—lljoed) <7d—4.

4 Conclusion

In this paper, we have found a tight upper bound for the star chromatic index of
the Cartesian product of two arbitrary graphs G and H. Then, we determined the
exact value of . (P,,0P,) for all natural numbers m,n > 2. Moreover, we presented
upper bounds for the star chromatic index of the Cartesian product of a path and a
cycle and the Cartesian product of two cycles. We conjectured that, for all natural
numbers m, n, x4(C,,0C,,) < 7. Finally, we have obtained upper bounds for the star
chromatic index of grids, hypercubes, and toroidal grids.
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