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Abstract

Let G = (V (G), E(G)) be a simple connected graph, and let k be a
positive integer. A subset D ⊆ V (G) is a connected k-dominating set of
G if its induced subgraph is connected and every vertex of V (G) − D is
adjacent to at least k vertices of D. The connected k-domination number
γc

k(G) is the minimum cardinality among the connected k-dominating
sets of G. In this paper, we give some properties of connected graphs
G with γc

k(G) = n − 2. Then we provide a complete characterization of
connected cubic graphs G with γc

2(G) = n − 2 and connected 4-regular
claw-free graphs with γc

3(G) = n − 2.

1 Introduction

We consider finite, undirected and simple graphs G = (V (G), E(G)) with vertex set
V (G) and edge set E(G). The number of vertices |V (G)| of a graph G is called
the order and is denoted by n = n(G). The open neighborhood N(v) = NG(v) of a
vertex v consists of the vertices adjacent to v and dG(v) = |N(v)| is the degree of v.
The closed neighborhood of a vertex v is defined by N [v] = NG[v] = N(v) ∪ {v}. If
S is a subset of V (G), then N(S) = ∪x∈SN(x), N [S] = ∪x∈SN [x], and the subgraph
induced by S in G is denoted by G[S]. We may write G−X instead of G[V (G)−X]
for any X ⊆ V (G). We denote the minimum degree and the maximum degree of a
graph G by δ(G) and Δ(G), respectively.

We write Kn for the complete graph of order n, and Ks,t for the complete bipartite
graph with bipartition X, Y such that |X| = s and |Y | = t. A k-regular graph or
regular graph of degree k is a graph whose vertices are all of degree k. A 3-regular
graph is called a cubic graph. The claw is the star K1,3. A graph G is claw-free if it
does not have any induced subgraph isomorphic to K1,3. A clique of a graph G is a
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complete subgraph of G. A cut vertex (bridge, respectively) of a connected graph is
a vertex (an edge, respectively), the removal of which would disconnect G.

In [2], Fink and Jacobson generalized the concept of dominating sets. Let k be
a positive integer. A subset D of V (G) is k-dominating if every vertex of V (G) −D
is adjacent to at least k vertices of D. Thus the 1-dominating set is a dominating
set and so γ1(G) = γ(G). For more details on k-domination, see the recent survey of
Chellali et al. [1].

A subset D ⊆ V (G) is a connected k-dominating set of a connected graph G, if D
is a k-dominating set of G and if the induced subgraph G [D] is connected. The con-
nected k-dominating number γc

k(G) is the minimum cardinality among the connected
k-dominating sets of G. A connected k-dominating set of minimum cardinality of a
connected graph G is called a γc

k(G)-set.

In [3], Volkmann characterized connected graphs G with γc
k(G) = n for every

integer k ≥ 2. He also characterized all connected graphs G with γc
k(G) = n − 1

when δ(G) ≥ k ≥ 2. The problem of characterizing all connected graphs G with
γc

k(G) = n − 2 when δ(G) ≥ k ≥ 2 remained open.

In this paper, we first give some properties of connected graphs G with γc
k(G) =

n−2. Then we provide a complete characterization of connected cubic graphs G such
that γc

2(G) = n − 2 and connected 4-regular claw-free graphs with γc
3(G) = n − 2.

2 Properties of graphs G with γc
k(G) = n − 2

Lemma 1 Let k ≥ 2 be an integer and G a connected graph such that γc
k(G) = n−2.

Then δ(G) ≤ k + 1.

Proof. Let G be a connected graph such that γc
k(G) = n−2 for some integer k ≥ 2,

and assume that δ(G) ≥ k + 2. Let D be a γc
k(G)-set and x any vertex of D such

that G[D − {x}] is connected. Clearly such a vertex exists and since dG(x) ≥ k + 2,
x has at least k neighbors in D − {x}. Also, every vertex of V −D still has at least
k neighbors in D − {x}. It follows that D − {x} is a connected k-dominating set of
G of cardinality (n − 3), a contradiction. �

Recall that an independent set of a graph G is a set S of vertices such that no
edge of G has its two endvertices in S. We mention that we often use in our proofs
the fact that in every nontrivial connected graph G, there exist two vertices such
that the removal of each one from G leaves the resulting graph connected.

Lemma 2 Let k ≥ 2 be an integer and G a connected graph with δ(G) ≥ k such
that γc

k(G) = n − 2. Then for every independent set S of cardinality at least three,
G − S is a disconnected graph.

Proof. Let G be a connected graph with δ(G) ≥ k ≥ 2 such that γc
k(G) = n − 2.

Let S be an independent set with |S| ≥ 3. Since every vertex of S has at least k
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neighbors in V − S, the subgraph induced by V − S is disconnected, for otherwise
V − S would be a connected k-dominating set of G of size less than n − 2. �

Lemma 3 Let k ≥ 2 be a positive integer and G a connected graph of order n with
δ(G) = k + 1. If γc

k(G) = n − 2, then G contains no bridge.

Proof. Let G be a connected graph with δ(G) = k + 1 such that γc
k(G) = n − 2 for

some integer k ≥ 2. Assume that G contains a bridge uv. Let Gu and Gv denote the
two components resulting from the removal of uv, where u ∈ V (Gu) and v ∈ V (Gv).
We further assume that uv is chosen so that, say Gu, has no bridge. Clearly since
δ(G) = k+1 and k ≥ 2, each of Gu and Gv has order at least three. Now let w and w′

be any two adjacent vertices in Gu different from u and let v′ �= v be a vertex of Gv

such that Gv−{v′} is connected. If Gu−{w, w′} is connected, then V (G)−{w, w′, v′}
is a connected k-dominating set of G of cardinality (n − 3), a contradiction. Thus
let us assume that Gu −{w, w′} is not connected. Let Gi

u denote the ith component
of Gu − {w, w′}. Note that each Gi

u has order at least two, and since Gu is assumed
to have no bridge, there are at least two edges between {w, w′} and V (Gi

u) for every
i. We consider two cases.

Case 1. i ≥ 3. Without loss of generality, let G1
u and G2

u be two components that
do not contain u. Now let x be any vertex of G1

u such that G1
u − {x} is connected.

Likewise let y be a vertex of G2
u defined as x. Observe that S = {x, y, v′} is an

independent set and so by Lemma 2, G− S is disconnected. Hence either Gu − {x}
or Gu−{y} is disconnected, say Gu−{x}. Since there are at least two edges between
{w, w′} and V (G1

u), we conclude that w and w′ are both adjacent to x and have no
other neighbor in G1

u different from x. Now since δ(G) = k + 1 ≥ 3, G1
u has order

at least three and so let x′ �= x be a vertex of G1
u such that G1

u − {x′} is connected.
Likewise, let y′ be a vertex of G2

u with y′ �= y if y is the unique neighbor of w and
w′ in G2

u and y′ = y otherwise. Clearly now {x′, y′, v′} is an independent set and
G − {x′, y′, v′} is connected, which contradicts Lemma 2.

Case 2. i = 2. Thus u belongs to either G1
u or G2

u, say G1
u. Clearly one of w and

w′ must have at least one neighbor in each component. Assume that w is a such
vertex. Let y be any vertex of G2

u such that G2
u −{y} is connected. If w has another

neighbor in G2
u different from y, then V (G)−{w′, y, v′} is a connected k-dominating

set of G of cardinality (n − 3), a contradiction. Hence y is the unique neighbor of
w in G2

u. Since δ(G) = k + 1 ≥ 3, G2
u has order at least three and so there is a

vertex y′ �= y in such that G2
u − {y′} is connected. Therefore V (G) − {w′, y′, v′} is

a connected k-dominating set of G of cardinality (n − 3), a contradiction too. The
proof of Lemma 3 is complete. �

Lemma 4 Let k ≥ 2 be an integer and G a connected graph with δ(G) = k + 1.
If γc

k(G) = n − 2, then for every pair of adjacent vertices x, y, V (G) − {x, y} is a
minimum connected k-dominating set of G.

Proof. Let G be a connected graph with δ(G) = k + 1 such that γc
k(G) = n − 2

for some integer k ≥ 2. Let x, y be two adjacent vertices of G. Clearly since
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δ(G) = k + 1, V (G) − {x, y} k-dominates G. Hence to show that V (G) − {x, y} is
a γc

k(G)-set, it suffices to show that G′ = G − {x, y} is connected. Thus assume to
the contrary that G′ is not connected and let Ci be the ith component of G′. Note
that each Ci is nontrivial and there are at least two edges between V (Ci) and {x, y},
otherwise we have a bridge which contradicts Lemma 3. Now let xi be a vertex
of Ci such that Ci − {xi} is connected. If the subgraph induced by the vertices of
(V (Ci)−{xi})∪{x, y} is not connected, then x and y are both adjacent to xi and have
no other neighbor in Ci besides xi. But then there exists another vertex x′

i in Ci such
that the subgraph G′

i induced by (V (Ci)−{x′
i})∪{x, y} is connected. Thus, without

loss of generality, we may assume that such a vertex x′
i exists in each component

Ci. Now if G′ has three components or more, then vertices x′
i form an independent

set whose removal does not disconnect G, contradicting Lemma 2. Therefore G′ has
exactly two components. Moreover, since xy is not a bridge, one of x and y, say
x, has neighbors in both C1 and C2. If C1 has order two, then obviously k = 2,
δ(G) = 3 and so {x, y} 2-dominates V (C1), implying that V (G) − (V (C1) ∪ {x′

2})
is a connected 2-dominating set of G of size n − 3, a contradiction. Hence we can
assume that |V (C1)| ≥ 3.

Now let z be a vertex of G′
1 different from x and y. Recall that x′

1 does not
belong to G′

1. Now if G′
1 − {z} is connected, then V (G) − {z, x′

1, x
′
2} is a connected

k-dominating set of G, a contradiction. Hence G′
1 − {z} is not connected, and so z

is a cut vertex of G′
1. Clearly each component of G′

1 − {z} is nontrivial, and one of
them contains both x and y. In this case, let z′ be any vertex in the component, say
C∗, that does not contain x and y, for which C∗ − {z′} is connected. Note that if
z′ is the unique neighbor of z in C∗, then we can find another vertex z′′ such that
C∗−{z′′} is connected. So we may assume that z′ is not the unique neighbor of z in
C∗. Now clearly we have V (G) − {z′, x′

1, x
′
2} is a connected k-dominating set of G,

a contradiction too. This achieves the proof of Lemma 4. �

Lemma 5 Let k ≥ 2 be an integer and G a connected graph of order n and minimum
degree δ(G) = k + 1. If D is a γc

k(G)-set of size n− 2 such that the subgraph induced
by N(V − D) is connected, then for every vertex x ∈ D, N(x) ∩ (V − D) �= ∅.

Proof: Let G be a a connected graph of order n and minimum degree δ(G) = k + 1
for some integer k ≥ 2. Let D be a γc

k(G)-set with |D| = n − 2, A = N(V − D) and
B = D − A. Assume that G[A] is connected and B �= ∅. If there is a vertex x ∈ B
such that G [D − {x}] is connected, then D − {x} is a connected k-dominating set
of G smaller than D, a contradiction. Hence every vertex of B is a cut vertex in
G[D]. It follows that some vertex of B, say y has no neighbor in A, for otherwise
G[D−{y}] is connected, contradicting the fact that y is a cut vertex in G[D]. Thus
N(y)∩A = ∅. Now it is clear that some component of G[D−{y}] contains all of A.
Let C be a component of G[D− {y}] that does not contain A. Thus every vertex of
C belongs to B, that is, has no neighbor in V −D. Note that C is nontrivial. Let y′

be a vertex of C such that C − {y′} is connected. In the case that y′ is the unique
neighbor of y in C, then C has another vertex y′′ such that C−{y′′} is connected. In
this case we consider y′′ instead of y′. Hence we may assume that y has an neighbor
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in C besides y′. It follows that D−{y′} is a connected k-dominating set of G smaller
than D, a contradiction. Therefore B = ∅ and we obtain the desired result. �

3 Cubic graphs with γc
2(G) = n − 2

In this section, we give a complete characterization of cubic graphs with γc
k(G) =

n− 2, when k = 2. It well known that a cubic graph contains a bridge if and only if
it contains a cut vertex.

Theorem 6 Let G be a connected cubic graph of order n. Then γc
2(G) = n − 2 if

and only if G = K4, K3,3 or G is the complement graph of C6.

Proof. It is easy to check that if G = K4, K3,3 or G is the complement graph of
C6, then γc

2(G) = n − 2.

Conversely, let G be a connected cubic graph such that γc
2(G) = n − 2. We first

assume that G has a vertex x whose neighborhood, say {x1, x2, x3}, is an independent
set. By Lemma 4, V (G) − {x, x1} = V ′ is a γc

2(G)-set. Let A = {x2, x3} and
B = N(x1) − {x} = {y1, y2}. Clearly A ∩ B = ∅ since N(x) is independent. Let
V ′′ = V ′ − (A ∪ B). We shall show that V ′′ = ∅. Suppose to the contrary that
V ′′ �= ∅ and let z be any vertex of V ′′. Then z is a cut vertex in G[V ′], for otherwise
V (G) − {x, x1, z} is a connected 2-dominating set of G of cardinality (n − 3), a
contradiction. Note that each component of G[V ′−{z}] contains at least one vertex
of A ∪ B, for otherwise z is a cut vertex in G, implying that G has a bridge, a
contradiction with Lemma 3. Consider the following two cases.

Case 1. G[V ′ − {z}] contains three connected components C1, C2 and C3. Clearly
each Ci is nontrivial and z has exactly one neighbor in each Ci. Also, since each
component contains at least one vertex of A ∪ B, we may assume, without loss of
generality, that y1 ∈ V (C1), x2 ∈ V (C2) and x3, y2 ∈ V (C3). Now, let a ∈ V (C1) such
that a = y1 if y1z /∈ E(G) and a ∈ N(y1)−{z, x1} otherwise. Observe that C1−{a} is
connected, for otherwise a is a cut vertex in C1 and so in G, a contradiction. Likewise
let b ∈ V (C2) such that b = x2 if x2z /∈ E(G) and b = N(x2) − {z, x} otherwise.
Then C2−{b} is also connected. In addition, let c ∈ V (C3) such that cz /∈ E(G) and
C3 − {c} is connected. Now it is evident that {a, b, c} is an independent set whose
removal does not disconnect G, contradicting Lemma 2.

Case 2. G[V ′ − {z}] contains two connected components C1 and C2. Clearly each
Ci is nontrivial. Also, let us assume, without loss of generality, that |N(z) ∩ C1| = 1.
Let w be a vertex of C1 such that C1 − {w} is connected. Note that C1 contains at
least two such vertices w; one of them is not adjacent to z. We now examine the
following situations depending on whether C1 contains one, two or three vertices of
A ∪ B.

a) |(A ∪ B) ∩ V (C1)| = 1. Without loss of generality, let {x2} ⊂ V (C1). Here
we only suppose for w to be different from x2. Observe that the subgraph induced
by V (G) − {z, w} is connected. Now since x has a neighbor in C2, we obtain that
V (G) − {z, w, x1} is a connected 2-dominating set of G of cardinality (n − 3).
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b) |V (C1) ∩ A| = 1 and |V (C1) ∩ B| = 1. Without loss of generality, let
{x2, y2} ⊂ V (C1). Suppose that wz /∈ E(G) and let w′ ∈ V (C2) such that C2 −{w′}
is connected. Then V (G)−{w, w′, z} is a connected 2-dominating set of G of cardi-
nality (n − 3).

c) A ⊂ V (C1) and B ⊂ V (C2). Suppose that wz /∈ E(G) and let w′ ∈ V (C2) such
that C2 −{w′} is connected. Clearly V (G)−{w, w′, x} is a connected 2-dominating
set of G of cardinality (n − 3).

d) |(A ∪ B) ∩ V (C1)| = 3. Without loss of generality, suppose that {x3, y1, y2} ⊂
V (C1) and let x′

2 ∈ N(x2)∩V (C2). Then according to the Lemma 4, V (G)−{x2, x
′
2}

is a γ2
c (G)-set. Also observe that z is adjacent to at most one of x2 and x′

2, for
otherwise x′

2 would be a cut vertex in C2 and so in G, which is excluded. Now it is
evident that V (G) − {x2, x

′
2, x1} is a connected 2-dominating set of G of cardinality

(n − 3).

Clearly, each of the previous situations leads to a contradiction. Therefore we
conclude that V ′′ = ∅, implying that G is isomorphic to K3,3.

From now on we can assume that the neighborhood of every vertex of G contains
at least two adjacent vertices, and so G is a claw free graph. Let x be a vertex of G
with NG(x) = {x1, x2, x3} and x1x2 ∈ E(G). By Lemma 4, V (G)−{x, x3} = V ′ is a
γc

2(G)-set. Let V ′′ = V ′ − NG({x, x3}). We shall show that V ′′ = ∅. Assume to the
contrary that V ′′ �= ∅ and let z be any vertex of V ′′. Then z is a cut vertex in G[V ′], for
otherwise V (G)−{x, x3, z} is a connected 2-dominating set of G of cardinality (n−3),
a contradiction. Note that since V ′′ �= ∅, we have NG({x, x3}) �= {x1, x2}. Also, all
neighbors of x1 and x3 in V ′ do not belong to a same component of G[V ′ −{z}], for
otherwise z would be a cut vertex of G. On the other hand, since G is claw free,
G[V ′ −{z}] contains exactly two connected components C1 and C2. Without loss of
generality, let |N(z) ∩ C1| = 1. We consider the following two cases:

f) NG(x3) ∩ {x1, x2} = ∅. Let NG(x3) = {x, y1, y2}. Then y1y2 ∈ E(G) since
G is a claw free. Suppose that {x1, x2} ⊂ V (C1), and let w be a vertex of C1

such that C1 − {w} is connected and wz /∈ E(G). Also let w′ ∈ V (C2) such that
C2 − {w′} is connected. Then V (G) − {w, w′, x} is a connected 2-dominating set of
G of cardinality (n − 3), a contradiction.

g) NG(x3) ∩ {x1, x2} �= ∅. Since V ′′ �= ∅, we have that |N(x3) ∩ {x1, x2}| = 1.
Let x3x2 ∈ E(G) and NG(x3) = {x, x2, y}. Assume that y belongs to the component
Ci, where i = 1 or 2. It follows that {x1, x2} ⊂ V (C3−i). Note that if y ∈ V (C1),
then yz /∈ E(G), for otherwise y would be a cut vertex in C1 and so in G. Now let w′

be a vertex in the component that contains y such that w′z ∈ E(G) and w′ �= y. By
Lemma 4, V (G) − {w′, z} is a γc

2(G)-set and hence V (G) − {w′, z, x} is a connected
2-dominating set of G of cardinality (n − 3), a contradiction.

According to the previous situations, we conclude that V ′′ = ∅. Since G has an
even order n = 4 or n = 6, we deduce that G is isomorphic to K4 or the complement
of C6, respectively. �
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4 4-regular claw-free graphs with γc
3(G) = n − 2

In this section we consider connected 4-regular claw-free graphs, where we give a
characterization of such graphs G with γc

3(G) = n− 2. Note that by Lemma 1, there
are no connected 4-regular graphs such that γc

2(G) = n − 2.

Theorem 7 Let G be a connected 4-regular claw-free graph of order n. Then γc
3(G)=

n − 2 if and only if G is isomorphic to K5 or K2,2,2.

Proof. It is a simple matter to check that if G ∈ {K5, K2,2,2}, then γc
3(G) = n− 2.

To prove the necessity, let G be a connected 4-regular claw-free graph such that
γc

3(G) = n−2. We first assume that G contains a vertex whose open neighborhood in-
duces a disconnected subgraph. Let x be such a vertex with NG(x) = {x1, x2, x3, x4}.
Then by Lemma 4, V ′ = V (G)− {x, x4} is a γc

3(G)-set. Let V ′′ = V ′ −NG({x, x4}).
We shall show that V ′′ = ∅. Suppose to the contrary that V ′′ �= ∅ and let z be any
vertex of V ′′. Clearly z is a cut vertex in G[V ′], for otherwise V (G) − {x, x4, z} is a
connected 3-dominating set of G of cardinality (n − 3), a contradiction. Also, since
G is a claw-free graph, the removal of z in G[V ′] provides two nontrivial connected
components, say C1 and C2. Observe that the subgraph induced by NG({x, x4}) is
not connected, for otherwise by Lemma 5, z would be adjacent to x or x4, which is
impossible. If all vertices of NG({x, x4}) belong to a same component in G[V ′−{z}],
say C1, then let t be a vertex of C2 such that C2 − {t} is connected. Note that if z
has a unique neighbor in C2, then t is chosen so that tz /∈ E(G). Now it is clear that
V (G)−{x, x4, t} is a connected 3-dominating set of G of cardinality (n−3), a contra-
diction. Hence each of C1 and C2 contains at least one vertex of NG({x, x4}). Since
is a claw-free graph, we have two cases depending on whether G[N(x)] = K3 ∪ K1

or K2 ∪ K2.

Case 1. G[N(x)] = K3 ∪ K1. There are two situations depending on whether
x4 belongs to K3 or not. So let us assume that {x1, x2, x3} induces a K3. In this
case, let NG(x4) = {x, y1, y2, y3}. Then {y1, y2, y3} induces a K3, since G is claw-
free. Without loss of generality, we can assume that {x1, x2, x3} ⊂ V (C1) and hence
{y1, y2, y3} ⊂ V (C2). Now let w ∈ V (C1) and w′ ∈ V (C2) such that C1 − {w} and
C2−{w′} are connected. Note that if z has a unique neighbor in C1, then w is chosen
so that wz /∈ E(G). Likewise for w′ in C2. Then V (G) − {w, w′, x} is a connected
3-dominating set of G of size (n − 3), a contradiction.

Now suppose that K3 = {x2, x3, x4} and let y1 be the fourth neighbor of x4. Since
x2x3 ∈ E(G), we may assume that {x2, x3} ⊂ V (C1) and so C2 contains at least one
of x1 and y1.

a) {x1, y1} ⊂ V (C2). Suppose that z has at least two neighbors in C1. Then
zx1 /∈ E(G) for otherwise the closed neighborhood of x1 induces a claw. Likewise
zy1 /∈ E(G). In this case let w′ be any neighbor of z in C2. By Lemma 4, V (G) −
{z, w′} is a γc

3(G)-set and so V (G) − {z, w′, x} is a connected 3-dominating set of
G of size less than n − 2, a contradiction. Now suppose that z has exactly one
neighbor in C1. Clearly the neighborhood of z in C2 induces a clique K3. Let w′ be
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any vertex of C2 adjacent to z and let w be a vertex of C1 such that wz /∈ E(G)
and C1 − {w} is connected. Using Lemma 4, it is clear that V (G) − {z, w′, w} is a
connected 3-dominating set of G of size less than n − 2, a contradiction too.

b) Now suppose y1 ∈ V (C2) and x1 ∈ V (C1). Note that if z has a unique neighbor
in C2, then such a vertex is different from y1, for otherwise the closed neighborhood
of y1 induces a claw. So we can assume that z has a neighbor in C2, say w, such
that w �= y1. By Lemma 4, V (G)−{z, w} is a γc

3(G)-set and hence V (G)−{z, w, x}
is a connected 3-dominating set of G of size less than n − 2, a contradiction. The
remaining case y1 ∈ V (C1) and x1 ∈ V (C2) can be seen by using a similar argument
to that used for the previous situation.

Case 2. G[N(x)] = K2 ∪ K2. Without loss of generality, let x1x2 ∈ E(G) and
x3x4 ∈ E(G). We also let y1, y2 be the third and fourth neighbors of x4. It follows
that y1y2 ∈ E(G), for otherwise {x, x4, y1, y2} induces a claw. Also, without loss
of generality, we can assume that {x1, x2} ⊂ V (C1). We consider the following
situations.

c) {y1, y2} ⊂ V (C2). Clearly x3 belongs to either C1 or C2 and so let us choose
the component that contains exactly two vertices of NG({x, x4}). Note that such
a component contains at least four vertices. Let now w be a neighbor of z in the
selected component. By Lemma 4, V (G) − {z, w} = S is a γc

3(G)-set. Now if C1 is
the selected component, then x3 is in C2 and so S−{x4} is a connected 3-dominating
set of G of size (n − 3). If C2 is the selected component, then x3 is in C1 and so
S − {x} is a connected 3-dominating set of G of size (n − 3). In each case we have
a contradiction.

d) {y1, y2} ⊂ V (C1). It follows that x3 belongs to C2. Note that if z has a
unique neighbor in C2, then such a vertex is different from x3 for otherwise the
closed neighborhood of x3 induces a claw. So we can assume that z has a neighbor
in C2, say w, such that w �= x3. By Lemma 4, V (G) − {z, w} is a γc

3(G)-set and
therefore V (G) − {z, w, x4} is a connected 3-dominating set of G of size (n − 3), a
contradiction.

According to the previous cases we conclude that V ′′ = ∅. Using the fact that
G[N(x)] is not connected and up to isomorphism, one can see that the only 4-regular
claw-free graph is the graph with 8 vertices x, x1, x2, x3, x4, y1, y2, y3 such that each
of {x2, x3, x4} and {y1, y2, y3} induces a clique K3, x1y1, x2y2, x3y3 and x4yi ∈ E(G)
for every i. But then V (G)−{y1, y2, x} is a connected 3-dominating set of G of size
(n − 3), a contradiction.

From now on, we can assume that the subgraph induced by the neighborhood of
every vertex is connected. Let x be any vertex of G with NG(x) = {x1, x2, x3, x4}.
Recall that by Lemma 4, V ′ = V (G) − {x, x4} is a γc

3(G)-set. Clearly the set
V ′′ = V ′−NG({x, x4}) is empty, for otherwise every vertex of V ′′ will be a cut vertex
in G[V ′], contradicting the fact that the open neighborhood of every vertex induces
a connected subgraph. Also G[N(x)] contains a path P4 not necessarily induced, say
x1-x2-x3-x4. Let {y1, y2} = N(x4) − ({x, x3}). Suppose that y1, y2 /∈ N(x). Since G
is claw-free, y1y2 ∈ E(G). On the other hand, the fact G[N(x4)] is connected implies
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that one of y1 and y2 is adjacent to x3, say y1x3 ∈ E(G). It follows that x1y1, x1y2

and x2y2 ∈ E(G). But then {x1, x2, x3, x4} is a connected 3-dominating set of G of
size (n − 3), a contradiction. Thus at least one of y1 and y2 belongs to N(x), say
y2. If y2 = x2, then it is easy to see that G is not 4-regular. Thus y2 = x1, and so
N(y1) = N(x). Therefore G = K2,2,2. Finally if y1, y2 ∈ N(x), then G = K5. �
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