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Abstract

Let G = (V, E) be a graph and I" an abelian group, both of order n. A
group distance magic labeling of G is a bijection £: V' — I for which there
exists p € I' such that 37 v, €(z) = p for all v € V, where N(v) is the
neighborhood of v. Froncek [Australas. J. Combin. 55 (2013), 167-174]
showed that the cartesian product C,,00C,, m,n > 3 is a Z,-distance
magic graph if and only if mn is even. In this paper we show some I'-
distance magic labelings for C,,00C,, where I' 2 Z,.,,. Moreover we will
deal with group distance labeling of the pth power of a cycle C,,.

1 Introduction

All graphs considered in this paper are simple finite graphs. Consider a simple graph
G whose order we denote by |G| = n. Write V(G) for the vertex set and F(G) for
the edge set of a graph G. The neighborhood N(zx) of a vertex x is the set of vertices
adjacent to x, and the degree d(z) of x is |N(x)|, the size of the neighborhood of z.
By C), we denote a cycle on n vertices.

A distance magic labeling (also called a sigma labeling) of a graph G = (V, E)
of order n is a bijection £: V(G) — {1,2,...,n} with the property that there is a
positive integer k (called the magic constant) such that 3 ) €(y) = k for every
x € V(G). If a graph G admits a distance magic labeling, then we say that G is a
distance magic graph.

Miller et al. showed in [5]:

Theorem 1 ([5]) The cycle C,, of length n is a distance magic graph if and only if
n=4.
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The cartesian product GOH of graphs G and H is a graph such that the vertex
set of GOH is the cartesian product V(G) x V(H); and any two vertices (u,u') and
(v,v") are adjacent in GOH if and only if either u = v and ' is adjacent with ¢’ in
H, or v =" and u is adjacent with v in G.

Rao et al. proved the following result for cartesian product of cycles in [6].

Theorem 2 ([6]) The cartesian product C,00C,,, n,m > 3 is a distance magic
graph if and only if n =m =2 (mod 4).

The pth power of a graph G is a graph G? with the same set of vertices as G
and an edge between two vertices if and only if there is a path of length at most p
between them. In this paper we will consider the pth power of a cycle C,. Notice
that C? is a 2p-regular graph and moreover it is a circulant graph. A circulant graph
is a graph on n vertices that admits a cyclic automorphism of order n.

By ged(a,b) we denote the greatest common divisor of a and b. It was shown
in [1] that a graph C? is not distance magic graph unless n = 6. For the case p being
odd the following theorem was proved:

Theorem 3 ([1]) If p is odd, then C? is a distance magic graph if and only if
2p(p+1) =0 (mod n), n >2p+2 and gy =0 (mod 2).

The notion of group distance magic labeling of graphs was introduced by Froncek
in [4]. A group distance magic labeling or a I'-distance magic labeling of a graph
G(V, E) with |V| = n is an injection from V' to an abelian group I' of order n such
that the sum of the labels of all neighbors of every vertex x € V', called the weight
of  and denoted by w(x), is equal to the same element p € T', called the magic
constant.

One can notice that if a graph G of order n admits a distance magic labeling,
then it also admits a Z,-distance magic labeling and the inverse is not necessary
true.

There have been considered some families of graphs that are I'-distance magic
(see [2, 3, 4]). The following was proved in [4]:

Theorem 4 ([4]) The cartesian product C,,0C,,, m,n > 3 is a Zyy,-distance magic
graph if and only if mn is even.

Froncek [4] also showed that the graph Con[0Co» has a (Zg)*"-distance magic
labeling for n > 2 and pu = (0,0,...,0) and posted the following problem:

Problem 5 ([4]) For a given graph C,,0Cy, determine all abelian groups I such
that the graph C,,10Cy admits a I'-distance magic labeling.

In the next section we will partially solve the above problem by showing some
other groups I' besides Z,,, for which C,,0C} admits a ['-distance magic labeling;
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whereas in the third section we will consider group distance magic labelings for a
graph CP.

Recall that any group element g € T" of order 2 (i.e. ¢ # 0 such that 2g = 0)
is called an involution, and that a non-trivial finite group has elements of order 2
if and only if the order of the group is even. Moreover every cyclic group of even
order has exactly one involution. The fundamental theorem of finite abelian groups
states that the finite abelian group I' can be expressed as the direct sum of cyclic
subgroups of prime-power order. This product is unique up to the order of the direct
product. If ¢ be the number of these cyclic components whose order is a power of
2, then I' has 2t — 1 involutions. A subgroup generated by an element ¢ in a group
I’ we denote as {g). If H is a subgroup of an abelian group I', and g € I', then
H+g={h+g:he H}isa coset of HinT.

2 Group labeling for C,00C,,

Let V(C,, x Cp) = {zi; : 0 < i <n—-1,0 < i < m— 1}, where N(z;;) =
{Zij—1,%ij+1, Tiy1,5, Ti—1,;; and operation on the first suffix is taken modulo n and
the second suffix modulo m respectively. By a diagonal D’ of C,0C,, we mean
a sequence of vertices (Zo;,Z1,j41,---» Tn1j4+n—1sL0j+ns T1jtntls -- -5 Tn_1,—1) Of
length [. It is easy to observe that [ = lem(n, m), the least common multiple of n and
m. As in [4] we denote the diagonal by D7 = (d%, d{7 .. .7d{71)7 j=0,1,2,...,d—1,
where d = ged(m, n).

We will start this section by showing that if m, n are odd then there does not exist
an abelian group I' of order mn such that C,[JC,, has I'-distance magic labeling.

Lemma 6 If n,m are odd, then C,10C,, is not a I'-distance magic graph for any
abelian group T' of order nm.

Proof. Suppose that there exists a group I' that C,0C,, is I'-distance magic. Let
¢:V(C,0C,,) — T be a I'-distance magic labeling and p be the magic constant for
C,0C,. It follows w(zoo) = w(z11) = U(Tom-1) + UTn-10) + L(z10) + l(T01) =
Ux10) + Umo1) + £(x21) + (x12). Hence €(zgm-1) + Uxn-10) = l(x271) + £(212).
Comparing weights of vertices x25 and x33 we obtain £(za;) + £(z12) = l(z43) +
{(x3,4). Consequently, we obtain

Uzgm-1) + Uxn-10) = (T20,20-1) + UT20-1,20)
for any natural number a. Let d = ged(n,m). Since n,m are odd and taking o/

2 (2 + 1), we obtain 20/ =1 (mod n) and 20/ =1 (mod m). Hence €(zq,m_1) +
Uxp-10) = (z1,0) + £(z0,1) and furthermore 2(¢(zgm-1) + {(Tn-10)) = p-

Analogously, if we start with vertices z,,_2 and z,_31, we obtain

UTnom-1) + l(Tn-10) = U@p_a1) + €(Tn_32) = ... = U(Tn_30) + £(Tn_21)-
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Thus pp = U(2p_2m—2) +(2n_1,0) +(Tn_30) +(Tn_21) and 2({(2p_2m—1) +(2n_1,))
= p. Therefore 2(¢(zgm-1) — €(Tn—2,m-1)) = 0. Since the order of the group T is
odd, it implies that there does not exist an element of order 2 in I', so ¢(zgm—1) —
Uzp_2,m—1) =0, a contradiction. [ |

In the proof of the theorem below we are using constructions similar to those by
Froncek (see [4]).

Theorem 7 Let | = lem(n, m), if n or m is even then C,0C,, has a Z, x.A-magic
labeling for any « =0 (mod I) and any abelian group A of order mn/a.

Proof. Without losing generality we can assume that n is even. Notice that | = 2k
for some k and o = 2kh for some h. Notice also that d = ged(n, m) is the number
of diagonals of C,,(0C,,.

If d = 1, then observe that there exists only one abelian group of order nm,
namely Z,., and we are done by Theorem 4. So we can assume that d > 2.

Let r = nm/a and I = 7, XA, thus if g € I, then we can write that g = (J, a;)
for j € Zo and a; € A fori =0,1,...,r — 1. We can assume that ag = 0 € A. Let

U(x) = (h(x), l5(2))-
Let H = (2h) be the subgroup of Z, of order k.
Label the vertices of D° as follows:
U(d3;) = (2ih, ao), Udisr) = (=2ih — 1, —ay)
fori=0,1,...,k— 1.
The vertices in D, D?, D3, ..., D" will be labeled as
é(dg) = (lo(dg_l) +1,a0) ifg=1 (mod 2),
Ud))y = (L(d™") —1,—ap) if g=—1 (mod 2).
The vertices in D", D", ... D! will be labeled as
€(d§) = (ll(df;h),a[]—/hj) ifg=1 (mod 2),
€(d§) = (I (dgfh), —ayj/my) if g =0 (mod 2).
Obviously ¢ is a bijection and moreover:
0(dh;) + U(db;y) = (=1,0) and £(d);, ;) + £(db;s) = (2h — 1,0) for any .
If d > 2, then the vertex zy; = d has in C,00C,, neighbors dg_17df;f and
d*! d7'. Therefore w(df) = 2h — 2 and the labeling is I'-distance magic as desired.

i—19 7

If d = 2, then the vertex zy; = d! has in C,0C,, neighbors d{ﬁ%dﬂﬂ and
d{;fl,dﬁri7 for j+1 (mod2) <1,0<a<b<1l—1 Since d* = zy;_; and
dg“ = Ty j41, thus b+ 1 = a + gn for some 1 < g < [/n. Because n is even a and
b+ 1 have the same parity and thus w(d}) = 2h — 2. ]

Notice that by the above theorem for an example, a graph C30C 2 admits a
I-distance magic labeling to any group I' isomorphic to Zia X Zi2, Zi2 X Z2 X Zs,
Zioa X 16y Las X Lz, Lz X Lz X L2y Lse X ZLa OF Ziaa.
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3 Group labelings for C?

In this section we will show some group distance magic labelings for the circulant
graph C?. Let C), = zozy ... x,_1; then

N(xi) = {@icp, Timp1s -+, Tim1, Tig1, Tigas - -, Tigp),

where i + j is taken modulo n, is the neighborhood of a vertex z; € V/(CP).

Observation 8 If n < 2p + 2, then C? is not a I'-distance magic graph for any
abelian group ' of order n.

Proof. If n < 2p+ 2, then C? = K,,, so there does not exist a group I' so that C? is
a ['-distance magic graph. |

Observation 9 If C? is a I'-distance magic graph for a group I', then n is even.

Proof. Let £ : V(C?) — T be a I'-distance magic labeling and p be the magic
constant for C?. One can check that:

@)+ lU@iv1)+- - AU Bipp-1) = UTir2y41)) H(@ir1429041)) F- - HUTitp-1424(41))

for any natural . Suppose that n is odd; then m = 1 (mod 2). Thus
ged(n,p+1) = ged(n,2p+2) and (2(p+ 1)) = (p+1). Hence, p+1=c2(p+ 1) for
some ¢ > 1. Set v = ¢, i = 0,1 and obtain respectively:

f(ﬂ?o) +€(l’1) + -+ £(Ip_1) = é(l’p_H) + é(l’p+2) + - +€(l’2p),
U(z1) + L(x2) + -+ () UTpio) + Uxpis) + -+ UTops1)-

Since N(z;) = {Zimp, Ticpt1,- - > Tic1s Tit1s Tit2, - - -, Tiyp) and Cy(1,p) is I-dis-
tance magic, we obtain:

2(0(xo) + U(x1) + -+ + l(xp1)) = K,
2(0(x1) + U(w2) + -+ - + L(xy)) -

Therefore 2(¢(zy) — ¢(x,)) = 0. Recall that n being odd implies that there does not
exists an element g # 0, g € T' such that 2g = 0. Thus ¢(x) = ¢(x,) and we obtain
a contradiction, because n > 2p + 1. |

Theorem 10 Let ged(n,p+ 1) = d. If p is even, n > 2p + 1 and n = 2kd, then
C? has a Zo X A-magic labeling for any o =0 (mod 2k) and any abelian group A of
order n/.
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Proof. Let n/ao = r. Since I' & 7, xA, thus if g € T', then we can write that
g = (J,a;) for j € Zo and a; € A for i = 0,1,...,7 — 1. We can assume that
ap=0¢€ A. Let {(z) = (li(z), l2(x)).

Let X = (p + 1) be the subgroup of 7, of order 2k. Let us denote for j =
1,2,...,d =1 by X the set of all vertices whose subscripts belong to coset X + j.
Notice that o = 2kh for some h. Let H = (2h) be the subgroup of 7, of order k.

Label the vertices of X as follows:
é(in(p+1)) = (21]7‘7 a0)7 €($(2i+1)(P+1)) = (721]7‘ - 17 70’0)7 i= 07 17 cee k—1

If a subscript m belongs to the coset X 4+ j, then denote it by m;. Notice that a
vertex x,,; belongs to X if the vertex z,,, , o belongs to X; ;. The vertices in
X1, X0, X3,..., X1 will be labeled recursively as follows.

L(Tm) = { W(@m;p2) +1 0 L2, —jpr2)

=0 (mod 2h),
b(@m;—p—2) =1 if L(Tm;—jpr2) Z0

(mod 2h),
lo(zm.) = agjr)  if L(zm,) =0 (mod 2),
e —apise) i lLi@m) =1 (mod 2).

Obviously ¢ is a bijection and moreover: €(xg;) 4+ {(29i+p+1) = (—1,0) and €(wg;1q) +
Uz2i1pra) = (2h — 1,0) for any 1.

Recall that N(z;) = {@i_p, Timpt1, .- - Tim1, Tig1, Tita, - - -, Tivp}. SiDce p is even,
it implies that w(z;) = >20_, (U(2i—j) + €(Ti—jipr1) = p(2h — 2,0) for any 1. ]

Below, we show an example of a 75 x Z3-distance magic labeling for C%;.

g(xO) = (070)7 £(I9) = (1170)7 €($18) = (670)7 £($27) = (570)7
é(l’lo) = (170)7 £($19) = (1 70)7 €($28) = (77 0)7 £(I1) = (470)7
6(1’20) = (27 0)7 £($29) = (97 0)7 €($2) = (870)7 £($11) = (370)7
£($30) = (37 2)7 Z(ls) = (87 1)7 E(ZIQ) = ( 72)7 Z(wﬂ) = (27 1)7
E(I4) = (47 1), Z(llj) = (7, 2)7 é(.’EQQ) = (107 1), Z(ljl) = (1,2)7
E(LEM) = (57 2)7 Z(‘l%) = (67 1)7 £($32) = (1172)7 Z(lf)) = (07 1)7
é(x%) = (67 2)7 £($33) = (57 1)7 6(1’6) = (127 2)7 £($15) = (117 1)7
Uxzg) = (7,1), L(z7) =(4,2), L(xs) = (13,1), £(x25) = (10,2),
é(l’g) = (872)7 £($17) = ( 71)7 €($26) = (1472)7 £($35) = (97 1)

We will use a similar method as in the proof of Theorem 3 ([1]) to show the
following lemma.

Lemma 11 If p is odd and 2p(p + 1) #Z 0 (mod n), then C? is not a I'-distance
magic graph for any abelian group T of order n.

Proof. Suppose that there exists a group I' and C? is I'-distance magic and 2p(p+1) #
0 (mod n). Let £: V(CF) — T be a I'-distance magic labeling and x be the magic
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constant for C?. It follows that w(z;) — w(zip1) = L(@ip) + L(xip1) — (0(z;) +
Uzis14p)) =0 for i € {0,1,...,n — 1}. Hence for any natural :

U(x0) + U(wp11) = L) + L(T2ps1) = - £(xw) + U Ty 1)pt1) = M1,
U(11) + U(2p12) = €(Tpya) + /(I2p+2) = UTypr1) + UT(y41)p12) = 2,
Uzp1) + Uzop) = U(wap-1) + LlT3p) = -+ = LT (y11)p-1) + LT (142)p) = Hp,

and fiy + p2 + -+ -+ pp = .
Let ¢(xq) = ko; then

J

Uzjp+1)) Z

=0
for j =1,2,...,p. If pis odd then £(xyp11)) = pp — plp—1 + flp—z — -+ + pi1 — fto. It
follows that
Uz pinpen) = —Hp+ fp-1 = kpo 4+ + p2 + ko
T proprn) = Hp = fp-1+ pp-2 =+ p3 — Ko
U@app+)) = Ho-
It follows that ¢(zo) = €(Tap(p+1)) = Mo, & contradiction. ]

Recall that if p is odd, 2p(p +1) = 0 (mod n), n > 2p + 2 and m =0
(mod 2), then C? is a Z,-distance magic graph by Theorem 3. Below, we generalize
this result for some other groups I'.

Theorem 12 Let ged(n,p + 1) = d. If p is odd, n = 2kd, p = 0 (mod k) and
n > 2p+ 1, then C? has a Za X A-magic labeling for any o =0 (mod 2k) and any
abelian group A of order n/a.

Proof. Notice that o = 2kh for some natural h. Let n/a = r. Since I' & 7, x A, if
g € T, then we can write We can assume that ap = 0 € A. Let {(z) = (I;(z), 2(x)).
Let X = (p + 1) be the subgroup of Z, of order 2k. Let us denote, for j =
1,2,...,d — 1, by X, the set of all vertices whose subscripts belong to the coset
X +j.
Label the vertices of X as follows:
Ifk = 17 then £(IO) = (07 a0)7 €($P+1) = (717 7a0)'
If k = 37 then €($0) = (0, ao), €($p+1) = (*2, *ao), €($2(p+1)) = (2, ao), €($3(p+1)) =
(_37 _a0)7 Z(‘T4(P+1)) = (170’0)7 Z(‘T5(P+1)) = <_17 —ao).
For k > 5 let:
U(zo) = (0, a0), U(x2(p11)) = (2, a0), U(zaps1)) = (4, @0),. . ., U&2i(ps1)) = (24, a0),.. -,
Uz g-3)(p+1) = (K — 3, a0), f(fL(k Dp+n) = (k=1 a0), (zganypen) = (k= 2,a0),
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(Tre3)pr1) = (b — 4,a0), UThys)prn) = (K = 6,a0), . L(T@r-)pr1) = 3,
(-T(2k72)(1’+1)) =1, and
(#p+1) = (=2,—ao), Uaspry) = (=4 —ao), Uzsp4) = (=6,—a0), ...,
(T@inery) = (=20 = 2,—a0),. .., LT-nEn) = (=F +3,—a0), Uzp-2)p1)
= (=k + 1,—ao) Uzrpiny) = (—k,—ao), L(Z@+2p+1) = (k + 2,—a) ...,
U2 @r-3)(p+1)) = (=3, —a0), {(T@r-1)(p+1)) = (=1, —ao).

If a subscript m belongs to a coset X + j, then denote it by m;. Notice that
a vertex ¥, belongs to Xj if the vertex z,,,,, belongs to X; ;. The vertices in
X1, X5, X3..., X1 will be labeled recursively as follows.

) = (h(Zm;4p) + E,a0) if mj+jp =0 (mod 2p + 2)
i (l(Tm;4p) — k,—ag) if m;+jp#0 (mod 2p+2).

Notice that a vertex z,,; belongs to X if the vertex x,, n, belongs to X; ;. And
the vertices in X, Xp11, ..., Xq_1 will be labeled recursively as follows.

U(zm) = { (11 (@, +1p) > @lj/m)) %f L(Tm+hp) < 5
! (L (@ 4mp)s —apisny) A L(Tmanp) > 5
Obviously ! is a bijection, and observe that if & = 1, then ¢(z;) + l(@iyp+1) =
(—1,0) for any 4, whereas for k > 1 since p =0 (mod k):

Tikto) + UTpriner) = (—2,0),
Uigy1) + UTpyins2) = (0,0),
U@ikya) + UTpyinss) = (—2,0),
U(@ipys) + L@prinea) = (0,0),

U w(ipyn—3) + UTpsir1r—2) = (=2,0),
U w(iryn—2) + UTppryr—1) = (
U w(iyp—1) + UTps i) = (=1,0),

fori=0,1,...,p/k — 1.

Furthermore, because N(z;) = {Ti_p, Tipt1,-- -, Tic1, Tit1, Tito, - - ., Tiyp} and
p/k is odd, we obtain w(x;) = (—p,0) for any . ]
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