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Abstract

In this paper we study the largest parts in integer partitions according
to multiplicities and part sizes. Firstly we investigate various properties
of the multiplicities of the largest parts. We then consider the sum of the
m largest parts - first as distinct parts and then including multiplicities.
Finally, we find the generating function for the sum of the m largest parts
of a partition, i.e., the first m parts of a weakly decreasing sequence of
parts.

1 Introduction

A partition of n is a representation of n as a sum of positive integers where the
summands are arranged left to right in weakly decreasing order. The summands are

* This material is based upon work supported by the National Research Foundation under grant
numbers 89147, 86329 and 81021.
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called parts of the partition. Thus a partition A of n into k£ > 0 parts will generally
be expressed as

)\:/\1/\2"'/\19’ Where)\lz/\gz---Z)\k>0. (].].)

Standard properties of partitions can be found in Andrews (see [1]). In this paper
we are interested in statistics relating to the largest parts in partitions, such as
those in [2-7]. In some of these references statistics related to the largest part and
multiplicities thereof (in partitions) have been considered. In this paper, we extend
these results to the mth largest parts - not previously considered - by using the
framework below.

Multiplicities and part sizes of partitions are well-studied statistics. These statis-
tics have invariably been studied in terms of generating functions which have been
obtained by a method involving functional equations which relate a larger case of the
statistic to smaller cases. A recursion is generated upwards based on the smallest
cases (smallest to largest).

Here, however, we provide a different conceptual framework in order to develop
our generating functions. Namely, we begin the analysis by defining the generating
function on the basis of the largest term in the partitions. To obtain an explicit
version of this generating function, we use the functional recursion which moves
from the largest term to smaller terms. This device enables generating functions for
previously unstudied statistics in partition theory to be investigated.

In Section 2, we start by discussing the multiplicities of the largest parts in a
partition in three different ways. In Section 3 we consider the sum of the m largest
(distinct /unequal) parts in a partition. We include multiplicities in Section 4 and
calculate the sum of the m largest parts in a partition where each part is added as
many times as it occurs in the partition (its multiplicity). The last case is dealt with
in Section 5, where we sum the first m parts of a partition (expressed again as a
(weakly) decreasing sequence of parts).

For partitions where all parts are distinct, all three of these variations of counting
largest parts are the same and for all of our results, the special case m = 1 has been
previously studied. Here we use the above method and extend the results to m > 1.

2 Multiplicity of the largest parts in a partition

We start with the following generating function:

J
Doy (t) = Doy (tlry,aa,..) = Y gorewtssatotsiar T,

sy _s2. 9

= g J =1
T=aay’a;

where the sum is over all partitions 7 = aj’a3’ - - -a;j with a; > as > --- > a; > 0 and
51,...,8; > 0, where s; counts the multiplicity of part a;. Thus the z;’s sequentially

count the multiplicity of the next largest part in the partition. Note that xq,zo, ...
in Dy, (t|z1, 2, ...) is not an infinite sequence and has at most a; terms.
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Since each partition with first part a; can be written either as aj* or as aj'm with
7 a partition such that its first part is at most a; — 1, we obtain

a1—1

Z D;(t|xy, x5, . ..). (2.1)

l’ltal 33'115(11

Dal (t|l‘17l'27 : ) = 1 _ xltal 1 _ l‘ltal

Define
D(t,u) = D(t,ulxy, xq,...) =1+ Z D, (t|xy, g, .. )u*.

a;>1
By multiplying (2.1) by (1 — z1t* )u® and summing over a; > 1, we get

Z D, (t|z1, g, .. Ju™ — 2y Z D, (tlxy, za, .. ) (tu)™

a1>1 ar>1

a T1tu .
=1 Z(tu) + I — Z D;(t|z2, x3, .. .)(tu)’,

ar>1 j>1

which implies the following result.

Theorem 2.1 We have

D(t,u|zy,x9,...) =1 — 21 + 1 D(t, tu|xy, 29,...) + .

Proposition 2.2 Theorem 2.1 with x; =1 for all j > 1 yields
1
D(tull,1,...) = ——D(t, tull,1,...
( 7u‘ ) Y ) 1—tu ( ) u‘ ) Y )7

which implies that
1

- ub)

j>1

D(t,ull,1,...) =

in accordance with the well-known partition generating function.

2.1 The multiplicity of the largest part in partitions

In this subsection, we rederive the generating function for the number of parti-
tions of n according to the multiplicity of the largest part (see [4]) by a different
method, using Theorem 2.1. That is, we study the generating function Fi(¢,u,q) =
D(t,ulq,1,1,...).

Theorem 2.3 We have

Moreover, the generating function for the number of partitions of n such that the
largest part appears exactly r > 1 times is given by
t?"

P>r



M. ARCHIBALD ET AL./ AUSTRALAS. J. COMBIN. 66 (1) (2016), 104-119 107

ProOF: By Theorem 2.1 with x; = ¢ and x; = 1 for all 7 > 2, we have
qtu
Fl(t, u, q) = 1 —(q —f- qFl(t,tu, Q) + mD(t, tU|1, ]_, . )

Thus, by Proposition 2.2, we obtain
qtu

[T(L—uti)’

j21

Fl(t,U,Q): 1_Q+qF1(t7tu7Q>+

By iterating infinitely many times (we assumed that |¢| < 1), we have

qthrlu
1(t 1-— _
U q) ;Oq N @ |

i>j+1
which is equivalent to
th]u
Fi(t, =1
Jj1 Z>]
as required. a
Example 2.4 Theorem 2.3 with ¢ = —1 yields
Jt]
Fi(t,1,-1)=1
izl Z>]

Thus, by Proposition 2.2, we see that the generating function for the number of
partitions of n such that the multiplicity of the largest part is an even number is
given by
1 )it
— _l_ ,
> H(1—w *ZH1—Z
7>1 — >

and the generating function for the number of partitions of n such that the multi-
plicity of the largest part is an odd number is given by

1 1 1)/t
ol -y (=D
2 { [T -#) — 11—t
i>1 =t i)
Corollary 2.5 The generating function for the total multiplicity of the largest part
in all partitions of n is given by

it 1 -jjil i
2i-n Tou-m 2t Ho=0
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ProoF: By Theorem 2.3 we have that

0 gt
—Fi(t, 1, = —_
aq 1( Q)‘ql ; H(l _ tz)

iy

as required. O

2.2 The multiplicity of the m-th largest part in partitions

Here we focus on new results, namely the generating function for the number of
partitions of n according to the multiplicity of the m-th largest part. That is, we
study the generating function F,,, (¢, u,q) = D(t, u|z1, z2,...) with z,,, = gand z; = 1
for all 7 # m.

Theorem 2.6 Let m > 1; then

utditiitittim @I taztetm
Fm(t’ Uu, Q) = Z H 1— utji+ji+1+"'+jm (1 + Z 1-— Ut£)> ’

Jmsdm—1yeensj2>1 =2 j1>1 Hf2J1+J’2+"'+J’m(

Proor: By Theorem 2.1 with z,,, = ¢ and z; = 1 for all j # m, we have

Fm(ta u, Q> = Fm(ta tua q) +

Uu
Fo(t, tu, q). 2.2
Pt tu,0) (22)

Iterating (2.2) on w infinitely many times and summing, we obtain

mmel(ta ut’™ q).

Fo(t,u,q) = Z

Jm>1
Hence, by induction on m,
utiitiitittim

Fo.(t,u,q) = Z H T ——— Fy (¢, ut?>Hist+im gy,

Jmsdm—1,--,J221 1=2

By Theorem 2.3, we have

. (t ) m wtditiiitetim - qjltj1+j2+-..+jm
U = — - E
m(t, U, q E : | | 1 — utditiieittim I~ (1 —wutt) )’
Jmsjm—1,..,J22>1 =2 nz1 E2itjattim

as claimed. O

2.3 The sum of the multiplicities of the first m largest parts

We now study the generating function for multiplicities of the first m largest parts,
that is, we study the generating function G,,(t,u,q) = D(t,u|x, xs,...) with z; =
Ty ==y, =qand z; =1 forall j >m.
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Theorem 2.7 For allm > 1,

Jd
G, tuq-l—i—zq “ G (t,tu, q),

j>1

with GO(ta u, Q> = m

i>1
PROOF: In a similar fashion to the proof of Theorem 2.3, we obtain

tu
Gu(t,u,q) =1 —q+ qGp(t, tu q)+1q_7Gm 1(t, tu, q),

which leads to

iy ,
Gun(t,u, q) —1—1—2 4 Gum-1(t,tu, q).

j>1

O

Example 2.8 Putting m = 1 in Theorem 2.7 yields Theorem 2.3. Putting m = 2
in Theorem 2.7 yields

B qjgtjgu qjltj1+j2u 1
Go(t,u,q) =1+ Z IR Z 1 — utitiz [ (1 — utotintiz)
j2>1 Jizl jo>1

2.4 The difference between the multiplicities of the second largest part
and the largest part
Now we focus on the generating function M(t,u,q) := D(t,u|q,1/q,1,1,...). By
Theorem 2.1, we have
qtu
M(t7u7Q) =1- q_'_qM(tatu7Q) + ﬁD(tatuH/qa L1,.. )
—u

Using Theorem 2.3, we obtain

q

tu gt
14 — | .
1 —ut ( ;Hiszrl(l_Utz)

M(t,u,q) =1—q+ qM(t, tu, q) +

Solving this recursion gives

qsts quthrsu
M(t, =1 A .
uq) =1+ 1— t°u ( ; [Ty ea (1 — utitsT)

s>1

The usual approach to summing the quantities under consideration is to compute
a%M (t,u,q)|q=1. However, a simpler expression (2.4) can be obtained by the following
approach.
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In order to calculate the difference between the multiplicities of the second largest
and largest part, we use the conjugate of a Ferrers diagram of a partition. From this
we see that the sum of the multiplicities of the largest and second largest parts is
equal to the sum of the second smallest part of all partitions of n. Also

Z (multiplicity of second largest part - multiplicity of largest part)
TEP(n)

= Z (second smallest part size - 2 x smallest part size) (2.3)
TeP(n)

or, if there is only one part size this is

- Z (smallest part size).
TEP(n)

For partitions with only one part size, the sum of the multiplicities of the largest and
second largest parts equals the sum of the smallest part in partitions of this type,
i.e.,

Z r= ZT =:0(n),

T=TTT rin

with generating function

For the sum of second smallest parts in partitions of n, let the second smallest part
be k > 2. The generating function for the sum of second smallest part sizes is

N 1
Zzl—zll—zk H 11—z

k>2 1=1 i>k+1

Thus the generating function obtained from (2.3) is

k—1 . ook 1 4 ook
D) DRECLINY | G ENEES ) ) (RLNN D

E>2 =1 i>k+1 j>1i>j k>1

3 Sum of the m largest (distinct) parts

In this section we sum the m largest (distinct) parts in a partition. For example,
given the partition 666533211111 the sum for m = 1 would be 6, the sum for m = 2
would be 6+5 = 11 and the sum for m = 3 would be 6+5+3 = 14. The m = 1 case
can also be seen as the number of parts if you consider the conjugate of the Ferrers
diagram. This was studied by Erdds and Lehner in [3] in 1941.



M. ARCHIBALD ET AL./AUSTRALAS. J. COMBIN. 66 (1) (2016), 104-119 111

We define the following function for a fixed a;, where a; is the size of the first
(largest) part. Let x; mark the size of the next largest distinct part in the sequence
of parts. The variable ¢t marks the size of the partition (counted by n). Let

J
Dal(t) = Dal(t|x17x2“') = Z thx?ia (31>
%3 i=1

= Cll a2 a]

where n = s1a; + sgas + - - - sja;. Then

G,lf

~ (33'115 al l’lt al
Day(tHarr, v, ) = 1= + T Z (g, 23, ... ). (3.2)

Now define

D(t,u) == D(t,u|lzy,xs,...) =1+ Z Dg, (txy, zo .. Ju.

a;>1

We multiply (3.2) by (1 —t*)u® and sum on a; > 1:

Z Dy, (t[zy, 2, .. Ju™ — Zf)al(ﬂxl, To, ... )t u™

a1>1 ar>1

— Z(xltu)“l + Z Dj(t|x2, T3y ..) Z (x1tu)™

a121 j=1 a1>j+1
Titu (zqtu)i ™t

= — D (t ).
1 — 2qtu + ; (tra, 23, ) 1 — 2qtu

Thus we can write

[D(t,u|zy, @, ...) — 1] — [D(t, tu|zy, x2,...) — 1]

x1tu . .
= m 1+ZDj(t|l’2,[L‘3,...)(l’1tu)j s
j=21
or
~ ~ ritu =~
D(t — D(t,tu) = ——D(t, x1t 3.3
( ,U) ( ) U) 1 —xltu ( y L1 U|ZL'27J,’37 ) ( )

3.1 Sum of the sizes of the largest (distinct) part

In particular, we can find the generating function for the size of the largest part. For
example in partition 666533211111 the largest part is 6.
Let x1 = ¢ and let x5, x3,--- =1 in (3.3) so that
qtu

D(t,ul|q,1,1,...) — D(t, tulg,1,...) = - qtuf)(t,qtuﬂ, 1,...).
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Define
Di(t,u,q) := D(t,ulg,1,1,...),

then (see Proposition 2.2)

qtu =~
D1 (t, qtu, 1) = qtu—==———"—+.
1—qtu 1l gtu, 1) quH(l—uth)

j=1

Dl(t7u7Q) - Dl(t,tU,Q) =

We iterate this infinitely many times to obtain
~ qtiu
Ditu gy =3 =T (3.4)

We no longer need the variable u, so we replace it by 1 and then differentiate with
respect to g:

. ,F>I,(1—qtj) i
5 . 1;[(1 —qt’)t' —qt’k>AL17(—t )
—Di(t,1,q) = = —
aq 1( ) ,Q) Z H(l _qt]>2

- Jj=i
Finally, replace ¢ by 1 to get:

Proposition 3.1 The generating function for the sum of the largest part sizes over
all partitions of n is

_Dlt q|q1_2t2<1+z ) 11_15]')'

1>1 k>i ]>z

3.2 Recursion for the sum of the m largest (distinct) part sizes

We now generalise and let 21 =29 = -+ =2, = ¢ and z; = 1 for all j > m in (3.3)
to obtain the recursion

qtu

Do (t,1,q) = Dy (t, tu, q) = 1—qtu

Dm_l(t,th,Q),
where we define . .
Dy, (t,u,q) == D(t,u, qlxy, za,...)

with 1 = 29 = -+ = 2, = ¢ and x; = 1 for all j > m. For m > 1, the latter
recursion can be solved as before to obtain

qut’ - i
t Uu q Z 1 — qutl 1(t7QUt 7Q>' (35>
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3.3 Sum of the two largest (distinct) part sizes

Now we sum the two largest (distinct) part sizes. For example in partition
666533211111 the sum would be 6 +5 = 11. For the particular case where m = 2 we
have (from (3.5) and (3.4))

#oo
Ds(t,u,q) = Z qu tqutl q)

i>1 qUtl
Z Z thJrQZ
— qut?) 2, 440
i>1 k>1 qui j>k(1 GPutit)
We then let u =1
: D) IR L
DQ(t717Q> = i 2pj4i
i>1 k>1 (1—qt )]l;lk(l -

Differentiate with respect to ¢, and then let ¢ = 1 to obtain:

Proposition 3.2 The generating function for the sum of the two largest distinct
part sizes over all partitions of n is

k20 _ opk+3i Opl+k+3i

9 -
9g > t’l’q‘ =22 115 tw (112 +;(1—ti)(1—tl+i)

i>1 k>1 ]>k

Here we do not count the case where there is only one distinct part.

3.4 Sum of the three largest (distinct) part sizes

For the case where m = 3 (in partition 666533211111 this sum would be 6+5+3 = 14)
we do not count the case if there are only 1 or 2 distinct parts. We obtain:

~ qutl ~
Ds(t,u,q) = Z ml)z(ta qut', q)
1>1

6 3t31+2i+k

q°u
- Z Z Z ~qut) (1 — @utt) ] (1 — guttari)’

j>
1>1 21 k>1 Sk

Then let v = 1, which gives

Proposition 3.3 The generating function for the sum of the three largest distinct
part sizes over all partitions of n is

6t31+21+k

3(t,1,4) = ZZZ (1—qth(1 - ;Jztz+z) [1(1 — g3tititi)’

) >
1>1 i>1 k>1 Sk
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4 Sum of the m largest parts including their respective mul-
tiplicities

In this section we sum the m largest parts including their respective multiplicities.
For example, in partition 666533211111 the sum for m = 1is 6+ 6+ 6 = 18 and the
sum form =2is6+6+ 6+ 5 = 23.

This variation requires a slight change from the recursion in (3.2), where here z;
counts the sum of all the ith largest parts. We still fix a;, where a; is the size of the
first part. The variables z; and ¢ are as in Section 3.

a1—1

~ ($1t)a1 33'115 a1
Da1 (t|x1,x2, .. ) = 1_ (:L-lt>a1 11— xlt Lll Z D t‘l’z,l‘g, e ) (41)

Define

D(t,u) := D(t,u|xy, x9,...) =1+ Z D, (t|zy, @, .. Ju™.

a;>1

Multiply Equation (4.1) by (1 — (z1¢)* )u® and sum as before

> D, (twy, w2, Ju = Dy, (tr, 22, ) (1t) u®

a1>1 a;>1
a;—1
= Z(a:ltu) Z xytu)™ Z i(tlxg, 23, .. .)
a;>1 a;>1 j=1
zitu . (zytu)i !
= — Dt ).
1 — ztu * Z (e, 23, ) 1 — zqtu

We can express this as

x1tu

L D(t, at ). (42
1 — fL‘ltU ( y L1 U|IL'2,ZL'3, ) ( )

D(t,ulzy, 20,...) — D(t, xrtulzy, x9,...) =

4.1 Sum of all largest parts

Using the above recursion we can now sum all of the parts with largest size. For
example in partition 666533211111 the sum is 6 + 6 + 6 = 18. To do this, we let
x1 =q and let x; = 1if i # 1 as before. This gives us

qtu

[T(1—ugti)

j=1

D(t,u|q, 1L,1,...)— D(t, qtulg,1,1,...) =

from Proposition (2.2). We define

Bl(t,u,q) = D(t,u\q,l,l,...) (4.3)
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and iterate this function as before to obtain the trivariate function

1(t, u, q) Z H 1 — uqktJ) (4.4)

k>1
Now,
k,qkfltk ktk Z — ktz(_ k— ltz)
9 byt 1,q) = izh
og T [1(1— gt

k>1 ik
By letting ¢ = 1 in the above we have

Proposition 4.1 The generating function for the total sum of the largest parts over
all partitions of n s

k:tk<1 +3 fj)

0 -~ i>k
—D1(t, 1, = —
dq 1t 1,q) g=1 [1(1—1t)
k>1 Jjzk
The sequences of these sums for n = 1,2,3,... is given in [8] as A092321, where an

alternative generating function is provided:

" 1 Z nt"
Z(nl—tnknll—tk> N

n>1 n>1 (1 - tn) kl:ll(l - tk)

4.2 Sum of the two largest part sizes with multiplicities

In the partition 666533211111 the sum of the two largest part sizes with multiplicities
is6+6+6+5=23. Let x; =29 =¢qin (4.2) and let x; = 1 if i > 2 as before. This
yields

U k-l—ltk‘-i-l

A A qtu q
D(t7u‘Q7q717>_D(t7qtu‘Q7q717> = 1_qtuz H(l_uqk+1tj+1)'
E>1

Now define ) )
Ds(t,u,q) :== D(t,ulq,q,1,...)

and after iterating on u, we get

qiut’
t
u q Z —q gt Z H uqkt]Jrk 1)

k—l—ztk—i—z

=> =
T1(1 — ughtiti+i)’

After differentiating with respect to ¢ and then setting ¢ = v = 1 this yields
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Proposition 4.2 The generating function of the total sum of the two largest part
sizes with multiplicities over all partitions of n is

tk+l+3i

5 (1 —t8)(k + 20)tFH2 4 it 3 4 (1 —ti)(/k:Jrz')l;m
a_qD2(t>1aQ)|q:1 = ZZ (1 _ti)2 H(l _thri) -

L >
i>1 k>1 Sk

(4.5)

5 Sum of the first (largest) m parts

Here we sum the largest m parts whether or not they are distinct. For the previous
partition 666533211111 the sum for m =2 is 6 + 6 = 12.

In this case we have another version of the generating function D where it is
important that we note that z; marks the size of the ¢-th part from the left in a
weakly decreasing partition of n. That is, in this case it is possible to have equality
of the exponents x; and z; even if i # j. The definitions of the other variables remain
the same.

Da1 (t|l’1, o, .. ) = (l’lt)al + (flflt)m Z Dj(t|l'2, T3,y... ) (51)

j=1

Define

D(t,u) := D(t,u|lry, 29,...) = Z Dq, (t|z1, 79, ... )Ju™.

a;>1

Now we multiply Equation (5.1) by u® and sum on a; to get

al
Z Dal (t|l'1,l'2, s )ual = Z(xlt)alual + Z("L‘lt)al ZD](t|IL‘2, T3, ... )ual
=1

ar>1 a;>1 a>1 =
1 B .
1 — zyut (xler ;Dy(ﬂ%a%, o) (zqut) ) ,

which translates to

D(t,u|xy, s, ...) (xlut + D(t, zyut|xs, 3, . . . )) )

- 1 —zjut
B Recall thatm is fixed. Set x1,w9,..., Ty, = q and T4 1, Tmio, -+ = 1 and define
D, (t,u,q) :== D(t,u|zy,z1,...) in this case. Then we have the recurrence
Diu(t,u,q) = (qut + Dy-1(t, qut, q)) .

1 — qut
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5.1 The first part

In the special case where m = 1 we have the same generating function for the largest
part from Section 3, namely

_ . uqt’
Dy (t,u,q) = Di(t,u,q) = Z 4,

<!
(see Equation (3.4)).
5.2 Sum of the first two parts
If m = 2 we have
1 _
Do(t = t+ Dq(t, qut
2(t, u, q) T qut (qut + Dy (t, qut, q))
1 ug?ttl
= t - : 5.2
1 — qut qui + Z (1 — uq2t]+1) ( )

=l s

The next step is to let u = 1 and then differentiate with respect to ¢ to obtain

o0 -
9 Do(t,1
8(] 2() aQ)
. (1 —gt)2qt"™ ! — g®t"1 | (—t) + (1 — qt) kZ 1_(12%(—2@5“1)]
>i
“ Tt - gt I - @6)

Ji
Letting ¢ = 1, we have

Proposition 5.1 The generating function for the sum of the first two parts over all
partitions of n s

i i k1
) . t+2+2t+1(1—t)<1+k2>;1tt—k+1>
—D,(t,1 = —
T D e (=

j=i

In this case we count the case when there is only one part size.

5.3 Sum of the first three parts

For m = 3 we have:

D3(taan) =

ut 2ut? 1 ugtt?
-y I + Yo
L—qut  (1—qut)(1—ug’t®) (1—qut)(l —ug*t®) = [T(1 — ug®t+?)

e
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Now let u = 1 and differentiate with respect to ¢

ang(t 1,q)
(=gt —qt(—t) (1 —qt — @+ ¢°17)2qt* — ¢*t*(—t — 2qt* + 3¢°t%)
1 — qt)? 1 —qt — @2 + ¢3t3)2
_a- ;t>(_(;22]t2) + (1= @) (= Z( q 3ti+q2 "
(1 —qt)*(1 — ¢*t?)? = H (1—¢*t+2)
3,542
[1(1 = PE2)3¢72 = P11 52 Eflqi:ﬂ (gt

1
_|._
(1—qt)(1—¢*?) Zzzl ( Q- q3tj+2)>2
j>i
After substituting ¢ = 1 we obtain

Proposition 5.2 The generating function for the sum of the first three parts over
all partitions of n s

%DB(tan) =1 =
#(1 + 3t) 1 3ti+2< + kz; lttk+2>
-0 ( ZH 1—w+2)+<1—t>2<1+t>§1 [ 7)

j>i

Here we include the cases where there are only one or two part sizes.

6 Conclusion

In this paper we have exploited a method that specifies the generating function of
partitions from the largest part down (rather than from the smallest up). This
allows certain previously unstudied statistics to be investigated. Also, it adds to the
repertoire of tools used in the study of integer partitions and the paper consists of
several different examples involving variants on the method.
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