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Abstract

We introduce a new class of combinatorial objects, which we call “bipieri
tableaux,” which arise in a natural way from the evaluation of prod-
ucts consisting of commutative or noncommutative complete homoge-
neous symmetric functions and elementary symmetric functions through
repeated applications of Pieri rules. We prove using sign-reversing invo-
lutions on bipieri tableaux an elegant coproduct formula for noncommu-
tative Schur-hooks and an elegant coproduct formula for elements of the
shin basis indexed by a reverse hook composition. We show how sign-
reversing involutions on commutative bipieri tableaux may be used to
construct alternative combinatorial proofs of special cases of the classical
Littlewood-Richardson rule.

1 Introduction

The classical Pieri rules for the Schur basis {s) } xep of Sym consist of the Pieri rule for
products of the form syh,, and the Pieri rule for products of the form sye,. There are
three well-known recently-introduced Schur-like bases of NSym which satisfy natural
analogues of both classical Pieri rules, namely: the dual quasi-Schur basis {S}.cc,
the immaculate basis {S, }acc, and the shin basis {¥,}acc. We refer to these bases
as the canonical Schur-like bases of NSym.

Tableaux which result from the process of evaluating (commutative or noncom-
mutative) homogeneous or elementary symmetric functions in terms of Schur or
Schur-like functions through a repeated application of a Pieri rule, such as semistan-
dard tableaux, are of course very simple and natural combinatorial objects. However,
products involving both homogeneous functions and elementary functions give rise to
more complicated tableaux through repeated applications of Pieri rules. Informally,
a bipieri tableau is a tableau of this form. The purpose of this paper is to formalize
this definition and to demonstrate how bipieri tableaux may be used to construct
combinatorial proofs of simple formulas for evaluating sums of the following form
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and coproducts of sums of the following form in terms of Schur/Schur-like functions
based on sign-reversing involutions:

Z(sign function)(product of homogeneous and elementary functions).  (1.1)

More precisely, we are interested in sums of the above form with terms of constant
degree. Given a sum Y of the form indicated in such that the terms of ¥ are all
of equal degree, after expanding each term of ¥ in the Schur basis or a (fixed) Schur-
like basis using bipieri tableaux, there is typically a very large amount of subsequent
cancellation with respect to the entire alternating sum 32, and often such cancellation
occurs in a nice and simple combinatorial way. Given a formula which equates an
element .7, of a Schur-like basis of NSym with a sum 3 of the form described above
where a belongs to some class of compositions, by taking the coproduct of both sides
of such a formula and expanding the resultant summand, one may “recursively” use
the original formula ., = ¥ to simplify this expansion, thus yielding a formula
for coproducts of the form A.7, in terms of expressions of the form /3 ® .,. We
clarify this idea in Section and in Section [, The symbol . henceforth denotes
an arbitrary canonical Schur-like basis of NSym.

There are many known formulas for Schur/Schur-like functions involving sums of
the form ([1.1) with constant-degree terms. For example, the elegant “diving board”
formula

w(I",m,lr) = Z (_1>’L+JEnfme+iHjEr7i

0<i<r

0<5<n
for the shin basis is proven in [6] using a complicated induction argument. We remark
that there are many well-known combinatorial proofs of formulas for commutative
Schur functions involving cancellations in alternating sums [9], and there are also
several known sign-reversing involution proofs of formulas for the immaculate basis
[1, 3].

In this article, we prove using sign-reversing involutions on bipieri tableaux a vari-
ety of combinatorial formulas for Schur/Schur-like functions indexed by hook/hook-
like compositions. Summations of the form (|1.1]) often may be expressed in a natural
way in terms of commutative/noncommutative Schur functions indexed by diving
boards, which is why a large portion of this article deals with such combinatorial
objects. Furthermore, it is natural to consider Schur/Schur-like functions indexed
by hook/hook-like compositions, because:

(i) Commutative Schur-hooks are very interesting combinatorial objects since there
are applications of commutative Schur-hooks in graph theory [8], number theory
[T, 12], and the combinatorics of lattice paths [10];

(ii) Schur-like functions indexed by reverse hook compositions are natural combina-
torial objects and arise frequently in the theory of noncommutative symmetric
functions. For example, the W-basis {W, }aec of NSym, which is one of the most
common analogues of the power sum basis {py}rep of Sym, is usually defined
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in terms of elements of the Schur-like ribbon basis { R, }acc of NSym indexed
by reverse hook compositions; and

(iii) Schur/Schur-like functions indexed by relatively “simple” compositions such as
rectangles, products of rectangles, hooks, diving boards, etc. are often “well-
behaved” in the sense that such Schur/Schur-like functions often may be ex-
panded in a simple way in terms of standard bases of Sym or NSym.

It would be interesting to consider formulas for evaluating sums of the form
in terms of Schur/Schur-like functions such as Schur-rectangles or Schur functions
indexed by products of rectangles, or in terms of more general Schur/Schur-like func-
tions; we currently leave it as an open problem to use bipieri tableaux to construct
combinatorial formulas for more general classes of Schur/Schur-like functions.

Many of the results introduced in this article are formulas for classes of shin
functions. The shin basis arises in a natural context in the sense that the tableaux
resulting from repeated applications of the shin-Pieri rule (shin tableaux) are very
natural analogues of semistandard Young tableaux [6], because:

(i) Shin tableaux are precisely composition tableaux with weakly increasing rows
and strictly increasing columns; and

(ii) Semistandard Young tableaux are precisely partition tableaux with weakly in-
creasing rows and strictly increasing columns.

The shin basis is a natural Schur-like basis to consider when dealing with can-
cellations in alternating sums of the form since shin tableaux are intuitively
very similar to semistandard Young tableaux, and thus bipieri shin tableaux seem
like natural and intuitive combinatorial objects to use to construct sign-reversing
involutions.

In Section [2] we briefly review some basic terminology and notation related to
compositions and composition tableaux. In Section |3| we define the term bipier: shin
tableau, and we prove the reverse hook formula

n

Wanms1) = Z(_l)iEn—iHmHi

=0
for the shin basis combinatorially using a sign-reversing involution on a set of bipieri
shin tableaux, and we prove a new combinatorial formula

n

Z(—l)lEnszle = Z(-l)iW(anrlfz"i)

1=0 =2

for a class of shin-quasi-reverse-hooks (see Section [3.2)), and we use these formulas
to prove an elegant coproduct formula

AWy = Y _ (1), oW,

(71’7?)



J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 69

for shin functions indexed by a reverse hook composition. Coproduct formulas such as
the above formula are interesting because there are no known combinatorial formulas
for coproducts of the form A.7, for arbitrary v € C in terms of expressions of the
form ./, ® 5.

In Section [4, we prove an elegant coproduct formula

A

A = S5 A8 7,
A

for noncommutative Schur-hooks using the “recursive” technique described above.
In Section [5| we introduce the concept of a bipieri Schur tableau, and we prove a
simple combinatorial formula of the form

n

D (=1Ps = (=D hpeien

A 1=0

using a sign-reversing involution on a set of bipieri Schur tableaux (where (—1)*
denotes a sign function on partitions which is defined in Section [5)) which may be
used to construct an alternative combinatorial proof of the following special case of
the classical Littlewood-Richardson rule:

Asry = Z cf\%;)s,\ ® S,
A p

Finally, in Section [0, we discuss some open problems related to bipieri tableaux,
and avenues for further research.

2 Preliminaries on compositions and composition tableaux

Standard background material on compositions, partitions, skew tableaux, etc. is
given in [2], [5], and [6]. Since our paper is based on a new class of composition
tableaux, it seems natural to review some basic notation and terminology related to
combinatorial objects such as compositions and composition tableaux. Background
material on the combinatorial Hopf algebras Sym, QSym, and NSym is also given in
[2], [5], and [6], but we omit preliminary discussions on these Hopf algebras for the
sake of brevity.

A weak composition is a finite sequence of nonnegative integers. The term com-
position used without the qualifier “weak” refers to a finite sequence of natural
numbers. We adopt the standard convention whereby the empty sequence () is con-
sidered a weak composition. The symbol C denotes the set of all compositions. The
order |a| of a (weak) composition « is equal to the sum of the entries of a if « # (),
and |a| = 0 otherwise. A composition of order n € Ny is said to be a composition
of n. For n € Ny and a € C, the notation a F n is used to indicate that « is a
composition of n. The length ¢(«) of a weak composition « is the number of entries
of a, and for indices i € N satisfying i < £(a), o; denotes the i® entry of the se-
quence «. As in [6], we adopt the convention whereby for a (weak) composition «
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and a natural number i, if ¢ > ¢(«), then the symbol «; is defined to be zero. Given
(weak) compositions o and (3, the concatenation of a and 3 refers to the following
sequence: o - 3 = (a1, g, , ay, b1, B2, -, Byp)). Given a composition a # (),
letting m € N denote the maximum entry of the sequence «, we define the content
of o as the weak composition 5 of length m such that for all indices 7 € N satisfying
1 < m, the entry f; is equal to the number of entries of a which are equal to 7.

A (weak) composition « is said to be contained in a (weak) composition 3, de-
noted a C f, if £(a) < £(5) and «; < f3; for all indices i € N satisfying ¢ < ¢(«). The
descent set D(«) of a composition « is: D(a) = {1, 00 + a9, - ;a1 + g + -+ +
g(a)-1}-

A partition is a composition with weakly decreasing entries. Observe that the
empty composition is vacuously a partition. The symbol P denotes the set of all
partitions. A partition of order n € Ny is said to be a partition of n. For n € Ny and
A € P, the notation A - n is used to indicate that A is a partition of n.

It is convenient for our purposes to use the term tableau in the broadest sense: for
our purposes, a composition tableau (or simply tableau) is a finite (possibly empty)
collection of cells which are arranged in left-justified rows such that each such cell is
either unlabeled or is labeled with a natural number. The length of a tableau T refers
to the number of rows of 7 and is denoted by ¢(7). Letting 7 and U be nonempty
tableaux, 7 and U are considered to be equal if £(7) = ¢£(U) and the number of cells
in the i*" lowest row of T is equal to the number of cells in the i lowest row of U
for all indices i € N satisfying ¢ < ((T) = ({(U).

We define the diagram of a composition « using French notation: the diagram
of @ € C\ {()} is the unique tableau 7 with unlabeled cells such that the i*" lowest
row of T consists of exactly a; cells for all indices i € N satisfying ¢ < ¢(«), and
the diagram of () € C is the empty tableau without any cells. The diagram of a
composition « is denoted by: diag(a).

Example 2.1. Letting o = (1,4,1,4,2,1), we have that diag(«) is equal to

RN
[ ]

using French notation.

We henceforth identify each composition «a with diag(«). Using French notation,
we thus define the shape (or outer shape) of a tableau T as the unique composition
a € C such that the tableau obtained by removing any labels of T is diag(a). The
shape of a tableau T is denoted by: shape(T). A partition tableau is a composition
tableau T such that shape(7T) € P.

Let T be a configuration of cells, and let U be a tableau. Then the arrangement
T is said to be a lower subtableau of U if:
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(i) T forms a tableau;
(ii) shape(7) C shape(d); and

(iii) If the lowest row of 7 and the lowest row of U are in the same position, and
the first column of 7 and the first column of U are in the same position, then
the labels of 7 coincide with labels of U, and the unlabeled cells of T coincide
with unlabeled cells of U.

The statement “7 is a lower subtableau of U” is denoted as follows: T <, U.
The term upper subtableau may be defined analogously, and the statement “7 is an
upper subtableau of i” is denoted as follows: T <y U.

Example 2.2. We henceforth denote unlabeled cells in tableaux as gray cells. De-
noting tableaux cells with color is often useful to illustrate combinatorial rules such
as Pieri rules. Let U, T, and T’ respectively denote the tableaux illustrated below.

[1]2]2[3[4]5] 1] [1]2]

| 11[1]2] - |

We thus have that T <, U, T' <g U, T Ly U, and T' L, U.

Letting 7 be a tableau, let 7y denote the arrangement of cells obtained by re-
stricting 7 to any unlabeled cells of 7. More generally, for all indices i € N, let T;
denote the configuration of cells obtained by restricting 7 to any unlabeled cells of
T and any cells of T of label j for natural numbers j satisfying 7 <i. A lower skew
tableau is a tableau T such that Ty <; 7 and the term upper skew tableau may be
defined analogously.

Example 2.3. Letting 7 denote the tableau

1[2]2]2[3[4[4]5]

1[1]1]2]2]

1

we have that 7j is equal to the tableau illustrated below.

We thus have that 7o <; T, so T is a lower skew tableau. However, 7 is not an
upper skew tableau, since it is not the case that 7y <y T. Letting & denote the
tableau

1K)
314
1{2

2|3
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we have that U, is equal to the tableau illustrated below.

We thus have that U/ is an upper skew tableau. However, I/ is not a lower skew
tableau, since it is not the case that Uy <, U.

Given a skew tableau T, the inner shape of T is defined as: shape(7y). A proper
tableau is a tableau T such that 7y is trivial. The descent set D(T) of a tableau T
may be informally defined as {i : i + 1 lies above i}.

For compositions a and [ such that « (regarded as a tableau) is a lower subtableau
of B, let B/« denote the cells of 8 which do not coincide with any cells of o when
the composition tableaux o and S are positioned so that the first column of o and
the first column of 3 are in the same position and the lowest row of a and the lowest
row of ( are in the same position. For compositions o and  such that « (regarded
as a tableau) is an upper subtableau of (3, the expression §//« is defined analogously
as in [0]. Letting 7 be a lower skew tableau of shape § € C and inner shape a € C,
as in [6] we define the (lower) skew shape of T as 8/a. The term upper skew shape
may be defined analogously.

Let a, f € C. As in [5] we define the term vertical strip as a configuration which
is of the form /a or of the form S/ a with at most one cell per row, and we define
the term horizontal strip as a configuration which is of the form 3/« or of the form
B /o with at most one cell per column.

The sign-reversing involution ¢ we use in Section is such that for all tableaux
T € dom(¢), ¢(T) is defined based on a certain tableau associated with 7 which we
refer to as the upper tableau of T. Given an arbitrary tableau T, if ¢(7) > 2, then
the upper tableau of T is the tableau obtained by restricting 7 to: the cells of T
in the uppermost row of T together with the cell with coordinates (1,4(7) — 1). If
¢(T) =1, then the upper tableau of T is T.

A natural generalization of Young’s lattice Ly is constructed in [5] and used in
the formulation of the left Pieri rules for the dual quasi-Schur basis given in [5]. Let
a and S be compositions. The composition S is said to cover the composition «,
denoted a <¢ f3, if either 5 = (1) - @ or 8 can be obtained from « by adding 1 to
the first (leftmost) entry of the sequence [ of size k for some k [5]. The poset Lo
introduced in [5] may be defined as (C, <¢), where the partial order < on C may
be defined as the reflexive closure of the transitive closure of the order relation <.

3 Bipieri shin tableaux

The shin basis {¥,}acc of NSym was recently introduced in [6]. The shin basis
may be defined using a noncommutative analogue of horizontal strips as follows [6].
Letting a and 8 be compositions, § differs from « by a (right) shin-horizontal strip
of size r € Ny if:
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(i) o C p;
(ii) |B] = |a| + r; and
(111) Vi,jeN (Bz>az,]>z):6]§az

This last axiom is referred to as the overhang axiom. The function & : C — NSym
maps an arbitrary composition « to the unique noncommutative symmetric function
¥, satisfying &, H, = > 5Ws, where the sum is over all compositions § which differ
from « by a shin-horizontal strip of size r, letting r € Ny be arbitrary. This right
Pieri rule (which is multiplicity-free) is referred to as the (right) shin-Pieri rule.

Example 3.1. Expanding the product @ 2)H> in terms of shin functions using the
shin-Pieri rule, we have that:

Wi Hy =812 +Wa31) + 4.

Shin-horizontal strips are illustrated in the below expansion of the product @ o) Ho:

) |HQZWH +WH +¥ -

L] L]

Observe that expressions such as
w ==

do not appear in the above expansion by the overhang axiom.

Elements of the family {¥,}.cc are referred to as shin functions. Letting o and
£ be compositions such that @ C 3, a lower skew tableau 7 of inner shape « and
outer shape [ is a (skew) shin tableau if: for all indices i € N, if 8; > «;, then for all
J >, a5 <oy, and T is weakly increasing in the rows and strictly increasing in the
columns [6].

Example 3.2. For example, the tableau

1[1]2]3
1[2][3]

[ 11[1]3]

is a skew shin tableau of inner shape v = (1, 3, 1, 2) and outer shape 5 = (1,6,1,5,4).
The tableau

2[3[3]

[1]2]2]

of inner shape a = (1,3,1,2) and outer shape 5 = (1,6,2,5) is not a skew shin
tableau, since 53 > a3 and since ay > as.
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The expression “shin tableau” used without the qualifier “skew” henceforth refers
to a (skew) shin tableau 7 such that 7 is a proper tableau. As discussed in [0], a
repeated application of the shin-Pieri rule shows that

waHB = Z wshape(T)
T

where the sum is over all skew shin tableaux 7 of inner shape « with [; ones, (5,
twos, etc. We thus have that the complete homogeneous basis of NSym has a positive,
uni-triangular expansion in terms of the family {¥,},cc, which shows that im(®) is
a basis of NSym. In particular, we thus have that

Hy = K2,

a>efB

for arbitrary § € C, where <, denotes the lexicographic order on C, and ngﬁ de-
notes the number of shin tableaux of shape o and content § by analogy with clas-
sical Kostka coefficients. The definition of the term bipieri shin tableau given below
may be used to generalize the above combinatorial formulas for expressions such as
WoHgEg HgnEgm - -+ Hgn-1)Egny. The following combinatorial rule for computing
expressions of the form @, Rz in the shin basis is proven in [6]: for all «, 8 € C,

WRs= > Y w

yElal+8] T

where the inner sum is over all skew shin tableaux 7 of (lower) skew shape 7/«
such that D(T) = D(B). The ribbon multiplication formula given above allows us
to evaluate expressions of the form ¥,Fjs in terms of the shin basis, using (right)
shin-vertical strips [6] in the following sense. Since E(,)y = R(ny, we thus have that

W.E, = Y Y. u,

VElal+n T

where the inner sum is over all skew shin tableaux 7 of (lower) skew shape v/« such
that D(T) = {1,2,--- ,n — 1}. We refer to this combinatorial rule as the (right)
shin-elementary-Piert rule.

Definition 3.3. A (right) skew bipieri shin tableau is a tableau T such that 7; <, T
for all indices i € Ny, and either shape(7;41) differs from shape(7;) by a (right) shin-
horiztonal strip or shape(7;y1) differs from shape(7;) by a (right) shin-vertical strip
for all indices 7 € Ny.

The expression “bipieri shin tableau” used without the qualifier “right” and the
qualifier “skew” henceforth refers to a right skew bipieri shin tableau 7 such that
T is a proper tableau. For example, the tableaux given below are all bipieri shin
tableaux:
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213 % 3[3] %g
113 22[3] 2 1/23]
112]2] . 1/1]1]2] .

Given a (skew) bipieri shin tableau 7, it is often useful to indicate whether
shape(7;11)/shape(7;) forms a shin-horizontal strip or a shin-vertical strip for i € Nj.
Let w denote a fixed word of length n € N over the alphabet {h,e}. Letting 7
denote a skew bipieri shin tableau (resp. bipieri shin tableau), T is a skew w-bipieri
shin tableau (resp. w-bipieri shin tableau) if the set of labels of 7 is contained in
{1,2,--- ,n}, and: for all indices i € Ny satisfying i < n, if w;1; = h then T;; differs
from 7; by a shin-horizontal strip, and if w;;; = e then T, differs from 7; by a
shin-vertical strip. For example, the bipieri tableau

213

13
112]2]

is an ehe-bipieri shin tableau, and the bipieri tableau

2[3

is both an hhe-bipieri shin tableau and an ehe-bipieri shin tableau. The definition of
a bipieri shin tableau is very natural, because bipieri shin tableaux are precisely the
tableaux which result from the process of expanding products consisting of complete
homogeneous functions and elementary functions in the shin basis through a repeated
application of the shin-Pieri rule and the shin-elementary-Pieri rule. Definition
simply formalizes this idea.

3.1 The reverse hook formula for the shin basis

A reverse hook composition is a composition of the form (1", m) where n,m € Ny.
The reverse hook formula for the shin basis given in Section [I] of course follows from
the more general diving board formula

Warmany =Y > (1) E, jH, HE,_;

i=0 j=0
for the shin basis, which holds for arbitrary n,r € Ny and arbitrary m € Nso. In

this subsection, we offer a new combinatorial proof of the reverse hook formula for
the shin basis using a sign-reversing involution on a set of bipieri shin tableaux.

Theorem 3.4. The equality

n

Cinmy = ) _(—1) EnjHinH

§=0
holds for n € Ny and m € Ns,.
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Proof. Rewriting the sum
n

> (-1YE,_;H,H,
=0

as
n

> (-1Y@yE, ;H,Hj,
§=0
by the shin-Pieri rule, we thus have that

n

Z(_l)jEn—meHj _ Z(_l)# of cells labeled 3 in Twshape(’T)
T

=0

where the latter sum is over all ehh-bipieri shin tableaux 7 such that the number
of cells labeled 1 in 7 plus the number of cells labeled 3 in T is n, and the number
of cells labeled 2 in 7 is m. Let X = X,,, denote the set of all such tableaux,
letting m € N>y and n € Ny be fixed. An example of a set of this form is given in
Section [7.1] Note that since m > 1, there must be at least two cells labeled 2 in the
tableaux under consideration. Observe that for 7 € X, the shape of 7; is of the form
(1777) for some integer j satisfying 0 < j < n since T is an ehh-bipieri shin tableau.
We construct a sign-reversing involution ¢ = ¢,,, : X — X on X so that for 7 € X,
o(T) is defined based on the upper tableau of 7. The symbol 7 henceforth denotes
an arbitrary element in X unless otherwise specified, and j = j7 henceforth denotes
the number of cells labeled 1 in 7 unless otherwise specified. Also, henceforth
denotes a noncell for the sake of convenience.

We consider four cases separately, based on the upper tableau of 7. Before
defining the involution ¢, we offer an intuitive description of this involution using
four informal “rules” corresponding to these four cases. Letting i, and Us be tableaux
of the same shape, the statement “U; «— Us” is meant to be informally read as: “if
the upper tableau of a tableau 7 in X is of the form U, then ¢(T) is the tableau
obtained from T by “replacing” the upper tableau of 7 with an upper tableau of the
form Us, and vice-versa”. We make this notion more precise in the cases considered
after the rules given below, which illustrate the involution ¢. The cells in the tableaux
given below which have labels that are changed according to ¢ and ¢~! are colored:;
the labels in uncolored cells illustrated below are unchanged by ¢ and ¢~!. Also
recall that for each rule given below, the tableaux are of equal shape. Note that
Rule 3 below only applies to two elements in X. Also, Rule 4 only applies to a
unique element in X as we discuss below.

Rule 1: ? 3[3F-{3]+— g 3[3}-{3]
Rule 2: } 2[2}-{2[@]3[3}- 3] % 2[2}-{2[B]3[3]-{3]
Rule3:? <—>Y

W22} {2[23[3}-13] 212[2}-{2[BI3[3]-{3]
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Rule 4: |2[2}-{2] - [2[2]-{2]
I I

Case 1: First suppose that ¢(7) > 2, and that there are no cells of label 1 in
row ¢(T) of T, and that there is exactly one cell of label 2 in row ¢(7) of T. In
this case, ¢(7T) is the tableau obtained by replacing the unique cell of label 2 in
row {(7T) of T with a cell of label 3, and replacing the cell immediately beneath
this cell with a cell of label 2. Since ¢(7) is an ehh-bipieri shin tableau such that
shape(¢(T)1) = (1"~U+D) with j + 1 cells labeled 3 and m cells labeled 2, we have
that ¢(7) € X. For example,

21333 3/313[3

1/2]2]2]2] 202[2/2]2]
T=1 = o(T) =1

1 1

1 1

Conversely, suppose that ¢(7) > 2, and that each cell in row ¢(7T") of T is labeled
3, and that the cell immediately beneath the leftmost cell in the top row is labeled 2.
In this case, ¢(7T) is the tableau obtained by replacing the leftmost cell in row £(7)
with a cell of label 2, and replacing the cell immediately beneath this cell with a cell of
label 1. Since ¢(7) is an ehh-bipieri shin tableau such that shape(¢(7),) = (1"~0U~1)
with (j — 1) > 0 cells labeled 3 and m cells labeled 2, we have that ¢(7T) € X, with

¢(o(T)) =T.

Case 2: Now suppose that £(7) > 2, and that there is exactly one cell in row ¢(7)
of T labeled 1. Observe that the fact that X is a set of ehh-bipieri tableaux together
with the fact that m > 2 ensures that tableaux of the following form are not in X:

1]2[3[3]-{3]
L ¢ X. (3.1)

1

Therefore, the number of cells labeled 2 in the uppermost row of 7 is either equal
to 0, or is greater than or equal to 2. If there are no cells labeled 2 in the top row
of T, then ¢(T) is the tableau obtained by replacing the unique cell labeled 1 with
a cell labeled 3. Otherwise, ¢(7T) is the tableau obtained by replacing the rightmost
cell labeled 2 in the top row of 7 with a cell labeled 3 and replacing the leftmost cell
of the top row of T with a cell labeled 2. Since ¢(7) is an ehh-bipieri shin tableau
such that shape(¢(7);) = (1"~U*+D) with j + 1 cells labeled 3 and m cells labeled
2, we have that ¢(7) € X. Furthermore, from (3.1]), we have that Case 1 does not
apply to ¢(7T) € X. For example,

2|2]2[2]3] 212]2[3]3]

\‘{
I

2
1
= ¢(T) =1
1
1]
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Conversely, suppose that £(7) > 2, and that there are no cells in the top row of
T of label 1, and that it is not the case that there is exactly one cell of label 2 in
the top row of 7, and that the cell immediately beneath the leftmost cell in the top
row is labeled 1. It is clear that Case 1 does not apply to 7 in this situation. If
there are no cells of label 2 in the top row of 7, then ¢(7) is the tableau obtained by
replacing the leftmost cell in the top row of 7 with a cell labeled 1. Otherwise, ¢(7T)
is the tableau obtained by replacing the leftmost cell in the top row of 7 labeled 3
with a cell labeled 2 and replacing the leftmost cell in the top row of 7 with a cell
labeled 1. Since ¢(7T) is an ehh-bipieri tableau such that shape(¢(7);) = (1"~0U~Y)
with j — 1 cells labeled 3 and m cells labeled 2, we have that ¢(7) € X. Moreover,

from (3.1), it is clear that ¢(¢(T)) = T.

Case 3: If /(T) = 1 and there is a cell labeled 1 in T, then ¢(7) is the tableau
obtained by replacing the rightmost cell labeled 2 with a cell labeled 3 and by re-
placing the unique cell labeled 1 with a cell labeled 2. If /(7)) = 1 and there is no
cell labeled 1 in 7, then ¢(7T) is the tableau obtained by replacing the leftmost cell
labeled 3 with a cell labeled 2 and replacing the leftmost cell with a cell labeled 1.

Case 4: Finally, by the shin-Pieri rule, there is a unique element 7 € X such that
each cell in the topmost row of 7 is labeled 2, namely, the unique element in X of
shape (1", m) where m > 1. In this case we define ¢(7) = T.

By the shin-Pieri rule, the upper tableau of 7 € X must be of one of the forms
given above. Let U denote the unique element in X of shape (1", m). Since ¢ : X —
X as given above is an involution on X, and since

|# of cells labeled 3 in T — # of cells labeled 3 in ¢(7)| =1

if T # ¢(T), we thus have that ¢ : X — X is a sign-reversing involution with respect
to the following sum:

Z(_ 1)# of cells labeled 3 in Twshape(T) )
e

So, since U is the unique element in X which is fixed by ¢, we thus have that:

of cells labele in
E (_1)# tls fabeled 3 7—wshape('T) = wshape(l/{) = w(l",m)-
P

So since

Z(_l)jEn—meHj _ Z(_l)# of cells labeled 3 in Twshape(T)
=0 T

we thus have that

n

Cinmy = ) _(—1) EnyHinH

=0
as desired. [
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We refer to mappings of the form ¢y, ,, : X, = X as reverse hook involutions.
A mapping of this form is illustrated in Section [7.1]

3.2 A formula for shin-quasi-reverse-hooks

Recall that the reverse hook formula

n

Warm = > (1) En_iHy H;

1=0

for the shin basis only holds for reverse hooks (1", m) € C such that m > 1. For an
arbitrary hook (1", m) € C where n,m € Ny, we define the shin-quasi-reverse-hook
SQRH (i, as follows:

n

SQRH»my =Y (—1)'E,_H,H;. (3.2)

1=0

Theorem 3.5. The identity

¥ 1nm) ifm>1o0rn=0,
SQRH(1nm) = § Yo o(—1)®@nr1-iyy if m=1andn>1,
0 ifm=n=1o0r(m=0andn>0).

holds for an arbitrary hook (1", m) € C.

Proof. The case whereby m > 1 holds by Theorem [3.4] The cases whereby n = 0 or
m=mn=1or m =0 and m > 0 hold trivially. So it remains to consider the case
whereby m = 1 and n > 1. For this remaining case, we make use of a sign-reversing
involution on bipieri tableaux following the technique used in Section

Rewriting the sum
n

Z(_1>iEn—iHlHi
=0

as
n

> (-1)®)E,_iH H;,
=0
by the shin-Pieri rule, we thus have that

n

Z(_l)lEn—zHle _ Z(_l)# of cells labeled 3 in Twshape(T)
e

1=0

where the latter sum is over all ehh-bipieri shin tableaux 7 such that the number of
cells labeled 1 in T plus the number of cells labeled 3 in T is n, and there is exactly
one cell labeled 2 in 7. Let Y =Y,, denote the set of all such tableaux, letting n > 1
be fixed. An example of a set of this form is given in Section [7.2] We construct a
sign-reversing involution ¥ =1, : Y — Y on Y as follows.
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Rule 1: Let 7 € Y. If shape(7) is a (nonstraight) reverse hook, and each cell
in the uppermost row of 7 is labeled 3, define ¥(7) = 7. Now let T be a tableau
in Y which is not of this form.

Rule 2: If the tableau U obtained by replacing the cell labeled 2 with a cell
labeled 3 and replacing an uppermost cell labeled 1 with a cell labeled 2 is in Y,
but the tableau obtained by replacing the cell labeled 2 with a cell labeled 1 and
replacing any lowest-leftmost cell labeled 3 with a cell labeled 2 is not in Y, then let

Y(T)=U €Y. For example, 1) maps

3]
1
1

2|33

to the tableau given below.

»—KL\DOO‘

3373]

Rule 3: If the tableau obtained by replacing the cell labeled 2 with a cell labeled
3 and replacing an uppermost cell labeled 1 with a cell labeled 2 is in Y, and the
tableau U obtained by replacing the cell labeled 2 with a cell labeled 1 and replacing
any lowest-leftmost cell labeled 3 with a cell labeled 2isin Y, thenlet (7)) =U € Y.
For example, 1) maps
2
1[3]3]3]

to the tableau given below.
1
LEI3]3]

Rule 4: Otherwise, if the conditions given above do not hold, and if the tableau
U obtained by replacing the cell labeled 2 with a cell labeled 1 and replacing any
lowest-leftmost cell labeled 3 with a cell labeled 2 is in Y, then let (7)) =U € Y.
For example, 1 maps

3]
2

313[3]

to the tableau given below.

2
13[3]3]

Rule 5: It is easily seen that a tableau T in Y does not satisfy the above
conditions if and only if 7 contains a configuration of the form

.13

112




J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 81

Let the uppermost cell in the first column of 7 be labeled = € {1,3}. In this final
case, ¢(T) may be defined as the tableau obtained by “replacing” the label of this
cell with {1,3}\ {z}. For example, ¢ maps

13
1[2[3]3]

to the tableau given below.

—_

373

In the case whereby Rule 1 applies, it is clear we have that ¥(7) € Y and
V(T)=T.
Now suppose that Rule 2 applies to 7. First consider the case whereby the

configuration appears in the first column of 7. But then the configuration

cannot be in the first column, since is not column-strict. Also, there cannot
2

be any other 3-cells in 7 in this caseecause otherwise the tableau obtained by

replacing the cell labeled 2 with a cell labeled 1 and replacing any lowest-leftmost

cell labeled 3 with a cell labeled 2 would be in Y. So in this case, 7 must be of the

form

e HIEEN)

and we thus have that ¥ (7) is equal to

(== =]

Rule 1, Rule 2, and Rule 3 do not apply to (7)), and by Rule 4 we have that
Y((T)) = T in this case. Now suppose that the configuration -+ does not appear
in the first column of 7. That is, the unique cell labeled 2 is “to the right” of the



J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 82

first column. In this case, T is necessarily of one of the following forms:

? -
0 ]
1] ]
112/3[3}-13
1 1
1] .
1 1]

In the first case, Rule 1 does not apply to (7)) since 7 cannot be of hook shape,
and Rule 2 and Rule 3 do not apply to ¢ (7)), since is not column-strict. By
Rule 4 we have that ¢(¢(7)) = T in this case as desired. In the second case, Rule
1 does not apply to (7)), since ¥(7T) cannot have only 3-cells in the top row, and
Rule 2 does not apply to (7)) in the second case since the 12 — 23 and 23 — 12
cell transformations both yield elements in Y, so Rule 3 applies, with ¢(¢)(T)) =T
as desired.

Now suppose that Rule 3 applies to 7. It is easily seen that 7 and «(7) must
be of the following forms:

2] 1]
1] 1]
T % 33130131 7 = i 2[3[3}-13]
1 1
1] 1]

We thus have that Rule 1 applies to ¥(7). Repeating the arguments given in the
preceding paragraph thus shows that ¥(¢)(7)) = T as desired.

Now suppose that Rule 4 applies to 7. It is easily seen that 7 must contain
a configuration of the form |- in this case. By Rule 4, T must be of one of the

following forms.

313113

3
3[3[-{3] |2
1
1]

EHEREN

1
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So ¥(T) is of one of the following respective forms.

21313

3
2[3}-43] |1
1
1]

1

By Rule 2, it is clear that we have that ¢(¢(7)) = T in both cases.

In the remaining case whereby Rule 5 applies to T, it is obvious that 1 (¢(T)) =
T. So we have shown that v is well-defined, and an involution. It is obvious that 1
is a sign-reversing involution with respect to the summation

=] =[]

n

Z(_lyEn—iHl Hz _ Z(_l)# of cells labeled 3 in Twshape(T)a
T

=0

and since ¢(7) = T if and only if Rule 1 applies to T, it is clear that we have that
SQRH1n>1 1) = >0 o (—1)Wn+1-i ;) as desired. O

We refer to mappings of the form v, : Y, — Y, as SQRH involutions. An
illustration of a mapping of this form is given in Section

3.3 A coproduct formula for shin functions indexed by a reverse hook

The coproduct of an alternating sum of the form with constant-degree terms
often may be evaluated “recursively” in the sense outlined in Section [l We illustrate
this idea in this subsection in our proof of the following new combinatorial formula
for shin functions of the form @» ,,) for m > 3. We adopt the convention whereby

(1°) = () and (0) = ().
Theorem 3.6. Letting m > 3, we have that:
Aw(lnvm) - Z (_1)("1#2)&7“ ® wrz
(71’7?)

where the above sum is over all ordered pairs (1, ry) of reverse hooks r, = (1%, x) and
rn, = (1Y, 2) such that either:

(i) w+ty=nandx+z=mandw#0=zx>1andy# 0= 2> 1; or

(ii) n = (1°7174) and n = (1"% m — 1) for some a € N>y and some integer
i satisfying 2 < 1 < a or vice-versa (reversing the indices of r and r given
above).

In the former case, (—1)("2) = 1, and in the latter case, (—1)2) = (—1)7,
letting © be as given above. In Case 2, if n = r, then the ordered pair (ri,r) is
“counted twice”.
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Proof. Let m € N>z and n € Ny be fixed. We now show that the coproduct A% in ;)
may be expressed in a natural way using shin-quasi-reverse-hooks. By the reverse
hook formula for the shin basis, we have that:

AWn gy = A (Z(—l)iEn_iHmHi>

1=0

(—1)'A(Ey—i H, Hy)

hE

0

-
3 |l

(-1)'AE,_;AH,,AH;.

I
o

Now expand the summand (—1)'AE, ;AH,,AH; as follows:

n

(1" > E,®E;, » H,®H, » H,®H,

i=0 ‘jlv‘erNO . k1,k2€Ng £1,02€Ny
J1t+j2=n—1 k14+ko=m l1+0a=1
n
- (_1) (EJI ®E32) (Hk’l ®Hk‘2) (H& ®H€2)'
=0 j1,52,k1,k2,01,02ENo
Jitj2=n—1
k1+ko=m
l1+0o=1

Therefore, the coproduct A, is equal to:

Z <_1)aEbHcHd ® Enfafmechafd-

a,b,c,deNg
Equivalently,
AUngy= > (1) EyH.Hy ® By yHoHaa. (3.3)
a,b,c,deNg
a+b<n
c<m
d<a

We now offer an elegant bijective proof that the summation given in (3.3 may
be rearranged to yield the sum given below:

AWgnmy= > SQRHey) ® SQRH e 4). (3.4)
a,b,c,deNg

a+c=n
b+d=m

Let 7 denote the set of all tuples (a,b,c,d) in N§ such that a +b < n, ¢ < m,
and d < a. Given a tuple (a,b, ¢, d) in 7 define:

t(a,b,c,d) - (_1)aEbHcHd ® En—a—me—cHa—d~
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So the terms of (ignoring any possible cancellation) are precisely expressions
of the form t(qp,cq) for (a,b,c,d) € Zi. Now consider the summation given in (3.4),
and consider the terms (ignoring any possible cancellation) resulting from expanding
this sum using . Let w, z,y, 2 € Ny be such that w+y =n and x + 2z =m. So
the expression
SQRH(W@) & SQRH(N,Z)

is an arbitrary term in (3.4). Expanding this expression using (3.2]), and letting
1 € Ny and 7 € Ny be indices such that + < w and j <y, thus thus have that terms

of the form | |
u(w7x7yvzvi»j) = (_]‘)ZE’LU—’LHCEHZ ® (_1)]Ey_]HZH]

are precisely the terms resulting from expanding the terms of (3.4)) using (3.2)) (ignor-
ing any possible cancellation). Let 7 denote the set of all tuples (w, x, v, 2,1, j) € N§
such that w+y =n, x+2z=m, i <w, and 7 <y. Now define the mapping

BT — D
so that given an arbitrary tuple (a, b, ¢, d) in the domain 7 of £,

HBa,b,c,d) = (b+d,c,n—b—d,m—c,d,a—d). (3.5)

We briefly show that 2 as given above is well-defined, in the sense that %(a, b, ¢, d)
is indeed an element in the given codomain of %, again letting

(a,b,c,d) € 7

be arbitrary. Since d < a we have that b+ d < a + b and since a + b < n we thus
have that 0 < n — b — d. Similarly, we have that the fourth and last entries of the
integer tuple (b+d,c,n—b—d, m —c,d,a— d) are nonnegative since (a, b, c,d) € J;.
So it is clear that %(a, b, c,d) € N§. Also observe that:

(%(a,b,c,d))y + (#(a,b,c,d)); =n, (3.6)

(%(a,b,c,d))s+ (Bla,b,c,d))y = m. (3.7)
Recall that Z5 C N§ is a set of weak compositions. Letting i be an index,
(%(a,b,c,d)); denotes the i*® entry in the weak composition %(a, b, c,d) € F, using
the notation introduced in Section [2} Since d < b+ d, we have that:
(%(a,b,c,d))s < (A(a,b,c,d)). (3.8)
Since a < n — b, we have that a —d <n — b — d, and we thus have that:

(AB(a,b,c,d))s < (Bla,b,c,d))s. (3.9)

From (3.6), (3.7), (3.8), and (3.9) together with the fact that %(a,b,c,d) € N§,
we thus have that %B(a,b,c,d) € F as desired. We claim that £ : 9 — % is
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injective. Let (ay,b1,c1,dy) and (ag, be, ca,ds) be arbitrary tuples in the domain .7
of A. Suppose that ZA(ay, by, c1,dr) = Blag, by, c2,ds). So the tuple

(bl +d1,01,n - bl - dlam - Cladlaal - dl)

equals
(bQ + d27 Co, N — bQ - d27 m — Ca, d27 ag — d2)

and we thus have that ¢; = ¢ and d; = ds. Since b; + diy = by + dy we thus have
that by = by, and since a1 — d; = as — dy we thus have that a; = ao, thus proving
that B : 91 — 5 is injective. We claim that & : 77 — % is surjective. Let
(w,z,y, 2,1,7) € N§ be an arbitrary element in the codomain of . We claim that
(i+7j,w—i,z,i) is in the domain of Z. Since i < w we have that (i+j, w—i,z,7) € N§.
Since j <y, we have that j+w < y+w, and we thus have that j+w < n. Therefore,
(t+7)+ (w—1i) <n,ie.:

(1+j,w—i,xi)+ (i +j,w—i,z,4) <n. (3.10)

Since x 4+ z = m, we have that z < m, i.e.:

(14 jyw—1i,2,1)3 < m. (3.11)
Clearly, we have that 1 < i+ 7, i.e.:

(t+j,w—i,x,i)y < (i+j,w—1,,1). (3.12)

So from (3.10)), (3.11]), and (3.12)) together with the fact that (i+7j,w—i, z,i) € Ng,

we thus have that (i+ 7, w—1,z,i) € 7 as desired. Now evaluate A(i+ j, w —1i,x,1)

using (B.5):

B+ j,w—1i,x,1) = (w,z,n —w,m —x,i,7).

Since (w, x,y, z,1,j) € J5, we have that y = n — w and z = m — x, thus proving
that
'@(2_{_]72'0_2’1'72) = (waxayazaiaj)

and thus proving that £ : 73 — % is surjective as desired. We thus have that
B T — Ty is bijective as desired.

Again let (a, b, c,d) be an arbitrary tuple in the domain 7 of %. Now evaluate
the term uz (4 p,c.a):

UsB(ab,c,d) = W(b+d,c;n—b—d,m—c,d,a—d)
= <_1)dEbHcHd ® <_1)a_dEnfb7aHmchafd
= <_1)aEbHcHd ® EpnpaHm—cHaq

= 2f(a,b,c,d) .

So we have shown that for an arbitrary tuple o € 77,
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UB(a) = ta.

Since B : 91 — T is bijective, we may rewrite the summation

Z ug = Z SQRHap) @ SQRH (1¢ g

BET a,b,c,deNg
a+c=n
b+d=m
as
E up = E  Up(a)
BeT a€

and since ug) = to, we thus have that

Z Ug = Z UB(a) = Z la = Z <_1)aEbHcHd ® Epn_—atHm—cHag

BeT aEN aEN a,b,c,deNg
a+b<n
c<m
d<a

thus proving (3.4). Now rewrite the summation given in (3.4) as follows:

Z w(lavb) ® w(lc,d) —|— Z SQRH(la’l) ® SQRH(lnfa,m—l)_F

a,b,c,deNg aENZQ

Z SQRH(ln_c,mfl) ® SQRH(lc’I).

C€N22

Expanding the latter two sums in terms of shin functions in the case whereby
m — 1 > 1 yields the combinatorial formula given in the above theorem. O]

Example 3.7. Using the above combinatorial rule for shin-reverse-hooks, we have
that: AW 113 =W @ W13 +W0) @112 +W0,11,2 @0 +W0113 QW)+

[Rat]

Wi1,2) @ W) + 2012 @W2) —W13) @W2) +Wi2) @Wr,12) — W2y @ Wa ).

Example 3.8. Using the above combinatorial rule for shin-reverse-hooks, we have
that: AW 1114 =W @Wa11,10) T80 QWu1113) 01,112 @e) + 811113 @
W) +@,1,1,104) @)+ 81112 @82 + 811,12 QW@ + 81,12 QW12 T W12 ®
W3 +81,1,3 QW12 —W 11,3 QW) +0 1,2 QW1 1,1,2) +W1,2) QW (11,3 + W 1,3y QW (1,1,2)—
20 (1,3)QW (1 3)+W(1,4) QW (3) + W (2) QW (1,1,1,1,2) + W (3) QW (1,1,1,2) — W 3) QW (1,1,3)+ W (3) QW 1 4.

Our technique used to prove this formula may be applied more generally to ex-
pressions of the form &, where 4 € C is a diving board composition, using the diving
board formula for the shin basis (see Section [4)).
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4 A coproduct formula for noncommutative Schur-hooks

The immaculate basis {S,}acc of NSym was recently introduced in [2]. One partic-
ularly appealing aspect of the immaculate basis is that this Schur-like basis may be
defined using a very natural noncommutative analogue of the classical Jacobi-Trudi
formula [2]. Alternatively, the immaculate basis may be defined using simple ana-
logues of the classical Pieri rules [2]. Letting «, f € C, the composition § differs from
a by a (right) immaculate-horizontal strip of size r € Ny if:

(i) a Cp;
(i) |8| = |a| +r; and
(iii) £(8) < L(a) + 1.

The immaculate function &, is the unique noncommutative symmetric function
satisfying 6, H, = ZB G4, where the sum is over all compositions 3 which differ
from « by an immaculate-horizontal strip of size r, letting r € Ny be arbitrary [2].
This multiplicity-free right Pieri rule is referred to as the (right) immaculate-Pieri
rule.

Example 4.1. Expanding the product & 2)H; in terms of immaculate functions
using the immaculate-Pieri rule, we have that:

SuaHy =622 + 6131 + 6021 + 614 + Gz + Gz

Immaculate-horizontal strips are illustrated in the below expansion of the product

6(1?2)[‘[23

S | Hy, =6 m + & 5 + & 5 +
gy
The immaculate-Pieri rule is less “restrictive” compared to the shin-Pieri rule in the
sense that immaculate-horizontal strip cells are permitted to be underneath “over-

hangs” (see Example [3.1).

By the ribbon multiplication rule for the immaculate basis, for all «, 8 € C,

GaRB = Z ZG’Y

YElal+|8] T

where the inner sum is over all skew immaculate tableaux T of skew shape v/«
such that D(T) = D(p) [2]. We may thus define the (right) immaculate-elementary-
Pieri rule using (right) immaculate-vertical strips by analogy with the Pieri rule for
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expressions of the form ¥, F,,. We define the term (right) bipieri immaculate tableau
by analogy with Definition (3.3

The dual quasi-Schur basis {S}}acc of NSym was recently introduced in [5]. We
refer to elements of the family {S*}.cc as dual quasi-Schur functions. We remark
that elements of the dual quasi-Schur basis are often referred to as noncommutative
Schur functions [5], but the expression “noncommutative Schur function” also has
a different meaning with respect to the theory of Schur functions in noncommuting
variables developed by Fomin and Greene in [7]. For our purposes, the expression
“noncommutative Schur functions” refers to the elements in the canonical Schur-like
bases of NSym (and similarly, the expression “‘noncommutative Schur-hooks” refers
to elements in the canonical Schur-like bases indexed by hook compositions).

There are known left- and right-Pieri rules for the dual quasi-Schur basis for left-
and right-multiplication by a homogeneous/elementary generator. As proven in [5],

H,8;=)_S;
B

where the above sum is over all compositions § >¢ « such that || = |a| 4+ n, and
B/« is a horizontal strip where the cells have been added from left to right. We thus
define the term (left) dual quasi-Schur-horizontal strip accordingly.

Example 4.2. Expanding the product Hs - S(*l 5y I terms of the dual quasi-Schur
basis using the dual quasi-Schur-Pieri rule, we have that:

Hy - 86,2) = S(*Q,Lz) + S(*1,1,3) + S(*3,2) + 851,4)-

Left dual quasi-Schur-horizontal strips are illustrated in the below expansion of the
product Hs - 83‘1’2).

H, &

— S + 8" +8" +8" .
| | [] E; 1]
B O B

Observe that an expression of the form

1= a
does not appear in the above expansion, as is easily verified using the definition of

the order relation < given in Section [2| together with the fact that cells must be
added from left to right with respect to dual quasi-Schur-horizontal strips.

As proven in [5],

E.Sy=>_S;
B

where the above sum is over all compositions § >¢ « such that || = |a| 4+ n, and
B/ is a vertical strip where the cells have been added from right to left. We thus
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define the term (left) dual quasi-Schur-vertical strip accordingly. We define the term
(left) skew bipieri dual quasi-Schur tableau by analogy with Definition [3.3] Right
Pieri rules for the dual quasi-Schur basis are proven in [I3] and we thus define the
term right skew bipieri dual quasi-Schur tableau by analogy with Definition |3.3|

We have thus far introduced several Schur-like bases of NSym in this article. Since
these Schur-like bases may all be defined using analogues of the classical Pieri rules,
it is natural to consider the transition matrices between these Schur-like bases. We
present some transition matrices between Schur-like bases of NSym in Section [7.3]

Now that we have introduced the three canonical Schur-like bases of NSym, we
consider a useful sum of the form ([1.1)) which has a simple evaluation in terms of
each of these Schur-like bases. We are referring to the following simple formula for
noncommutative Schur-hooks:

Lemma 4.3. The equality

n

Fmamy = 3 (1) Hyi By,

i=0
holds for arbitrary m € N and n € Nj.

Proof. Letting © € Ny and 7 € N be arbitrary indices, by the Pieri rules for the
canonical Schur-like bases of NSym we have that H;E; = .7(; 15y + -(;41,15-1), s0 the
sum Y o (=1)"Hpii B,y telescopes in an obvious way. O

The indices of the terms in the expression .#{; ;) + #(;41,15-1) may be regarded
in a natural way as bipieri tableaux, so it is natural to interpret Lemma 4.3 com-
binatorially using sign-reversing involutions on bipieri tableaux by analogy with the
strategy used in the previous section. Lemma is interesting mainly because this
formula may be used to prove an elegant formula

AL iy =Y T ® S,

hy ko

for the coproduct of a noncommutative Schur-hook, where the above summation is
over all hook compositions #; and f, given by Littlewood-Richardson coefficients of
the form cgj‘én). This formula nicely illustrates that coproducts of sums of the form
often may be expressed in a simple way in terms of Schur-like bases of NSym,
and that formulas for coproducts of this form may be interpreted combinatorially
using bipieri tableaux. Combinatorial formulas such as AS(,, 1) = Y s Sh ® S
are interesting because there is no known combinatorial formula for coproducts of

the form AS; such as the Littlewood-Richardson rule

AS, =) 51,8, ®8s
a,B8

proven in [5]. Combinatorial formulas such as AS(, 1.y = >, 5 Si @ S;, are also

interesting because coproducts of the form AS} do not always expand positively in
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terms of expressions of the form S§; ® S3. Although there is a Littlewood-Richardson

rule of the form
G.8r= » GI.6
BE[al+Al

for a € C and A € P which is proven in [3], there is no known Littlewood-Richardson
rule for arbitrary products of elements of the dual immaculate basis of QSym, so
by duality there is no known general combinatorial formula for coproducts of the
form AG&,. Also, coproducts of the form AS, do not always expand positively in
terms of expressions of the form &, ® &4. Although the dual shin basis {¥, },ec of
QSym satisfies the classical Littlewood-Richardson rule with respect to elements of
this basis indexed by partitions, in general it is not the case that products of the form
W, 2% epand positively in the dual shin basis as discussed in [6]. So combinatorial
formulas such as the coproduct formula A, 1») = > i o ¥, ® W, are interesting
because in general by duality the coefficients in a formula of the form

AW, =D W0, @,
a,B

are not always positive.

Theorem 4.4. The equality
min) = Zc“"l AR,

holds for an arbitrary hook (m,1™) € C.
Proof. From Lemma [4.3] we have that:

n

[e=]

7=

Y (U A(HusiBo)

0

i

3 |

(1) A(Humi) A(Eni).

I
o

%

Now expand the above summand as follows:

i (%H ® i J> (nz_iEmEn_i_k)

i n—1i

+

m

H ®Hm+1 ])(Ek®En i— k)

<.
Il
o

Il
MZ
1
i

3
3
S

(=1)"(H;Ex @ HpvijBnik).

.
I
)
<
Il
=)
>
Il
)
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By the Littlewood- Rlchardson rule, it is easily seen that if a Littlewood-Richardson
coefficient of the form c/\ ) does not vanish, then A and p both must be hook par-
titions. By the thtlewood Richardson rule, we have that

2 : (m,1™)
AS(mJn Cﬁl ﬁz Sﬁl ® Sﬁ2
h1,ho

where the above summation is over all hook partitions A, s € C. Expanding the
above summation using the commutative analogue of Lemma 4.3 we have that:

AS(m,in) = Z Chy. 52 ngn hie; @ ngnk Jhier,

h1 ko

where the summations in the above summand are given by Lemma [£.3] Again by
Lemma the above sum may be written as

n m-4it n—1

As(m,ln Z Z Z h i€k X hm—i—z j€n—i— k)

1=0 7=0 k=0

which shows that the sum

S Y s Y sl

hi,ho
may be written as

n m-4i n—1i

ZZZ HEk‘@Hm—i-z jEnzk)

1=0 7=0 k=0

thus completing our proof. O]

5 Bipieri Schur tableaux

Letting A € P be arbitrary, the two classical Pieri rules indicated in Section (1] may
be formulated as follows: syh, = > S where the sum is over all partitions p such
that A/p forms a horizontal strip of size r, and sye, = > L Sp where the sum is over
all partitions p such that A/u forms a vertical strip of size r. We define the term
(skew) bipieri Schur tableau by analogy with Definition [3.3] The term bipieri Schur
tableau used without the qualifier “skew” refers to a skew bipieri Schur tableau 7T
such that 7 is a proper tableau. For example, semistandard tableaux are bipieri
Schur tableaux. Recall that a semistandard tableau is a tableau of partition shape
with no unlabeled cells and weakly increasing rows and strictly increasing columns.
The tableaux given below are bipieri Schur tableaux which are not semistandard
tableaux.

2]
2
1

=N QO |
ANIICNENTEN|

1]
1 8
144 8
1

DO | QO | H~ |~
DO |0

| | | =

DO | OOt Ot

1[1]2]

]
[\
w




J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 93

Letting w denote a finite word over the alphabet {h, e}, we define the term w-
bipieri Schur tableau as in Section 3] Note that a tableau T is a bipieri Schur tableau
if and only if 7 is a proper tableau of partition shape with weakly increasing rows
and columns such that for all ¢ € N: if there exists a pattern of the form then

there does not exist a pattern of the form and vice-versa.
i

5.1 A sign-reversing involution on bipieri Schur tableaux

Recall that Sym is self-dual as a graded Hopf algebra with respect to the Hall inner
product (-,-) on Sym ® Sym, and recall that the Schur basis of Sym is self-dual. So
by duality, the famous Littlewood-Richardson rule

. v
S\ S, = E C v

v

is equivalent to the coproduct formula
As, = ZCK#S/\ ® s,
A

for arbitrary commutative Schur functions. Sign-reversing involutions on bipieri
Schur tableaux may be used to construct alternative combinatorial proofs of special
cases of the classical Littlewood-Richardson rule for coproducts of the form As,.
For example, the strategy used in Section {4 may be used to construct an alternative
combinatorial proof of the coproduct formula

(n,1m) g Cﬁl ﬁz Sﬁl &) Spy
ha,h2

for commutative Schur-hooks in terms of bipieri Schur tableaux. Bipieri Schur
tableaux are also interesting combinatorial objects because alternating sums such

as
n

Z(_ 1 hnejen-

j=0
often may be evaluated using bipieri tableaux in a natural way. In this section, to
illustrate this idea, we prove using bipieri tableaux the combinatorial formula given
in Theorem below. This combinatorial rule may be used to prove that

Sary = Z (_1>jhr7iejeifj
0<j<i<r
for arbitrary » € Ny. Taking the coproduct
AS(U) = Z (—1)jAhr,iA€jA€i,j
0<j<i<r

of both sides of this formula and applying the “recursive” technique exhibited in

Section and in Section [} one may thus construct an alternative proof of the

following spec1al case of the Littlewood-Richardson rule: Asgry = > u cE\ M)s A® Sy
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Theorem 5.1. For m € N and n € 2N,

n

D (=1 = (=1) hmejen—,

A 7=0

where the former sum is over all partitions A = m~+n such that X is either of the form
(m, 27, 1%) or of the form (m + 2,27,1%), and the sign function given in the former
sum is such that (—1)* = (=1)A)271 4f Xy = m and (—1)* = (=1)*)2 otherwise.

Proof. Rewriting the sum Y77 ((=1)7hpejenj as 320 ((=1)sphmejen,; and ex-
panding expressions of the form s\yheje,_; using the classical Pieri rules, we thus
have that

n
Z(_l)j hmejen—j _ Z(_l)# of cells labeled 2 in TSshape(T)
T

=0
where the latter sum is over all hee-bipieri Schur tableaux 7 such that: shape(7T) F
n-+m, and the number of 2-cells plus the number of 3-cells is n. Let X = X, ,, denote
the set of all such bipieri tableaux. We now construct a sign-reversing involution on
this set. Let 7 € X, and let A = shape(7). The sequence of labels in the first
column of 7, read from top to bottom, is of the form

(3,3, ,3,2,2,--

.

2,1)

)
-~ 7
i (N —i—1

for some index i. The number of cells in the second column of A is equal to (A*)2. By
the Schur-elementary-Pieri rule, the labels of cells in the second column of 7T strictly
above the first row of 7 are all equal to 3. Define 7 to be the tableau obtained
from T by replacing any cells labeled 3 in the first column of T with cells labeled 2.
Since the labels of cells in the second column of 7T strictly above the first row of 7
are all equal to 3, we thus have that 7(® € X. For example,

T = — 7O = € X.

3 3
1]1] 1]1]

Let 7™ denote the tableau obtained by replacing the topmost label in the first
column of 7@ with a 3, let 7 denote the tableau obtained by replacing the second
topmost label in the first column of 7() with a 3, and so forth. Since the labels of
cells in the second column of T strictly above the first row of T are all equal to 3,
we thus have that:

TO ¢ X,... TEN-O2) ¢ x UEN=()2+1) ¢ X, T UM =(A)2+2) ¢ X, etc.
The original tableau 7 € X is thus contained within the chain

7 < 7 <... < TN =(A")2)



J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 95

of tableaux in X. For example, letting

ﬂ
I
= [ oo [ee]

1[1]

then the chain
T(O) < 7'(1) < T(2) < 7'(3) < 7'(4) — 7‘(4(/\)—(/\*)2)

is given as follows, with 7 = 7):

< < < <

holeo]esfeq]
woesfefes]

—[rorororo]
»-lw‘w‘oo‘co‘

1]1] 1]1] L[1] [1]1]1] [1]1]1]
Chains of bipieri tableaux of this form alternate with respect to the signs of
corresponding terms in the sum ) ( —1)Tsshape(7), writing

(_1)T — (_1)# of cells labeled 2 in T

for the sake of convenience. We thus have that if /(\) — (A\*)2 is odd, the expression

© €N ~(A)2)
(_1)T Sshape(T(0)) +eeet (_1>T ’ Sshape(T () =(*)2))
vanishes, and if £(\) — (A\*)y is even, we have that the above expression is equal to
:I:sshape( (0)), selecting the tableau 7 as a representative of the chain 7@ < 71 <

- < TUEXN=(A)2) - We thus have that

n

Z(_l me]en —J ZSlgn Sshape )

j=0

for some appropriate sign function which we later define, where the latter sum is
over all biperi Schur tableaux U satisfying the conditions given above together with
the conditions that £(\) — (\*), is even and U = U®). We are thus implicitly using
a sign-reversing involution ¢ = ¢,,, on X. By the Schur-elementary-Pieri rule, we
have that A\; € {m, m + 1, m + 2}. Letting U be a tableau satisfying the conditions
given above, suppose that A\; = m + 1, letting A denote the shape of &. The label of
the rightmost cell of the first row of U is either 2 or 3. We may assume without loss
of generality that the label of this cell is 2. Let VV € X denote the bipieri tableau
obtained by replacing this label with 3. We thus have that (_1)Usshape(7/{) = (—1)¥s,
and (—1)Ysghape(v) = (—1)Vs, are of opposite signs, thus proving that

n

Z(—l hme€jen_; = Z&gn ) Sshape(t/)

j=0
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where the latter sum is over all biperi Schur tableaux U satisfying the conditions
given above together with the condition that (shape(i/)); € {m, m + 2}. The sign
function given in this sum is determined in an obvious way by whether \; = m or
A1 = m + 2. In particular, if A\; = m, then (—1)* = (=1)*)2=1 and if \; = m + 2,
then (—1) = (=1)*")z,

Now, given a partition A F m-+n such that (1) Ay € {m, m+2}, (2) for all indices
i satisfying 1 < i < (), we have that A; € {1,2}, and (3) £(\) — (\*) is even, there
is a unique tableau U corresponding to the sum ), sign(Uf)Sshapes) Of shape A,
i.e. the tableau obtained by labeling the cells of A in an obvious manner. Conversely,
given a tableau U given by the sum ), sign(U)Sshape(w), there is a (unique) partition
satisfying conditions (1), (2) and (3) such that shape(d) = A. It is easily seen that
given a partition A = m + n such that \y € {m,m +2} and 1 <i </l(\) = \; €
{1,2} for all indices 7 in N, it necessarily follows that ¢(\) — (A*)s is even since n is
even, thus completing our proof. O

6 Conclusion

We conclude by describing some problems related to the results given in this paper.
The problem of constructing left Pieri rules for the shin basis is an interesting combi-
natorial problem. There are no known general combinatorial formulas for expressions
of the form H,¥, or expressions of the form E,¥,, so it is not clear how to define
a left bipieri shin tableau. There are no known identities such Theorem for im-
maculate functions indexed by a reverse hook or dual quasi-Schur functions indexed
by a reverse hook, and furthermore, there are no known combinatorial formulas for
immaculate functions indexed by a diving board composition or dual quasi-Schur
functions indexed by a diving board composition. We currently leave finding such
formulas as an open problem. A left Pieri rule for expressions of the form H,&,, is
proven in [4], although there is no known left Pieri rule for expressions of the form
E,&,, so it is not clear how to define a left bipieri immaculate tableau. We currently
leave it as an open problem to use right bipieri dual quasi-Schur tableaux to evaluate
sums of the form and coproducts of sums of this form in terms of the dual
quasi-Schur basis using the results given in [13]. We are interested in using noncom-
mutative bipieri tableaux to prove formulas which equate elements of a canonical
Schur-like basis {7, }acc of NSym and sums of the form ((1.1)) with constant-degree
terms which may be used to construct coproduct formulas as in Section [3.3|and Sec-
tion [4], since there are no known general Littlewood-Richardson rules for coproducts
of the following forms: A®,, AG,, and AS].
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7 Appendix

As discussed in Section [I given an alternating sum of products of constant degree
consisting of complete homogeneous and elementary symmetric functions, by ex-
panding each such product in the Schur basis or a Schur-like basis, there is typically
a large amount of cancellation with respect to the entire alternating sum. In this
section we illustrate this idea with respect to the reverse hook formula for the shin
basis, and with respect to our formula for expressions of the form SQRH n>1 ).
In this section, we also present transition matrices between the canonical Schur-like
bases of NSym.

7.1 An illustration of a reverse hook involution

We illustrate our combinatorial interpretation of the reverse hook formula for the
shin basis in this section by showing how the reverse hook sign-reversing involution
¢2.3 operates on the set X5 3. Expanding each term in the alternating sum

3
> (=1YE, ;HyH;

Jj=0

in the shin basis separately, there are a total of 37 resultant terms, with only one
term remaining after adding these terms. This illustrates our claim that there is
typically a large amount of cancellation with respect to alternating sums of the form
when each term of such a summation is expanded in terms of Schur/Schur-like
functions. The tableaux in Xy 3 are given below.

YRR g M
= = 1 112]2] |1
T 1]2] |1 1] 1 1[2]2]
A 12| = —
322233 23] [2] % 2[3
1 112] [1]2]3] 1
L0 12‘1 1 1 1]2
= S 1]2]
s Tore) [1121218] (3] ETEY
1 112]2] [1]2]2]3
112] [1]2]3] [1] = 112]2
3[3] [3] 3[3] [3]  [3]
22 223%2332 2[3] |2 333
1] 1] = 1]2] [1]2] [1]2]3

N}
—_
N}

213 2 313 3 31313] [3]3
112[3] [1]2]3]3] 2\12&B\mmmmﬂ 212 2[2]3]




J.M. CAMPBELL / AUSTRALAS. J. COMBIN. 66 (1) (2016), 66-103 98

3]

We now illustrate the sign-reversing involution ¢o3 using the informal “rules”
given above. We define the (symmetric) binary relation € on X, 3 so that given
tableaux 77 and T3 in Xy3, 71 @ 73 if and only if ¢(7;) = T3 (or equivalently
o(T2) = Th).

mmn?3ﬁﬁﬁwﬁ33mﬂﬂ

2]
2] 3 2] 3 2] 3
1]2] 2]2] 1 2 1] 2
1 1 112112 1 *n
1] 1 1 1 1]2] 1]2]
2] 3] 2] 3] 2] 3]
1/2[3] e [2][2]3] 13]e[2]3 1 < |2
1] 1] 12 1]2 1/2]3] 1/2[3]
23 313 23] 313
12 &[22 1| 2 %523303‘;’3
1] 1 1]2]  [1]2
2[3 3[3 2 3]
123 *® 2023 112313] ® 212]3]3]

Rule 2: [H[2[2}-{2[2]3[3]- 13| [212]2}-{2[8]3[3]-{3]

- v
ez 1 e 1] 3
112|2|®|1(2/|2 1 1 -
1] 1] 12]2] [1]2]2] 12[2[3]7 [1]2]2]3]
112[2] [2]2]3]
112[2]3] 4 [2]2]3]3] E 373
% ‘% 1] ‘L 1202]*®1]2]2]
Rule 3: [¥] s [X]
2]2}-{2[2]3[3] ]3] 22721 12 B33} {3]

1[2]2]3[3] e [2]2[3]3]3]

Rule 4: |2 2||2‘H ? 2||2‘
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2]

2]

2
1
1
1]

<>

=[=]=[

99

We thus have that the unique term indexed by the composition (1, 1, 1, 2) remains,
with respect to the sign-reversing involution ¢, 3.

7.2 An illustration of an SQRH involution

Letting Y,, denote the domain of the sign-reversing involution ), defined in Sec-

tion elements 7 in Y; such that ¢(7) # T are illustrated below, letting the
binary relation < be such that 7; @ 7 if and only if ¢(77) = T3 (or equivalently

O(T2) =Th).
22 i[2] [2[3] [1] [2 1 [2]
s 1 1 1/2] |1]3] 1 1
T* T 1| e[1 1| e[1 1/2] @ [1]3]
T 1] 1 s s ns ns ns
nEn 1] 1 1 1 1 11
1] 2] 1 2] 3 3
1 1 1 1 12| [2]3]
1| |1 1] |1 1| e |1]
1]2] 1]3] 1 1 1] 1]
1] 1 1]2] 1]3] 1 1]
1/2]3] 2(3]3] % % 13 3[3
1 el 12| e 13 112] o 112
1 1 1 1 1 1
1 1 1 1] 1 1
1] 9] o H 1[3] [3]3]
12\3\‘13\3\ 1 &1 1| ol
1 1 1]2] 1]2]
1] 1] L12] L/3] 1 1
Exi O s I v A N
13 13 1 1 e <
12 12 112131 [1[3]3 S
1 1 1 1
— = = - 1]2] 1]3]
1]3] 3[3] 1 3 1] 3]
1 1 13 13 1 1
1 1 *n 13113
112] 112] 112] 112] 12 12
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1] 2] 3] 3]
= = 112]3]3] 2[313[3]
1 Pl 112[3] o 12/3[3] 1 |l
L L Y Y 1 1
1]2]3] 1]3]3] 11 11 — —
1/3]3] 3/3]3] % % 1]3 313
12 012 12‘3‘013‘3‘ 1230123
1] 2] 1[3]3] 3[3]3] 1] 3]
1/2]3][3] e [1]3]3]3] 1 |1 1/3[3] & [1]|3]3]
(1] (1] 112] 112] 12 12
% % 113] 3[3] 1] 3]
5B - 1 el 13] e [1]3
112]3] 11373 112]3] 1/2]3] 1/2]3] 1/2]3]
1 2] 3 3
1 > 2 1/2][3]3] e [2]3[3]3]
1/2[3]3] 1/3[3]3] 11 1
11213[3]3] 213[3]/3]3] 113]3]3] 31313[3]
1 * ] 12 *0e
3] 3]
o e 113 3[3
1 e 2 -
11273]3] 1133]3] 112]3]3] 11213]3]
1] 2] 3] 3]
112[3[33] ® [13[3]3]3] 1231331 *® [213[313[3]

112]3[3[3[3] e [2]3[3]3[3]3
The elements in the domain of 5 that are fixed by 15 are illustrated below:

3

313

3/3[3]

313[3[3]3] (7.1)

== [ro]es

‘»—t‘[\.’)w

===

Separately expanding each term of the sum Z?:O(—l)iEn,iHlHi using bipieri
shin tableaux, there are a total of 84 terms. However, there are only 4 terms remain-
ing after simplifying the resultant sum consisting of 84 terms, namely the bipieri shin
tableaux given in . This illustrates the following idea which was discussed in
Section : given a sum of the form indicated in (1.1)) (with terms of equal degree),
after expanding the terms of this sum in a Schur-like basis using bipieri tableaux,
there is typically a very large amount of subsequent cancellation.
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7.3 Transition matrices between the canonical Schur-like bases

We conclude by showing some examples of transition matrices between Schur-like
bases of NSym. Asin [2], M (A, B) = M,(A, B) denotes the transition matrix between
bases A and B, with rows and columns indexed by compositions of 4 in lexicographic
order.

100 0 0000
011 0 1000
001 1 1100

.« 000 1 0110

MS®) =10 00 0 1000
00010000
000 0 0010
000 0 0001
10 0 0 0 0 0 0
01 -1 1 0 0 —10
00 1 -1 -1 0 1 0

oW 00 0 0 0 -1 0 0

M&SI=1g0 0 0 1 0 0 0
00 0 1 0 1 =10
00 0 0 0 0 1 0
00 0 0 0 0 0 1
100 0 0000
011 0 1000
001 1 1000

w000 1T 0010

MS®=1900 0 1000
00010100
000 0 0010
000 0 0001
10 0 0 0 0 0 0
01 -1 1 0 0 —10
00 1 -1 =10 1 0

oW 00 0 1 0 0-10

M®S)I=100 0 0 1 0 0 0
00 0 1 0 1 —10
00 0 0 0 0 1 0
00 0 0 0 0 0 1
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10000 0 0O
01000 0 0O
00100 0 0O
0001O0-1200290
M(&,2) = 00001 0 0O
0000O0O 1T 0O
0000O0O O 10
000O0O0O O O0°1
1 00000O0O00©O0
01 00O0O0O0O0
001 0O0O0O0OO0
0001O01QO0O0
M@, &) = 000O01O0O0O
000O0O0OT1TO0®O
000O0O0O0T1@O0
000O0O0O0O0T1

Since the immaculate-Pieri rule and the shin-Pieri rule are intuitively “similar”,
it seems natural that the transition matrices between the immaculate basis and the
shin basis should be “close” to identity matrices in some sense. We leave it as an
open problem to formalize this notion.
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