
AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 57 (2013), Pages 235–243

Group distance magic labeling of some
cycle-related graphs

Sylwia Cichacz∗

Faculty of Applied Mathematics
AGH University of Science and Technology

Al. Mickiewicza 30, 30-059 Kraków
Poland

Abstract

Let G = (V, E) be a graph and Γ an abelian group, both of order n. A
group distance magic labeling of G is a bijection � : V → Γ for which there
exists μ ∈ Γ such that

∑
x∈N(v) �(x) = μ for all v ∈ V, where N(v) is the

neighborhood of v. Froncek [Australas. J. Combin. 55 (2013), 167–174]
showed that the cartesian product Cm�Cn, m, n ≥ 3 is a Zmn-distance
magic graph if and only if mn is even. In this paper we show some Γ-
distance magic labelings for Cm�Cn where Γ �∼= Zmn. Moreover we will
deal with group distance labeling of the pth power of a cycle Cn.

1 Introduction

All graphs considered in this paper are simple finite graphs. Consider a simple graph
G whose order we denote by |G| = n. Write V (G) for the vertex set and E(G) for
the edge set of a graph G. The neighborhood N(x) of a vertex x is the set of vertices
adjacent to x, and the degree d(x) of x is |N(x)|, the size of the neighborhood of x.
By Cn we denote a cycle on n vertices.

A distance magic labeling (also called a sigma labeling) of a graph G = (V, E)
of order n is a bijection � : V (G) → {1, 2, . . . , n} with the property that there is a
positive integer k (called the magic constant) such that

∑
y∈NG(x) �(y) = k for every

x ∈ V (G). If a graph G admits a distance magic labeling, then we say that G is a
distance magic graph.

Miller et al. showed in [5]:

Theorem 1 ([5]) The cycle Cn of length n is a distance magic graph if and only if
n = 4.
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The cartesian product G�H of graphs G and H is a graph such that the vertex
set of G�H is the cartesian product V (G)× V (H); and any two vertices (u, u′) and
(v, v′) are adjacent in G�H if and only if either u = v and u′ is adjacent with v′ in
H, or u′ = v′ and u is adjacent with v in G.

Rao et al. proved the following result for cartesian product of cycles in [6].

Theorem 2 ([6]) The cartesian product Cn�Cm, n, m ≥ 3 is a distance magic
graph if and only if n = m ≡ 2 (mod 4).

The pth power of a graph G is a graph Gp with the same set of vertices as G
and an edge between two vertices if and only if there is a path of length at most p
between them. In this paper we will consider the pth power of a cycle Cn. Notice
that Cp

n is a 2p-regular graph and moreover it is a circulant graph. A circulant graph
is a graph on n vertices that admits a cyclic automorphism of order n.

By gcd(a, b) we denote the greatest common divisor of a and b. It was shown
in [1] that a graph C2

n is not distance magic graph unless n = 6. For the case p being
odd the following theorem was proved:

Theorem 3 ([1]) If p is odd, then Cp
n is a distance magic graph if and only if

2p(p + 1) ≡ 0 (mod n), n ≥ 2p + 2 and n
gcd(n,p+1)

≡ 0 (mod 2).

The notion of group distance magic labeling of graphs was introduced by Froncek
in [4]. A group distance magic labeling or a Γ-distance magic labeling of a graph
G(V, E) with |V | = n is an injection from V to an abelian group Γ of order n such
that the sum of the labels of all neighbors of every vertex x ∈ V , called the weight
of x and denoted by w(x), is equal to the same element μ ∈ Γ, called the magic
constant.

One can notice that if a graph G of order n admits a distance magic labeling,
then it also admits a Zn-distance magic labeling and the inverse is not necessary
true.

There have been considered some families of graphs that are Γ-distance magic
(see [2, 3, 4]). The following was proved in [4]:

Theorem 4 ([4]) The cartesian product Cm�Cn, m, n ≥ 3 is a Zmn-distance magic
graph if and only if mn is even.

Froncek [4] also showed that the graph C2n�C2n has a (Z2)
2n-distance magic

labeling for n ≥ 2 and μ = (0, 0, . . . , 0) and posted the following problem:

Problem 5 ([4]) For a given graph Cm�Ck, determine all abelian groups Γ such
that the graph Cm�Ck admits a Γ-distance magic labeling.

In the next section we will partially solve the above problem by showing some
other groups Γ besides Zmn for which Cm�Ck admits a Γ-distance magic labeling;
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whereas in the third section we will consider group distance magic labelings for a
graph Cp

n.

Recall that any group element g ∈ Γ of order 2 (i.e. g �= 0 such that 2g = 0)
is called an involution, and that a non-trivial finite group has elements of order 2
if and only if the order of the group is even. Moreover every cyclic group of even
order has exactly one involution. The fundamental theorem of finite abelian groups
states that the finite abelian group Γ can be expressed as the direct sum of cyclic
subgroups of prime-power order. This product is unique up to the order of the direct
product. If t be the number of these cyclic components whose order is a power of
2, then Γ has 2t − 1 involutions. A subgroup generated by an element g in a group
Γ we denote as 〈g〉. If H is a subgroup of an abelian group Γ, and g ∈ Γ, then
H + g = {h + g : h ∈ H} is a coset of H in Γ.

2 Group labeling for Cn�Cm

Let V (Cn × Cm) = {xi,j : 0 ≤ i ≤ n − 1, 0 ≤ i ≤ m − 1}, where N(xi,j) =
{xi,j−1, xi,j+1, xi+1,j , xi−1,j} and operation on the first suffix is taken modulo n and
the second suffix modulo m respectively. By a diagonal Dj of Cn�Cm we mean
a sequence of vertices (x0,j , x1,j+1, . . . , xn−1,j+n−1, x0,j+n, x1,j+n+1, . . . , xn−1,j−1) of
length l. It is easy to observe that l = lcm(n, m), the least common multiple of n and
m. As in [4] we denote the diagonal by Dj = (dj

0, d
j
1, . . . , d

j
l−1), j = 0, 1, 2, . . . , d− 1,

where d = gcd(m, n).

We will start this section by showing that if m, n are odd then there does not exist
an abelian group Γ of order mn such that Cn�Cm has Γ-distance magic labeling.

Lemma 6 If n, m are odd, then Cn�Cm is not a Γ-distance magic graph for any
abelian group Γ of order nm.

Proof. Suppose that there exists a group Γ that Cn�Cm is Γ-distance magic. Let
� : V (Cn�Cm) → Γ be a Γ-distance magic labeling and μ be the magic constant for
Cn�Cm. It follows w(x0,0) = w(x1,1) = �(x0,m−1) + �(xn−1,0) + �(x1,0) + �(x0,1) =
�(x1,0) + �(x0,1) + �(x2,1) + �(x1,2). Hence �(x0,m−1) + �(xn−1,0) = �(x2,1) + �(x1,2).
Comparing weights of vertices x2,2 and x3,3 we obtain �(x2,1) + �(x1,2) = �(x4,3) +
�(x3,4). Consequently, we obtain

�(x0,m−1) + �(xn−1,0) = �(x2α,2α−1) + �(x2α−1,2α)

for any natural number α. Let d = gcd(n, m). Since n, m are odd and taking α′ =
1
2

(
nm
d

+ 1
)
, we obtain 2α′ ≡ 1 (mod n) and 2α′ ≡ 1 (mod m). Hence �(x0,m−1) +

�(xn−1,0) = �(x1,0) + �(x0,1) and furthermore 2(�(x0,m−1) + �(xn−1,0)) = μ.

Analogously, if we start with vertices xn−2,0 and xn−3,1, we obtain

�(xn−2,m−1) + �(xn−1,0) = �(xn−4,1) + �(xn−3,2) = . . . = �(xn−3,0) + �(xn−2,1).
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Thus μ = �(xn−2,m−2)+�(xn−1,0)+�(xn−3,0)+�(xn−2,1) and 2(�(xn−2,m−1)+�(xn−1,0))
= μ. Therefore 2(�(x0,m−1) − �(xn−2,m−1)) = 0. Since the order of the group Γ is
odd, it implies that there does not exist an element of order 2 in Γ, so �(x0,m−1) −
�(xn−2,m−1) = 0, a contradiction.

In the proof of the theorem below we are using constructions similar to those by
Froncek (see [4]).

Theorem 7 Let l = lcm(n, m), if n or m is even then Cn�Cm has a Zα ×A-magic
labeling for any α ≡ 0 (mod l) and any abelian group A of order mn/α.

Proof. Without losing generality we can assume that n is even. Notice that l = 2k
for some k and α = 2kh for some h. Notice also that d = gcd(n, m) is the number
of diagonals of Cn�Cm.

If d = 1, then observe that there exists only one abelian group of order nm,
namely Zmn and we are done by Theorem 4. So we can assume that d ≥ 2.

Let r = nm/α and Γ ∼= Zα ×A, thus if g ∈ Γ, then we can write that g = (j, ai)
for j ∈ Zα and ai ∈ A for i = 0, 1, . . . , r − 1. We can assume that a0 = 0 ∈ A. Let
�(x) = (l1(x), l2(x)).

Let H = 〈2h〉 be the subgroup of Zα of order k.

Label the vertices of D0 as follows:

�(d0
2i) = (2ih, a0), �(d0

2i+1) = (−2ih − 1,−a0)

for i = 0, 1, . . . , k − 1.

The vertices in D1, D2, D3, . . . , Dh−1 will be labeled as

�(dj
g) = (l0(d

j−1
g ) + 1, a0) if g ≡ 1 (mod 2),

�(dj
g) = (l1(d

j−1
g ) − 1,−a0) if g ≡ −1 (mod 2).

The vertices in Dh, Dh+1, . . . , Dd−1 will be labeled as

�(dj
g) = (l1(d

j−h
g ), a�j/h�) if g ≡ 1 (mod 2),

�(dj
g) = (l1(d

j−h
g ),−a�j/h�) if g ≡ 0 (mod 2).

Obviously � is a bijection and moreover:

�(dj
2i) + �(dj

2i+1) = (−1, 0) and �(dj
2i+1) + �(dj

2i+2) = (2h − 1, 0) for any i.

If d > 2, then the vertex xi′,j′ = dj
i has in Cn�Cm neighbors dj−1

i , dj−1
i+1 and

dj+1
i−1 , dj−1

i . Therefore w(dj
i ) = 2h− 2 and the labeling is Γ-distance magic as desired.

If d = 2, then the vertex xi′,j′ = dj
i has in Cn�Cm neighbors dj+1

a , dj+1
a+1 and

dj+1
b , dj+1

b+1, for j + 1 (mod 2) ≤ 1, 0 ≤ a < b ≤ l − 1. Since dj+1
a = xi′,j′−1 and

dj+1
b = xi′,j′+1, thus b + 1 = a + qn for some 1 ≤ q < l/n. Because n is even a and

b + 1 have the same parity and thus w(dj
i ) = 2h − 2.

Notice that by the above theorem for an example, a graph C12�C12 admits a
Γ-distance magic labeling to any group Γ isomorphic to Z12 ×Z12, Z12 ×Z2 ×Z6,

Z24 ×Z6, Z48 ×Z3, Z36 ×Z2 ×Z2, Z36 ×Z4 or Z144.
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3 Group labelings for Cp
n

In this section we will show some group distance magic labelings for the circulant
graph Cp

n. Let Cn = x0x1 . . . xn−1; then

N(xi) = {xi−p, xi−p+1, . . . , xi−1, xi+1, xi+2, . . . , xi+p},

where i + j is taken modulo n, is the neighborhood of a vertex xi ∈ V (Cp
n).

Observation 8 If n < 2p + 2, then Cp
n is not a Γ-distance magic graph for any

abelian group Γ of order n.

Proof. If n < 2p + 2, then Cp
n
∼= Kn, so there does not exist a group Γ so that Cp

n is
a Γ-distance magic graph.

Observation 9 If Cp
n is a Γ-distance magic graph for a group Γ, then n is even.

Proof. Let � : V (Cp
n) → Γ be a Γ-distance magic labeling and μ be the magic

constant for Cp
n. One can check that:

�(xi)+�(xi+1)+. . .+�(xi+p−1) = �(xi+2γ(p+1))+�(xi+1+2γ(p+1))+. . .+�(xi+p−1+2γ(p+1))

for any natural γ. Suppose that n is odd; then n
gcd(n,p+1)

≡ 1 (mod 2). Thus

gcd(n, p + 1) = gcd(n, 2p + 2) and 〈2(p + 1)〉 = 〈p + 1〉. Hence, p + 1 = c2(p + 1) for
some c ≥ 1. Set γ = c, i = 0, 1 and obtain respectively:

�(x0) + �(x1) + · · · + �(xp−1) = �(xp+1) + �(xp+2) + · · · + �(x2p),

�(x1) + �(x2) + · · · + �(xp) = �(xp+2) + �(xp+3) + · · · + �(x2p+1).

Since N(xi) = {xi−p, xi−p+1, . . . , xi−1, xi+1, xi+2, . . . , xi+p} and Cn(1, p) is Γ-dis-
tance magic, we obtain:

2(�(x0) + �(x1) + · · · + �(xp−1)) = μ,

2(�(x1) + �(x2) + · · · + �(xp)) = μ.

Therefore 2(�(x0) − �(xp)) = 0. Recall that n being odd implies that there does not
exists an element g �= 0, g ∈ Γ such that 2g = 0. Thus �(x0) = �(xp) and we obtain
a contradiction, because n > 2p + 1.

Theorem 10 Let gcd(n, p + 1) = d. If p is even, n > 2p + 1 and n = 2kd, then
Cp

n has a Zα ×A-magic labeling for any α ≡ 0 (mod 2k) and any abelian group A of
order n/α.
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Proof. Let n/α = r. Since Γ ∼= Zα ×A, thus if g ∈ Γ, then we can write that
g = (j, ai) for j ∈ Zα and ai ∈ A for i = 0, 1, . . . , r − 1. We can assume that
a0 = 0 ∈ A. Let �(x) = (l1(x), l2(x)).

Let X = 〈p + 1〉 be the subgroup of Zn of order 2k. Let us denote for j =
1, 2, . . . , d − 1 by Xj the set of all vertices whose subscripts belong to coset X + j.
Notice that α = 2kh for some h. Let H = 〈2h〉 be the subgroup of Zα of order k.

Label the vertices of X0 as follows:

�(x2i(p+1)) = (2ih, a0), �(x(2i+1)(p+1)) = (−2ih − 1,−a0), i = 0, 1, . . . , k − 1.

If a subscript m belongs to the coset X + j, then denote it by mj. Notice that a
vertex xmj

belongs to Xj if the vertex xmj−p−2 belongs to Xj−1. The vertices in
X1, X2, X3, . . . , Xd−1 will be labeled recursively as follows.

l1(xmj
) =

{
l1(xmj−p−2) + 1 if l1(xmj−j(p+2)) ≡ 0 (mod 2h),
l1(xmj−p−2) − 1 if l1(xmj−j(p+2)) �≡ 0 (mod 2h),

l2(xmj
) =

{
a�j/k� if l1(xmj

) ≡ 0 (mod 2),
−a�j/k� if l1(xmj

) ≡ 1 (mod 2).

Obviously � is a bijection and moreover: �(x2i) + �(x2i+p+1) = (−1, 0) and �(x2i+1) +
�(x2i+p+2) = (2h − 1, 0) for any i.

Recall that N(xi) = {xi−p, xi−p+1, . . . , xi−1, xi+1, xi+2, . . . , xi+p}. Since p is even,
it implies that w(xi) =

∑p
j=1(�(xi−j) + �(xi−j+p+1) = p(2h − 2, 0) for any i.

Below, we show an example of a Z12 ×Z3-distance magic labeling for C8
36.

�(x0) = (0, 0), �(x9) = (11, 0), �(x18) = (6, 0), �(x27) = (5, 0),
�(x10) = (1, 0), �(x19) = (10, 0), �(x28) = (7, 0), �(x1) = (4, 0),
�(x20) = (2, 0), �(x29) = (9, 0), �(x2) = (8, 0), �(x11) = (3, 0),
�(x30) = (3, 2), �(x3) = (8, 1), �(x12) = (9, 2), �(x21) = (2, 1),
�(x4) = (4, 1), �(x13) = (7, 2), �(x22) = (10, 1), �(x31) = (1, 2),
�(x14) = (5, 2), �(x23) = (6, 1), �(x32) = (11, 2), �(x5) = (0, 1),
�(x24) = (6, 2), �(x33) = (5, 1), �(x6) = (12, 2), �(x15) = (11, 1),
�(x34) = (7, 1), �(x7) = (4, 2), �(x16) = (13, 1), �(x25) = (10, 2),
�(x8) = (8, 2), �(x17) = (3, 1), �(x26) = (14, 2), �(x35) = (9, 1).

We will use a similar method as in the proof of Theorem 3 ([1]) to show the
following lemma.

Lemma 11 If p is odd and 2p(p + 1) �≡ 0 (mod n), then Cp
n is not a Γ-distance

magic graph for any abelian group Γ of order n.

Proof. Suppose that there exists a group Γ and Cp
n is Γ-distance magic and 2p(p+1) �≡

0 (mod n). Let � : V (Cp
n) → Γ be a Γ-distance magic labeling and μ be the magic
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constant for Cp
n. It follows that w(xi) − w(xi+1) = �(xi−p) + �(xi+1) − (�(xi) +

�(xi+1+p)) = 0 for i ∈ {0, 1, . . . , n − 1}. Hence for any natural γ:

�(x0) + �(xp+1) = �(xp) + �(x2p+1) = · · · = �(xγp) + �(x(γ+1)p+1) = μ1,
�(x1) + �(xp+2) = �(xp+1) + �(x2p+2) = · · · = �(xγp+1) + �(x(γ+1)p+2) = μ2,

...
�(xp−1) + �(x2p) = �(x2p−1) + �(x3p) = · · · = �(x(γ+1)p−1) + �(x(γ+2)p) = μp,

and μ1 + μ2 + · · · + μp = μ.

Let �(x0) = k0; then

�(xj(p+1)) =

j∑
i=0

(−1)j−iμi

for j = 1, 2, . . . , p. If p is odd then �(xp(p+1)) = μp − μp−1 + μp−2 − · · · + μ1 − μ0. It
follows that

�(x(p+1)(p+1)) = −μp + μp−1 − kp−2 + · · · + μ2 + k0

�(x(p+2)(p+1)) = μp − μp−1 + μp−2 − · · · + μ3 − k0

...

�(x2p(p+1)) = μ0.

It follows that �(x0) = �(x2p(p+1)) = μ0, a contradiction.

Recall that if p is odd, 2p(p + 1) ≡ 0 (mod n), n ≥ 2p + 2 and n
gcd(n,p+1)

≡ 0

(mod 2), then Cp
n is a Zn-distance magic graph by Theorem 3. Below, we generalize

this result for some other groups Γ.

Theorem 12 Let gcd(n, p + 1) = d. If p is odd, n = 2kd, p ≡ 0 (mod k) and
n > 2p + 1, then Cp

n has a Zα ×A-magic labeling for any α ≡ 0 (mod 2k) and any
abelian group A of order n/α.

Proof. Notice that α = 2kh for some natural h. Let n/α = r. Since Γ ∼= Zα ×A, if
g ∈ Γ, then we can write We can assume that a0 = 0 ∈ A. Let �(x) = (l1(x), l2(x)).

Let X = 〈p + 1〉 be the subgroup of Zn of order 2k. Let us denote, for j =
1, 2, . . . , d − 1, by Xj the set of all vertices whose subscripts belong to the coset
X + j.

Label the vertices of X0 as follows:

If k = 1, then �(x0) = (0, a0), �(xp+1) = (−1,−a0).
If k = 3, then �(x0) = (0, a0), �(xp+1) = (−2,−a0), �(x2(p+1)) = (2, a0), �(x3(p+1)) =
(−3,−a0), �(x4(p+1)) = (1, a0), �(x5(p+1)) = (−1,−a0).

For k ≥ 5 let:

�(x0) = (0, a0), �(x2(p+1)) = (2, a0), �(x4(p+1)) = (4, a0),. . . , �(x2i(p+1)) = (2i, a0),. . . ,
�(x(k−3)(p+1)) = (k − 3, a0), �(x(k−1)(p+1)) = (k − 1, a0), �(x(k+1)(p+1)) = (k − 2, a0),
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�(x(k+3)(p+1)) = (k − 4, a0), �(x(k+5)(p+1)) = (k − 6, a0),. . . ,�(x(2k−4)(p+1)) = 3,
�(x(2k−2)(p+1)) = 1, and

�(xp+1) = (−2,−a0), �(x3(p+1)) = (−4,−a0), �(x5(p+1)) = (−6,−a0), . . . ,
�(x(2i+1)(p+1)) = (−2i − 2,−a0),. . . , �(x(k−4)(p+1)) = (−k + 3,−a0), �(x(k−2)(p+1))
= (−k + 1,−a0) �(xk(p+1)) = (−k,−a0), �(x(k+2)(p+1)) = (−k + 2,−a0) . . . ,
�(x(2k−3)(p+1)) = (−3,−a0), �(x(2k−1)(p+1)) = (−1,−a0).

If a subscript m belongs to a coset X + j, then denote it by mj . Notice that
a vertex xmj

belongs to Xj if the vertex xmj+p belongs to Xj−1. The vertices in
X1, X2, X3 . . . , Xh−1 will be labeled recursively as follows.

�(xmj
) =

{
(l1(xmj+p) + k, a0) if mj + jp ≡ 0 (mod 2p + 2)

(l1(xmj+p) − k,−a0) if mj + jp �≡ 0 (mod 2p + 2).

Notice that a vertex xmj
belongs to Xj if the vertex xmj+hp belongs to Xj−h. And

the vertices in Xh, Xh+1, . . . , Xd−1 will be labeled recursively as follows.

�(xmj
) =

{
(l1(xmj+hp), a�j/h�) if l1(xmj+hp) < α

2

(l1(xmj+hp),−a�j/h�) if l1(xmj+hp) > α
2
.

Obviously l is a bijection, and observe that if k = 1, then �(xi) + �(xi+p+1) =
(−1, 0) for any i, whereas for k > 1 since p ≡ 0 (mod k):

�(xik+0) + �(xp+ik+1) = (−2, 0),
�(xik+1) + �(xp+ik+2) = (0, 0),
�(xik+2) + �(xp+ik+3) = (−2, 0),
�(xik+3) + �(xp+ik+4) = (0, 0),
...
�(x(i+1)k−3) + �(xp+(i+1)k−2) = (−2, 0),
�(x(i+1)k−2) + �(xp+(i+1)k−1) = (0, 0),
�(x(i+1)k−1) + �(xp+(i+1)k) = (−1, 0),

for i = 0, 1, . . . , p/k − 1.

Furthermore, because N(xi) = {xi−p, xi−p+1, . . . , xi−1, xi+1, xi+2, . . . , xi+p} and
p/k is odd, we obtain w(xi) = (−p, 0) for any i.
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