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Abstract

For a nonnegative integer k, a connected graph G of order at least 2k+2 is
k-extendable if G has a perfect matching and every set of k£ independent
edges extends to a perfect matching in G. The largest integer k such that
G is k-extendable is called the extendability of G. The complementary
prism GG of G is the graph constructed from G and its complement G
defined on a set of vertices disjoint from V(G) (i.e. V(G) N V(G) = ()

by joining each pair of corresponding vertices by an edge. Janseana and
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Ananchuen [Thai J. Math. 13 (2015), 703-721] gave a lower bound to the
extendability of GG in terms of the extendabilities of G and G in the
case that neither G nor G is a bipartite graph. In this paper, we consider
the remaining case and give a sharp lower bound to the extendability of
GG when G is a bipartite graph.

1 Introduction

In this paper we only consider finite simple undirected graphs. For a nonnegative
integer k, a connected graph G of order at least 2k + 2 is said to be k-extendable if
G has a perfect matching and every matching of size k extends to a pefect matching
in G. This notion was first introduced by Plummer [7]. He proved a number of
basic properties of k-extendable graphs. In particular, he proved that if £ > 0, every
k-extendable graph is (k — 1)-extendable. By this result, we can naturally define
the extendability of a graph G, which is the maximum integer k£ such that G is k-
extendable. Extendability is one of the main topics in the theory of matchings in
graphs.

The complementary prism is a specific complementary product introduced by
Haynes et al. [3]. For a simple graph G and its complement G, the complementary
prism GG of G is the graph formed from the disjoint union of G’ and G by adding the
edges of a perfect matching between the corresponding vertices of G and G. More

precisely, take a new vertex z for each x € V(G). Then the complementary prism
GG of G is defined by

where E(G) = {uv: u # v,uv ¢ E(G)}. For z € V(G), let 2 be the vertex in V(G)
with zZ = 2. Moreover, for S C V(GG), we define S by S = {u: u € S}. By the
definition, we have @ = u for u € V(GG) and S = S for S C V(GG).

Haynes et al. [3] investigated several parameters of the complementary prism of
a graph including the diameter, the independence number, the domination number
and the total domination number. Janseana, Rueangthampisan and Ananchuen [6]
and Janseana and Ananchuen [4] investigated the extendability of the complemen-
tary prism of a regular graph. They proved that for an integer r with r > 2, the
complementary prism of an r-regular graph is 2-extendable with some exceptions for
2 <r < 3. Janseana and Ananchuen [5] proved that for integers [; and Iy with i1 > 2
and [, > 2, if G is non-bipartite l;-extendable and G is non-bipartite l,-extendable,
then GG is (I + 1)-extendable, where [ = min{l;,l;}. This result shows a relation-
ship between the extendability of the complementary prism GG of a graph G and
those of G and G. But it only applies to nonbipartite graphs. From this fact, we
are motivated to study the extendability of the complementary prism of a bipartite
graph. The result proved by Janseana and Ananchuen [5] involves the extendability
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of G. On the other hand, if G is bipartite, the behavior of the matchings in G is sim-
ple. More precisely, G consists of a pair of disjoint cliques possibly with some edges
between them. And this structure is retained even after we delete vertices. Because
of this simple structure, we do not think it appropriate to put an assumption on the
extendability of G. We only concern ourselves with the basic parameters of G.

Based on the above background, we investigate the extendability of the comple-
mentary prism of a bipartite graph. Our main result is the following. We denote by
P, the path of order n.

Theorem 1.1. Let k and t be nonnegative integers, and let G be a k-extendable
bipartite graph of order at least 4(k +t) and minimum degree at least k + 2t — 1.
Then GG is (k + t)-extendable except for the case (k,t) = (0,1) and G ~ P,.

According to this theorem, when we consider the class of k-extendable bipartite
graphs, as the minimum degree and the order of GG increases, the lower bound of
the extendabilty of GG also increases. We cannot observe a similar behavior for
nonbipartite graphs in general. For given integers k, d and n, take an even integer p
which is greater than max{2k+2, d+1,n} and let G be the complete graph of order p.
Then G is a k-extendable graph of minimum degree greater than d and order greater
than n. But GG contains a pendant edge and hence it is not even 1-extendable. This
example shows that the type of phenomenon described in Theorem 1.1 is observed
only for bipartite graphs.

Theorem 1.1 describes one exception in the case (k,t) = (0,1). It is easy to
see that P, is a 0-extendable graph of order four and minimum degree one, but its
complementary prism is not l-extendable.

The main theorem is proved in Section 3 and in Section 4, we discuss the sharpness
of Theorem 1.1.

For basic graph theoretical terminology and definitions not explained in this pa-
per, we refer the reader to [2]. Let G be a graph. For e = uv € E(G) and F C E(G),
we define V(e) and V(F) by V(e) = {u,v} and V(F) = U;cp V(f). Note that
|[V(F)| < 2|F| and that the equality holds if and only if F' is a matching in G. For
X, Y Cc V(G) with X NY = 0, we write Fg(X,Y) for the set of edges joining X
and Y: Eq(X,Y) ={e € EG): V(e)NX # 0,V(e)NY # (0}. For z € V(Q),
we denote by deg. x and Ng(x) the degree and the neighborhood of G, respectively.
The minimum degree of G is denoted by 6(G).

2 Preliminaries

Before we prove Theorem 1.1, we introduce several lemmas. We use the following
result due to Plummer [8].

Theorem 2.1 ([8]). Let G be a balanced bipartite graph with partite sets X and Y
and suppose k is a positive integer such that k < (|V(G)| —2)/2. Then the following
statements (1) and (2) are equivalent:
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(1) G is k-extendable.

(2) For all xy,...,2x € X and y1,...,yx €Y, G' = G —{x1,..., Tk, Y1, -, Uk}
has a perfect matching.

The above theorem immediately yields the following corollary.

Corollary 2.2. Let k and m be nonnegative integers with m < k, and let G be a
k-extendable bipartite graph with partite sets X and Y. Then for every X' C X and
Y'Y with | X'| =|Y'|=m, G— (X' UY’) is (k — m)-extendable.

As we have observed in the introduction, the complement of a bipartite graph
consists of two disjoint cliques possibly with some edges between them. From this
fact, we make the following easy observation.

Lemma 2.3. Let G be a bipartite graph of even order with partite sets X and Y.
Then G does not contain a perfect matching if and only if |[X| = Y| =1 (mod 2)
and Eg(X,Y) = 0.

Note that in the above lemma, we do not assume that G is balanced. The
conclusion holds even if | X| # |Y].

The following theorem was proved by Ananchuen and Caccetta [1]. Note that
although they assume m > 3, it is easy to see that the result also holds in the cases
m=1and m = 2.

Theorem 2.4 ([1]). For a positive integer m, every balanced bipartite graph of order
exactly 2(m + 1) and minimum degree at least m is (m — 1)-extendable.

We prove one more easy lemma.

Lemma 2.5. Let k be a nonnegative integer and let G be a k-extendable bipartite
graph with partite sets X and Y with | X| = |Y| > k+ 2. Then for each X' C X
and Y C Y with | X'| =Y =k+1, G- (X'"UY’) contains a matching F with
X —(X'UV(F)|=Y -—Y' UV(F))|=1.

Proof. Let x € X’ and y € Y/, and let X" = X' — {2} and Y =Y’ — {y}. Let
G' = G—(X"UY"). Since G is k-extendable and | X”| = |Y”| = k, G’ is 0-extendable
by Corollary 2.2 and hence contains a perfect matching F’. If xy € F’, then F' —{xy}
is a perfect matching in G' — {z,y} = G — (X’ UY’). Note |[F'| = |X| -k > 2.
Take e € F' — {zy}. Then F' — {xy,e} is a required matching. If zy ¢ F’, let
{zy/,2'y} C F' and F = F' — {zy/,2’y}. Then X — (X’ U V(F)) = {2/} and
Y — (Y'UV(F)) ={y'}, and hence F is a required matching. |
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3 Proof of the Main Theorem

In this section, we prove Theorem 1.1. Before we do this, we need to set up some
notation used throughout this section, and give some lemmas.

For nonnegative integers k and ¢, let G be a k-extendable bipartite graph of order
at least 4(k +t) and let M be a matching of size k 4+t in GG which does not extend
to a perfect matching in GG. Further, let X and Y be the partite sets of G. Observe
that | X| = |Y| > 2(k + t) since G is 0-extendable. Now let

Mg ={e€ M: V() C V(G)},
Mz={ee M:V(e) CV(G)},
Moz ={e€ M:V(e)NV(G) £0,V(e) NV (G) # 0},
Mé% ={e€ Myg: V(e)n X # 0},
Mls={e€ Myz:V(e)NY # 0},
MZ ={e€ Mz: V(e) C X},

Further, let Xy = X — (V(Mg) U V(M5) UV (Mg)) and Yy = Y — (V(Mg) U

V(M) UV(Mg)). Figure 3.1 illustrates our notation.

CX Y
I 1
) T ()T
_ 45{ ___ — o MG 5{ ___ — o M G|
G: ° ® I
ke {= — 1 o
____________ XY oo
\_ o ¢ ) Ma \_ o ¢ )
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| k = : o .
bX ; G ¥y
' U [}
E\ "-;'—'-'"."- I"'(ME)r‘n\’-";'—'—'“.-“ V(Ma)r“\}’j
X Y !

Figure 3.1: The illustration of our notation

s X Y XY _ X Y
Note that Mz = M@ U M@ U M@ and M.z = MGE U MGE'
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For simplicity, let ky = |M75|, ko = |[M)5l, ks = [Mg|, ks = |M§|, ks =
|MX| and kg = [MXY|. Note that ki + ky = [Mgl|, ks + ks + ke = |Mg| and
ki + ko + ks + ky + ks + k¢ = |M| = k+t. Further, | Xo| > |X| — (k1 + k3 + 2ky + ko)
and |Yy| > |Y| — (k2 + ks + 2k5 + k).

By symmetry, we may assume without loss of generality that k; > ko. It then
follows that |Yo| > ki — ko otherwise |Y| < |Yo| + ko + k3 + 2ks + k¢ < ki + k3 + 2ks +
ko —1<2[M|—1=2(k+1t)— 1.

We now introduce a specific subgraph of G. Take Y} C Yy with |Y;]| = ky — ko,
and let H = G — (V(Mgg)UY1). Observe that H is a balanced bipartite graph with

partite sets
A=X-V(MJs)and B=Y — (V(M}5) UY1),

where |A| = |B| = |X| — ki. Further, if k; < k, then H is (k — k1)-extendable by
Corollary 2.2.

Observation 3.1. MgU Mg does not extend to a perfect matching in HH otherwise
a perfect matching F in HH, containing Mg U Mg, together with Mg and {uti: u €
Y1} is a perfect matching containing M in GG, which contradicts the assumption
that M does not extend to a perfect matching in GG.

We are now ready to establish some lemmas.

Lemma 3.1. For nonnegative integers k andt, let G be a k-extendable bipartite graph
of order at least 4(k +t) and minimum degree at least k + 2t — 1 and M a matching
of size k +t in GG which does not extend to a perfect matching in GG. Further,
let H=G — (V(MG@) U Yl), where Yy C Yy such that |Y1| = ki — ko, with partite
sets A and B. If F is a matching in HH with Mg U Mg C F and V(H) C V(F),
then |[A — V(F)| = |B - V(F)| =1 (mod 2) and Ez(A—V(F),B -V (F)) = 0.
Moreover, for each e € FNE(G) — Mg, V(e) NV (Mg) # 0.

Proof. By Observation 3.1, HH — V(F) does not contain a perfect matching. Since
HH — V(F) is the complement of a bipartite graph with partite sets A — V(F) and
B — V(F), the first part follows from Lemma 2.3.

For the second part, if there exists an edge e = zy € F N E(G) — Mg with

Vie)NV(Mg) = 0, let F' = (F — {zy}) U {zZ,yy}. Then F’ is a matching in
HH with Mg U Mg C F' and V(F') = V(F) U {z, y}. Furthermore, [A — V(F')| =
|A—V(F)—1=0 (mod 2), which contradicts the first part of our lemma. [

Lemma 3.2. Let G, M and H be defined as in Lemma 3.1. Further, take a matching
EFy in H with Mg C Fy so that

(a) |V(Mg) NV (Ey)| is as large as possible, and
(b) |Fo| is as large as possible, subject to (a).

Then
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(1) V(Mg) C V(Fo).
(2) |Fo| < [Ma| + 2| Mg].

Proof. (1) Assume V(Mg) ¢ V(Fp), and let x € V(Mg) — V (Fp). By symmetry, we
may assume x € A. If Ny(x) ¢ V(F), then we can take a vertex y € Ny (z)—V (Fp),
and let I} = Fy U {xy}. Then F) is a matching in H with Mg C Fy C F; and
(V(Mg)NV (Fy)) U{z} C V(F}). This contradicts the condition (a). Hence we have

Let By = Ny(x) — V(Mg) and Ay = {u € A:uv € Fy,v € By}. It A ¢
V(Mg), let a € A — V(Mg). Also let b be the vertex in By with ab € Fp, and
let Fo = (Fy — {ab}) U {xb}. Then F, is a matching in H with Mg C F, and
(V(Mg) NV (Fy)) U{z} C V(F,). This again contradicts the condition (a). Hence
we have A; C V(Mg).

Since A; U {z} C V(Mg), |A1] +1 < |[V(Mg)| = 2|Mg|. On the other hand,
|By| > degyx — |Mg| > 0(H) — |[Mg| > 0(G) — ki — |Mg|. Since |A;| = |By|, we
have 2|Mg| > 0(G) — k1 — |[Mg|+1 > k+2t — 1 — ky — |Mg| + 1. This implies
|Mc| + k1 + 2|Mg| > k + 2t. Since |Mg| + ki + |Mg| < |Ma| + |Mg| + ki + ko =
|M| = k +t, we have |Mg| > t and |M¢g| + k1 + ko < k. This implies k; < k and
hence H is (k — kp)-extendable. Since |Mg| < k — (k1 + ko) < k — k1, Mg extends
to a perfect matching in H, and hence Fj is a perfect matching in H, which yields
V(Mg) C V(Fp). This contradicts the assumption, and (1) follows.

(2) Let Fy = FoU{uii: uw € V(H) =V (Fy)}UMg. By (1), F is a matching in HH
with MgUMg C Fy and V(H) C V(F,). Let Ay = A—V(Fy) and B, = B—V(F,).
By Lemma 3.1, |A;| = |B;| = 1 (mod 2) and Eg(A;, By) = 0, and V(e)NV (Mg) # 0
for each e € Fy — M. Since |V (Mg)| = 2|Mg|, this implies |Fo| — | M| < 2|Mg,
and our lemma follows. |

Observation 3.2. If H admits a perfect matching containing Mg, then the condi-
tions (a) and (b) in Lemma 3.2 force Fy to be a perfect matching.

Lemma 3.3. Let G, M and H be defined as in Lemma 3.1. Further, assume that
(b, IV(G)]) # (0,1,4). Then:

(1) Mg does not extend to a perfect matching in H.
(2) |Mg| <k—ki —2ko+1 and |Mg| >t + ko — 1.
(3) ko =0 and |Mg| =1t —1.

(4) t > 1 and |Mg| =k — k1 + 1.

Proof. Let Fyy be a matching in H containing M satisfying the conditions (a) and (b)
defined as in Lemma 3.2.

(1) Assume, to the contrary, that Mg extends to a perfect matching in H. By
Observation 3.2, Fy is a perfect matching in H, and |Fy| = [A] = |X| — k1 >
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2(k+1t) — k1. On the other hand, by Lemma 3.2(2), |Fy| < |Mg|+2|Mg| = 2(|Mq|+
|M§|)—|Mg| = 2(]€+t—]€1—k32)—|M(;|, we have 2(]€+t—]€1—k32)—|M(;| Z Q(ki—f-t)—k?l,
which implies |Mg| + k1 + 2ks < 0. Therefore, k; = ko = 0 and Mg = (). This means
H =G and M = Mg. We also have |Fy| = |A| = 2(k + 1).

Let G’ =G -V (M), A =A—-V(M) and B' = B—V(M). Since G = H and
M = Mg, we can apply Lemma 3.1 to G and Fy U M, and obtain |A'| = |B/| = 1
(mod 2) and Eg(A’, B') = 0. Since | 4’| and |B’| are odd, A’ # () and B’ # (). Take
z €A and §y € B'. Since Eg (A, B') =0, 2y ¢ E(G) and zy € E(G).

Assume the edge zy extends to a perfect matching F'in G. Let F' = (F—{xy})U
{xZ,yy}UM. Then F'is a matching in GG with M C F" and V(F") = V(F)U{z, j}.
However, this contradicts Lemma 3.1 since }Z — V(F’)} = }W — {i}’ =0 (mod 2).
Therefore, the edge zy does not extend to a perfect matching in G. This implies
that G is not 1-extendable, and hence k£ = 0.

At this stage, we know that G is a balanced bipartite graph of order exactly 4¢
and minimum degree at least 2t — 1. Then by Theorem 2.4, G is (2t — 2)-extendable.
Since G is not 1l-extendable, this implies 2t —2 < 0, or t < 1. On the other hand,
we have |V(G)| = 4t > 0. Therefore, we have t = 1 and |V(G)| = 4. We now have
(k,t,|V(G)]) = (0,1,4), which contradicts the assumption and (1) follows..

(2) By (1), Fp is not a perfect matching in G. This implies A ¢ V(Fp). Let
a € A—V(Fy). If Ng(a) ¢ V(F,), then we can take b € Ny(a) — V(Fp) and
let F} = FyU {ab}. Then V(Mg) C V(Fy) C V(F)) and |Fy| = |Fy| + 1, which
contradicts the condition (b). Hence we have Ny (a) C V(Fp). Then |Fy| > degy a >
degpa — ki > k+ 2t — 1 — ky. On the other hand, by Lemma 3.2(2), |Fy| <
‘Mg‘ + 2‘M§| = ‘Mg| + |M§‘ + ‘M§| =k +t— kl - kQ + |M§| Therefore, we
have |[Mg| +k+t —ky — ke > k + 2t — 1 — ky, which yields |Mg| >t + ko — 1 and
M| <k+t—Fk —ko— (t+ky—1) =k —k —2ky+ 1. So (2) follows.

(3) Suppose k1 < k. Then, by Corollary 2.2, H is (k — k;)-extendable. On the
other hand, by (1), Mg does not extend to a perfect matching in H. This implies
|Mg| > k— ki + 1. Then by (2), we have k—ky +1 < |Mg| < k—ky — 2ks+ 1, which
implies ko =0 and |[Mg| =k —k; +1. Then |Mg|=k+t—ky — ko — |Mg| =t — 1.

Next, suppose k1 > k+1. Then again by (2), 0 < |Mg| < k—k; —2ko+1 < —2k,
which implies ky = |Mg| = 0 and ky = k+1. Then |Mg| = k+t—ki—ko—|Mg| = t—1
and (3) follows.

(4) follows by (3) and the fact that |Mqg| = (k+t)— k1 —ka—|Mg|. This proves (4)
and completes the proof of our lemma. [ |

Lemma 3.4. Let G, M and H be defined as in Lemma 3.1 and let Fy be defined as
in Lemma 3.2. Then |V (Fy)| = |V(H)| — 2.

Proof. Since Mg does not extend to a perfect matching in H by Lemma 3.3(1), it
suffices to prove the existence of a matching F' with (1) Mg C F, (2) |[V(F)| =
|V(H)| —2 and (3) V(Mg) C V(F).
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Assume, to the contrary, that H does not admit a matching satisfying (1)-(3).
We first prove that H admits a matching satisfying (1) and (2). Suppose k; < k.
Then H is (k — kj)-extendable. By Lemma 3.3(4), we can take ab € Mg with
a € Aand b € B. Then |Mg — {ab}| = k — ki, and Mg — {ab} extends to a
perfect matching F} in H. If ab € F}, then Fj is a perfect matching in H with
Mg C Fy. This contradicts Lemma 3.3(1). Hence ab ¢ Fy. Let {aby,a1b} C Fy, and
let Fy = (Fy — {aby,a1b}) U{ab}. Then F; is a matching in H satisfying (1) and (2).

Next suppose ky > k + 1. Since |Mg| =k — k1 +1 > 0, we have ky = k + 1
and Mg = (). Since ¢ > 1, we have |X| > 2(k +¢) > k + 2. Thus, we can apply
Lemma 2.5 with X" = V(M7 ;) N X and Y’ = Y; and obtain a matching Fs in H
with [A — V(F3)| = |B — V(Fs)| = 1. (Note M}, = @ by Lemma 3.3(3).) Since
Mg = 0, Fy satisfies both (1) and (2).

Choose a matching F' in H that satisfies (1) and (2) so that |V (Mg) N V(F)| is
as large as possible. Let V(H) — V(F) = {z,y} with x € A and y € B. By the
assumption, F fails to satisfy (3). By symmetry, we may assume z € V(Mg). If
xy € E(H), then FU{zy} is a perfect matching in H containing Mg, contradicting
Lemma 3.3(1). Hence we may assume zy ¢ E(H).

Let By = Ng(z) = V(Mg) and Ay = {u € A: wv € F,v € By}. Since y ¢ By,
2t — 2. On the other hand, by Lemma 3.3(3), |V(Mg)| = |V(Mg)| = 2|Mg| =
2(t — 1). Therefore, Ay U{z} ¢ V(Mg). Since x € V(Mg), there exists a vertex
¥ e Ay — V(Mg).

Let 2’y € F and F' = (F — {2'y’}) U{zy’}. Then F’ is a matching in H with
Mg C F' and V(F') = V(H) — {2/, y}. Moreover, V(Mg)NV(F') = (V(Mg) N
V(F)) U {z}. This contradicts the maximality of [V (Mg) N V(F)|. Therefore, our
lemma follows. u

We are now ready to establish our main theorem. Since P, is the only bipartite
graph of order four and extendability zero, Theorem 1.1 can be restated in the
following way.

Theorem 3.5. Let k and t be nonnegative integers, and let G be a k-extendable
bipartite graph of order at leasté(k + t) and minimum degree at least k + 2t — 1. If
(k,t,|[V(G)]) # (0,1,4), then GG is (k + t)-extendable.

Proof. Assume_G@ is not (k + t)-extendable. Then there exists a matching M of
size k 4+t in GG which does not extend to a perfect matching in GG. Let X and Y
be the partite sets of G. Since G is 0-extendable, | X| = |Y| > 2(k + ).

Now let H = G — (V(Mgg) U Y1) be the graph defined in Lemma 3.1 with the
partite sets A = X — V(M) and B =Y — (V(M);)UY1)). Further, let F; be the
matching defined in Lemma 3.2.

By Lemma 3.4, we can set A—V (Fy) = {a} and B -V (Fy) = {b}. Let F' = Fy U
{aa,bb} U Mg. Then F is a matching in HH with McUMg C F and V(H) C V(F).
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Let Ay =A—V(F) and B, = B — V(F). By Lemma 3.1, A_1’ = }E} =1 (mod 2)

and EF(A_l,E) = (). Moreover, V(e) NV (Mg) # 0 for each e € Fy — M.

By Lemmas 3.2(2) and 3.3(3), |Fy| < |Mg| + 2|Mg| = |Mg| + |Mg| + |Mg| =
(k+t—k —koy)+t—1=k+2t—k — 1. On the other hand, by Lemma 3.4,
|F0| = |A| —1= |X| —kfl -1 Z Q(kf—f-t) —kfl — 1. Therefore, 2]€+2t—k31 -1 S
k + 2t — ky — 1, which implies & = 0. Moreover, we have |X| = 2(k +t) = 2t,
|Al =2t — ky, |Mg| =k —ki+1=1—k; and §(G) > 2t — 1. In particular, k; < 1.

If ky = 1, then Mg =0, | X| = 2t and |A| = 2t — 1. Moreover, 6(G) > 2t — 1 and
0(H) > 2t —2. By applying Theorem 2.4 to GG, we see that H is (2t — 3)-extendable.
On the other hand, by Lemma 3.3(1), H does not contain a perfect matching. These
imply 2¢t — 3 < 0. Since ¢ > 1 by Lemma 3.3(4), we have t = 1 and Mgz = (. We
now have Mg = Mg = M}, =) and hence M = M. Then {uti: u € V(G)} is a
perfect matching containing M. This is a contradiction. Therefore, we have ky = 0.

At this stage we have ky = ke =k =0, H =G, |Mg| =1 and 6(G) > 2t — 1. By
Theorem 2.4, G is (2t — 2)-extendable. On the other hand, by Lemma 3.3(1), Mg
does not extend to a perfect matching in G. Thus we have 2t — 2 < 0, which implies
t =1and |V(G)| = 4. Now we have (k,t,|V(G)|) = (0,1,4). This is a contradiction,
and the theorem follows. |

4 Sharpness

In this section, we discuss the sharpness of Theorem 1.1. First we consider the
condition on minimum degree.

Plummer [7] proved the following theorem.

Theorem 4.1 ([7]). A connected k-extendable graph is (k + 1)-connected.

This theorem implies that the minimum degree of a connected k-extendable graph
is at least k + 1. Therefore, as long as connected graphs are concerned, the assump-
tion on minimum degree in Theorem 1.1 follows from the k-extendability if ¢ < 1.
Therefore, when we discuss the sharpness, we may assume ¢ > 2. In this range, we
will prove that the condition is best-possible.

For nonnegative integers ag, a1, as, as, as and as, let Ag, Ay, Ay, As, Ay and Aj
be pairwise disjoint independent sets of vertices with |4;| = a; (0 < i < 5). Then
define G(ag, a1, as, as, aq, as) by

5
V(G(a()a a1, G2, a3, a4, a5)) = U Az and
1=0

E(G(ag, a1, as, a3, as,a5)) = {uv: u € Aj,v € Ajyq1,0 < i <5},

where the suffices are taken modulo 6. Note that G(ao, a1, as, as, as, as) is a bipartite
graph with partite sets Ag U Ay U A4 and A; U A3 U A5. Note also that we allow a;
to be zero. For example, G(0,1,1,1,1,0) = G(1,1,1,1,0,0) ~ P;.
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Lemma 4.2. For nonnegative integers ag, ay, as, as, as with ag+ as + ay = a1 + as,
a; > ag and az > ay, G = G(ag, a1, as, as, ays,0) admits a perfect matching.

Proof. Since a; > ag, there exists a matching F’ between Ay and A; covering all
vertices of Ag. Similarly, since az > ay4, there exists a matching F” between As and
Ay covering all vertices of A;. By our hypothesis ay = (a; — ag) + (a3 — ay4), the
remaining graph G — V (F'U F") contains a perfect matching F. Hence, F'U F'U F"
is a perfect matching of G as required. |

Lemma 4.3. If nonnegative integers ag, ay, as, az, as and as satisfy ag + as + ay =
a; + az + as and a;—1 + a;41 > a; for each i, 0 < i <5, then G(ag, a1, ag, a3, a4, as)
admits a perfect matching.

Proof. We proceed by induction on ag+ as + ay. If ag+as+ayg < 3, then it is easy to
show that G(ag, a1, as, as, as, as) has a perfect matching by applying the hypothesis
that a;_1 + a;41 > a; for each 7, 0 < i < 5.

Suppose ag + as + a4 > 4. If a; 1 + a;;1 = a; holds for each i, 0 < i < 5,
we can take the sum of these six equalities and obtain 2 Z?:o a; = Z?:o a;, which
yields Z?:o a; = 0. This is a contradiction since ag + as + a4 > 4. Therefore,
a;—1 + a;41 > a; for some 7, 0 < ¢ < 5. By symmetry, we may assume ag + as > aq.
Then since ag + as + a4 = a1 + as + a5, we have ag + a5 > ay.

We first consider when as = 0. Since az + a5 > a4 and a1 + a5 > ag it follows
that a3 > a4 and a; > ag. By Lemma 4.2, G(aop,a1,as,as, as,0) has a perfect
matching. We now consider the case ag = 0. Let G' = G(0,ay,as,as,aq,as) =
G(a1, as, as, ay, as,0). Since ag + ag > a; and ag + a4 > as, it follows that as > a4
and ag > as. Again by Lemma 4.2, G’ has a perfect matching.

We now assume that ag > 1 and a5 > 1. Take u € A and v € Ap, and let
G" = G(ag, a1, as,a3,a4,as5) — {u,v}. Then G" = G(ag — 1,a4,a9,as3,a4,a5 — 1).
Since az + as > ay, az + (a5 — 1) > ay. Also, since ag + az > aq, (ap — 1) + as > ay.
Furthermore, since a; + a5 > ag and ag + a4 > as, a3 + (a5 — 1) > ap — 1 and
as + (ap — 1) > a5 — 1. Hence, G” contains a perfect matching F' by the induction
hypothesis. Now F'U {uv} is a perfect matching in G(ag, a1, ag, as, a4, as). [ |

Theorem 4.4. Let k, t, a and b be integers with k > 0, t > 2, a > k + 2t and
b>2k+1. Let G=G(k+ 1,2t — 2,2t —3,a,a+b—k,b). Then:

(1) G is a k-extendable bipartite graph,
(2) 6(G) =k+2t—2, and
(3) GG is not (k +t)-extendable.

Proof. Let Ag, A1, As, Az, A4 and As be the independent sets of order k41, 2t — 2,
2t — 3, a, a+ b — k and b, respectively. Note that since a+b—k > 2k +2t+1 > 0,
G is well-defined. Note also that G is a balanced bipartite graph.
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(1) Let M be a matching of size k in G. We will show that M extends to a perfect
matching in G. Let H = G — V(M). It suffices to prove that H admits a perfect
matching. Note that since GG is a balanced bipartite graph, H is also a balanced
bipartite graph.

Let k; = {uv € M:u € A;,v € Aix1}| (0 < i < 5), where suffices are taken
modulo 6. Note that H = G(po, p1, p2, P3, P4, Ps), Where pg = k+1—ks—ko, p1 = 2t —
2—]{?0—]{31, P2 = Qt—g—kl—k’g, Ps = a—kfg—k’g, Pas = a+b—k—k:3—k4, Ps = b—k?4—k35.
Note also that, p; > 0 for each i, 0 < i < 5 and py + p2 + ps = p1 + ps + ps since H
is a balanced bipartite graph. By using the fact that k = kg 4+ k1 + ko + k3 + k4 + k5
and our hypothesis that a > k 4+ 2t and b > 2k + 1, it is not difficult to show that
Pi—1 + piv1 > p; for each i, 0 < ¢ < 5. By Lemma 4.3, H has a perfect matching.
Hence, (1) follows.

(2) By using the hypothesis that @ > k + 2t and b > 2k + 1, it is easy to see
that |A;_1| + |Aiz1| > k + 2t — 2 for each i, 0 < ¢ < 5. By the definition of G,
0(G) = min{|Ai_1| + |Aix1| : 0 <i <5} =k + 2t — 2 as required.

(3) Since b > k+ 1, we can take a set F} of k+ 1 independent edges joining Ay and
As. Since A; induces a complete graph of order 2(t — 1) in GG, we can take a perfect
matching F» of size t—1in A;. Let F = FyUF,. Then F is a matching of size k+t in
GG. Let G' = GG —V(F). Then Ng/(A;) = Ay. Since |Ay| = 2t —3 < 2t —2 = | 4],
G’ does not admit a perfect matching. Therefore, F' does not extend to a perfect
matching in GG. |

By Theorem 4.4, there exist infinitely many k-extendable bipartite graphs G of
minimum degree k + 2t — 2 such that GG is not (k + t)-extendable.

Next, we consider the condition on the order. If (k,t) € {(0,0),(1,0)}, then 2k +
2 > 4(k +1t). Since the order of a k-extendable graph is at least 2k + 2, if (k,t) takes
either value, the assumption |V (G)| > 4(k +¢) in Theorem 1.1 immediately follows
from the k-extendability of G. Therefore, we may assume (k,t) ¢ {(0,0),(1,0)}.

Proposition 4.5. Let k and t be integers with (k,t) ¢ {(0,0),(1,0)} and let G be
the balanced complete bipartite gr_aph Kopyot—196+0t—1. Then (1) G is k-extendable,
(2) 6(G) > k+2t — 1, but (3) GG is not (k + t)-extendable.

Proof. Since (k,t) ¢ {(0,0),(1,0)}, 2t + 2k — 1 > k. Hence G is k-extendable.
Moreover, §(G) = 2k + 2t — 1 > k + 2t — 1. Therefore, (1) and (2) follows.

Let X and Y be the partite sets of G and take zyp € X. Then |X — {zo}]| =
2k + 2t — 2 and the subgraph of GG induced by X — {wo} is a complete graph of
order 2k + 2t — 2, which admits a perfect matching Fjy of size kK + ¢ — 1. Choose
Yo € Y and let F = Fy U {zoyo}. Then F is a perfect matching of size k + ¢ in GG.
However, T is an isolated vertex in GG — V(F). Hence F does not extend to a
perfect matching in GG.

Proposition 4.5 shows that we cannot relax the assumption on the order in The-
orem 1.1.



N. ANANCHUEN ET AL./AUSTRALAS. J. COMBIN. 66 (3) (2016), 436448 448

References

1]

2]

N. Ananchuen and L. Caccetta, On (n—2)-Extendable graphs, J. Combin. Math.
Combin. Comput. 20 (1996), 65-80.

G. Chartrand and L. Lesniak, Graphs & Digraphs (4th ed.), Chapman and
Hall/CRC, Boca Raton, Florida, U.S.A. 2005.

T.W. Haynes, M. A. Henning, P.J. Slater and L. C. van der Merwe, The com-
plementary product of two graphs, Bull. Inst. Combin. Appl. 51 (2007), 21-30.

P. Janseana and N. Ananchuen, Matching extension in complementary prism of
regular graph, [ltal. J. Pure Appl. Math. 2016 (to appear).

P. Janseana and N. Ananchuen, Extendability of complementary prism of ex-
tendable graphs, Thai J. Math. 13 (2015), 703-721.

P. Janseana, S. Rueangthampisan and N. Ananchuen, Extendability of the com-
plementary prism of 2-regular graphs, Thai J. Math. 14 (2016), 31-41.

M. D. Plummer, On n-extendable graphs, Discrete Math. 31 (1980), 201-210.

M. D. Plummer, Matching extension in bipartite graphs, Cong. Numer. 54 (1986),
245-258.

(Received 5 May 2016; revised 1 Oct 2016)



