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Abstract

A radio coloring of a simple connected graph G is a mapping [ : V(G) —
{0,1,2,...} such that |f(u) — f(v)| > diam(G) + 1 — d(u,v) for each pair
of distinct vertices u and v of G, where diam(G) is the diameter of G
and d(u,v) is the distance between u and v in G. The span of a radio
coloring f, span(f), is the number maxyev () f(v). The radio number of
G, rm(G), is defined as ming{span(f) : f is a radio coloring of G}. In
this paper, we determine the radio number of the toroidal grid T,,, ,, (the
cartesian product of cycle C,, with the cycle C,,), when at least one of
m and n is an even integer. Furthermore, a lower bound is given for the
same when both m and n are odd integers.

1 Introduction

Radio coloring of a graph is a variation of the channel assignment problem introduced
by Hale [3]. The channel assignment problem is the problem of assigning channels
(non-negative integers) to the stations in an optimal way so that the interference is
avoided. The interference is closely related to the location of the stations. When
the distance between two stations is small, the difference in their assigned channels
must be relatively large, whereas two stations at a larger distance may be assigned
channels with a small difference. That is, if the channels assigned to the stations u
and v are f(u) and f(v), respectively, then

|f(w) = F(0)] = luw

where [, depends on the distance between u and v. Chartrand et al. [2] have
introduced the radio coloring of a simple connected graph by taking I, = diam(G)+
1 — d(u,v), where diam(G) is the diameter of G and d(u, v) is the distance between
u and v in G. Therefore, a radio coloring f of a simple connected graph G is an
assignment of non-negative integers to the vertices of G such that for every two
distinct vertices u and v of G,
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|f(u) — f(v)] > diam(G) + 1 — d(u,v).

The span of a radio coloring f, denoted by span(f), is defined as max,cy () f(v),
and the radio number of G, denoted by rn(G), is defined as

mfin{span(f) : f is a radio coloring of G}.

A radio coloring f of G is called minimal if span(f) = rn(G). We observe that for a
minimal radio coloring f, min,ey(q) f(v) = 0, otherwise the span of f can be reduced
further by subtracting the integer minyey (e f(v) from all the labels assigned to the
vertices of the graph.

Finding the radio number of a graph is of great interest for its widespread applications
to the channel assignment problem. So far, the radio number is known for a very
limited number of families of graphs. For paths and cycles, the radio numbers were
studied by Chartrand et al. [1, 2, 12] and the exact values remained open until solved
by Liu and Zhu [8]. Liu et al. [6, 7] have studied the radio number of square of paths
and cycles. For hypercubes the radio number have been determined by Khennoufa
[5]. Ortiz et al. [11] have studied the radio number of generalized prism graphs
and have computed the exact value of the radio number for some particular cases.
Recently, the radio numbers of complete m-ary trees were determined by Li et al. [9].
The Cartesian product of two graphs G = (V(G), E(G)) and H = (V(H), E(H)) is
the graph GOH with vertex set V(G) x V(H) and two vertices (u,v) and (', v") are
adjacent in GOH if and only if u = v and v is adjacent to v' in H, or v’ = v’ and
u is adjacent to v in G. For positive integers m and n, the Toroidal grids 7,,, are
the cartesian product C,,[JC,,. Morris et al. [10] have determined the radio number
of T,,, , when m = n.

In this paper, we determine the exact value of rn(7}, ) when at least one of m and
n is an even integer, and give a lower bound of the same for the remaining values of
m and n.

2 Lower Bound for rn(7),,)

Throughout the paper we take the vertex set of the cycle graph C,, of order n to
be {0,1,...,n — 1}. In this context the vertex set of T,, may be represented as
V(Tnn) ={0G,j):0<i<m—-1land 0<j<n—1}.

Remark 2.1 For a cycle C,, of length n,
(1) de,(i,5) = min{ [i —j], n—[i—j| },
(i) for any vertex v of C, dc, (i,7) =dc, (1 +7) (modn), (j+7r) (modn)),

(iii) diam(C,) = |2],

2
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() for any three vertices u,v and w of Cy, d(u,v) + d(v,w) + d(w,u) < n.
The following proposition can be found in ([4], Proposition 5.1).
Proposition 2.1 If (g,h) and (¢, h') are vertices of GOH, then
deon((g,h), (', 1) = de(g. g') + du(h, ).

Corollary 2.1 Let (i,7) and (r,s) be any two vertices of Tpn. Then
d((i, 4), (r,s)) = min{|i — r[,m — |i — r|} + min{[j — s|,n — |7 — s}

Lemma 2.1 For simple connected graphs G and H, diam(GOH) = diam(G) +
diam(H).

Proof: For any two vertices u, v of GOH, Proposition 2.1 gives d(u,v) < diam(G) +
diam(H). Now, if we choose u = (g,h) and v = (¢, 1) with dg(g,¢') = diam(G
and dg(h, ') = diam(H), then Proposition 2.1 gives d(u,v) = dg(g,¢') +du(h, 1)

diam(G) + diam(H). Therefore diam(GOH) = diam(G) + diam(H).

~

O

Corollary 2.2 For the toroidal grids T,,,, , diam(T,,,) = L%J + L%J

Lemma 2.2 For any three vertices u,v and w of Ty, ,, d(u,v) +d(v, w) + d(w,u) <
m—+n.

Proof: Let u = (z1,41),v = (x2,y2) and w = (x3,y3) be any three vertices of T}, ,,
where z; € V(Cy,) and y; € V(C,,) for i = 1,2,3. From Proposition 2.1, we have

d(u,v) = dg, (21,72) + dc, (Y1, Y2) (1)
d(v,w) = dc,,(v2,23) +dc, (Yo, y3) (2)
d(w, u) = dC,,, (IE3, 1‘1) + dcn(yg, yl). (3)

Adding (1)—(3), we get
d(u,v) +d(v,w) + d(w,u) = dg, (v1,72) + do,, (22, 73) + d,, (73, 21)
+ de, (Y1, y2) +do, (Y2, y3) + de, (y3,91). (4)

Using Remark 2.1(iv) and from (4) we get the desired result. O
In the following theorem, we obtain a lower bound of rn(1,, ), for m > 3 and n > 3.

Theorem 2.1 For any two positive integers m = 3 and n = 3,

mtnt6] (mi=2) + 1. if both of m and n are even integers;
m(Ty,,.) = mindd ] (m=2) + 1, if one of m and n is an odd integer;

1
mI”] (%‘1) , if both of m and n are odd inetegers.




276 LAXMAN SAHA AND PRATIMA PANIGRAHI

Proof: Let D be the diameter of T),,,. Let f be a radio coloring of T},, and
T1,T2, ..., Tmy be an ordering of the vertices of T, , such that f(x;41) > f(z;), for
1<j<mn—1. Then f(x;) =0 and the span of f is f(z,). Since f(z;11) > f(z;)
for 1 <j <mn—1and f is a radio coloring of C,,00C,,

f@ip1) = f(z:)) = D+1—d(wi,m),
f(@iv2) = f(xina1) = D+ 1—d(Tire, vita),
f($i+2) - f(xz) =z D+1- d(l’i+2, l’l)

Adding (5) — (7), we get

2(f(wive) — f(2:)) = 3(D + 1) — (d(@i, wig1) + d(Tig2, Tiv1) + d(@ig2, 1), (8)

—~ o~
-~ O Ot
—_ =

Using the result of Lemma 2.2, the inequality (8) gives
2(f(zige) — f(z;)) 2 3(D+1) —m —mn, for all i with 1 <i < mn —2. 9)
Since f(z;42) — f(z;) is an integer, the inequality (9) gives

3(D+1)—m—n
2

Flana) — fw) > [

l,lgigmn—z

Let us denote P(DH)%_‘ by M. Since D = | 2| + [2]|, M can be written as

mint6] ©if hoth of m and n are even integers;
M = mint3] " if one of m and n is an odd integer;
mI”] ,  if both of m and n are odd inetegers.

Now we consider the following two cases according to mn an even or an odd integer.

Case I: Here we take mn an even integer. Since f(x;12) — f(x;) = M for all
i €{1,3,...,mn — 3}, by summing them up, we get f(Zmn_1) — f(xl) > W
Using f(mn) > f(2mn-1) + 1 and f(x1) = 0, we finally get f(zmn) > H5=2 + 1.

Case II: In this case we take mn an odd integer. Since f(zi42) — f(z;) = M for all
i€{1,3,...,mn—2}, by summing them up we get f(zmn) — f(z1) > 22U Now

2
using f(x1) =0, we get f(Tpn) = % O

3 Radio Number of 7}, ,

In this section, first we give an upper bound of rn (7, ) when at least one of m and
n is an even integer and then show that this bound is the exact value of rn(7, ).
Recall that any vertex of T, is written as a pair (i,7), where 0 < i < m — 1
and 0 < j < n — 1. Throughout the paper, computations in the first and second
components in (r, s) are taken modulo m and modulo n, respectively.

To give an upper bound of r(75, ), we need to arrange the vertices of T, ,, in a
suitable manner and for this we will give some lemmas and a remark.
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Lemma 3.1 Let n and r be positive integers with n > r. If ged(n,r) = p, then all
the elements of S = {ir (mod n):i =0,1,...,2 — 1} are distinct.

Proof: Since ged(n,r) = p, there exist two positive integers ¢ and s such that
n = pg and r = ps with ged(q,s) = 1. If possible, let there exist two distinct
integers 4, j € {0,1,..., %2 — 1} for which ir  (mod n) = jr (mod n). Without loss
of generality we take i > j. Then (i — j)r =0 (mod n), which implies i — 7 = 0
(mod r). This is not true because 1 < i — j < r. Therefore all the element of S are
distinct. 0

Lemma 3.2 Let n and r be positive integers with n > r. If ged(n,r) = p and
b is a non- negative integer, then all the elements of S, = {(ir +b) (mod n):i =
0,1,...,2 — 1} are distinct.

Proof: The proof of this lemma follows immediately from Lemma 3.1. ]
Remark 3.1 For Toroidal grids T, ., , d((3,7), (r,s)) = d((i+a,j+0b), (r+a,s+D)).

In the following few lemmas we arrange the vertices of T, , in a suitable manner
to give a minimal radio coloring.

Lemma 3.3 Let m and n be even integers with m+n =0 (mod 4) Then there
exists a partition of V(T,,,) into two partite sets Uy = {u;:0 < i < 22 — 1} and
Uy = {uj: 0 <4 < B — 1} with the following properties

(a) d(u;,u;) = diam(Ty, ) , fori=0,1,..., %% —1;

(b) d(ui,uipr) = 22 — 1 and d(uj,uf, ) >

-1, fori=0,1,..., %% —2;

4

(
(

(C) d(u u1+1)>m+n f0r2_0717"'7M7 ;
(

(d) du;,uj,,) =22 —1, fori=0,1,... %" —

Proof: To prove the lemma we consider the following cases.

Case I: Here we take 7 and % are both even integers. For j € {0,1,...,n— 1}, let

us define D; = {(4,7) : 0 < ¢ < m —1}. Then the sets Dy, D1, ..., D,_1 are pairwise
disjoint and V(Thn) =UjZ ' D Let

7:{0,1,....mn—1} = {(u,v):0<u<m—-land 0 <v<n—1}
be a function, defined by

@

7(41) 5
m n

T4it1) = T(4¢)+(3,§)7 0<i<m-—1;

70>7 0<t<m—1;
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m mn
= (;(= oz < _
(1(2+1)+2,2), 0<1<m—1;

, ilm+2) 3m 3n ,
4i42) = ([—Z 422 = <i<m—1;
7(4i + 2) ( 5+ 4,4>, 0<i<m
T(4i+3) = T(4¢+2)+(%,g), 0<i<m—1;
i(m+2) mn A
_ o) ,mn <i<m-—1;
( 5 +474>, 0<i<m-—1
rdmj+1) = (1) +(0,5), 0<I<4m—1 and 1<j< 21

4

We show that 7 is a bijection. Since ged(%+1, m)=1 when % is an even integer, using
Lemma 3.1 we get that all the elements of {7(4¢):¢ = 0,1,...,m — 1} are distinct.
By using Lemma 3.2 we get for every j € {1,2,3} all the elements of {7(4i + j):i =
0,1,...,m — 1} are distinct. Note that {7(4i + j):¢ =0,1,...,m — 1} = D%, for
J€4{0,1,2,3}. Thus {r(4i +j):i=0,1,...,m—1} = DyU Dz U Dz UD%7 where
j €40,1,2,3}. So 7(r) # 7(s), for two distinct integers r,s € {0,1,...,4m — 1}.
Next we observe that for j € {1,2,..., % — 1}, {7(4mj +1):0 < i < 4m — 1} =
{7(@) +(0,7):0 < i < 4m—1} = DU Dy U Dy U Disn ;. Therefore 7 is a
bijection. Suppose u; = 7(2i), u} = 7(2i+1) for 0 < i < m—1 and Up = {u;: 0 < i <

—1}, Us = {uj:0 <i < % —1}. Then U;UU; is a partltlon of V(T,,,n). Next we
show that conditions (a), (b), (¢) and (d) hold for this partition. From the definition
of 7 it is clear that 7(2i + 1) = 7(2i) + (%2, 2), for all i € {0,1,..., 2% — 1}, thus
d(us,uf) = d(7(21),7(2i+1)) = 2+% (diameter of Tp, ,), foralls € {0,1,..., B2 —1}.
Therefore condition (a) is satisfied. Now, for i € {0,1,...,2m — 2},

d(ug, uiey) = d(r(20),7(2i+2))

_ min{#% m — 3} + min{%, n — 2}, if 7 is even;
min{% —1,m — 3 + 1} + mm{4,n — 2}, ifdis odd;

+% if 7 is even;
T+ 51, ifiisodd;
n

WV

Il
|3

4

Similarly, we may show that d(uj,uj ) > 7 — 1, d(uj,uipr) 2 F
d(ui,uj,) = 2+ 2 for all i € {0,1,...,2m — 2}. Here 7(4m —2) = (2 — 1,3
T(4m—1) = (¥ - 1,%), 7(4m) = (0,1) and (4m+1): (B, 5+1);t

d(ugm—1,Um) = d(T(4m—2),T(4m))

w—/ =+
|3

Ay, Uzm) = d(T(4m 1), 7(4m))

d(Ugm—1,Uy,,) = d(T(4m 2),7(4m + 1))
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Therefore conditions (b), (¢) and (d) hold for all i € {0,1,...,2m—1}. Since 7(4mj-+
[)=7(1)+(0,5) for 0 <l <4m—1and 1<j <% — 1, using Remark 2.1 we check
that conditions (b), (c) and (d) are also hold for all i € {2m,2m +1..., %% — 1}.
Thus the lemma holds in this case.

Example 3.1 Let m = 8 and n = 4. Then U; = {u;:0 < ¢
i < 15}={(0,0), (6,3), (5,0), (3,3), (2,0), (0,3), (7,0), (5,3), (4
(6,0), (4,3), (3,0), (1, 3)} and Uy = {u 0<i< 15} {7(22 +1):
(2,1), (1,2), (7,1), (6,2
(5,1)}.

Case II: Here we consider both % and % are odd integers i.e., m =2 (mod 4) and
n=2 (mod 4). First we take m =6 (mod 8). By division algorithm an integer
r € {0,1,...,mn — 1} may be written as r = nj + 2i or r = nj + 2i + 1 according as
7 is an even or odd integer, where 0 <7 < 3 —1and 0 < j < m — 1. Let a mapping

7:{0,1,...,mn —1} = {(u,v): 0 <u<m—1and 0 < v <n— 1} be defined as

v
—
o~
=
—
—
w
o
=
—
=
—
—
—
O
l\D
—
—
GB
—
—
—
ot
o
=
—
JOJ
—
N
—
4[0
[N}
—

1n+2) ifi=0 (mod 2)/
W +2>), ifi=1 (mod 2);

Tnj+2i+1) = T(TLj-‘rQi)-‘r(%,ﬁ)

T(nj+2i) =

2
i(m—2 m i(n+2 n . =
- J(4)+?7(:)+§)’ ifi=0 (mod 2);
- i+1)(m—2 m  t(n+2 n . =
(]+)£ )+5,(1)+§)7 ifi=1 (mod 2);

where 0 < i < §—1and 0 < j < m—1. We show that 7 is a bijection. Let T(r) =171(s)
for two distinct integers r and s in the domain of 7. By division algorithm we may
write r = nji + i1 and r = njs + is, where 0 < jy1,jo <m—1and 0 < iy,ip < n— 1.
If i1 and iy are both even or odd integers, then the second components of 7(r) and
7(s) give % =0 (mod n), because 7(r) = 7(s). Since ged (“42,n) =1 or 2
accordingasn =2 (mod 8) orn =6 (mod 8), we have (152) =0 (mod %) and

this gives iy = 9. Then first components of 7(r) and 7(s) give ((Jl_“%‘)‘(m_m) =0

(mod m). Since ged (252, m) = 1 when m = 6 (mod 8), we have j; —jo = 0
(mod m) and this gives j; = jo. Thus we get a contradiction to the fact r # s.
Now we take one of i; and i, as an even integer. Without loss of generality we
take 4 an even integer. Since 7(r) = 7(s), second components of 7(r) and 7(s) give

(% + 7(i2_i1_1)("+2)) =0 (mod n). Subtracting n we get (% - 7@2_“_81)("“)) =0

(mod n). But the set {“"H) (mod n):0<i<§ — 1} does not contain . Thus

(ﬂ + M) #Z0 (mod n). Therefore 7(r) # 7(s) if either i; or i3 is an even
integer. Hence 7 is a bijection. Suppose u; = 7(2i), u; = 7(2i+1) for 0 <4 < % —

and Uy = {ug0 < < 5 — 1}, Uy = {u;:0 <@ < 5 — 1} TheIlUlnglS
a partition of V(T,,,). We check that conditions (a), (b), (¢) and (d) hold for this
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partition. Hence the lemma is true for m =6 (mod 8) and n =2 (mod 4). Since
Ton,n is isomorphic to T}, ,,, the lemma is also true for m =2 (mod 4) and n = 6
(mod 8). Thus the only remaining case is m = 2 (mod 8) and n = 2 (mod 8).
For these values of m and n we define 7 as

W7@) , ifi=0 (mod 2);
(nj+2i) = , .
T W7@) , ifi=1 (mod 2);

Tnj+2i+1) = r(nj+20)+ (% g) .
By similar way as in the above we check that 7 is a bijection Suppose u; = 7(21)
and uj = 7(2i + 1), for 0 <7 < 5 — 1. If we take Uy = {u: 0 <1 < 5t — 1}, Uy =
{ui:0 < < 5F—1}, then U1UU2 is a partition of V (1}, ) and condltlons (a), (b), (c)
and (d) also hold.

Example 3.2 Let m = 14 and n = 10. Then U; = {u; : 0 < < 69}={7(2i) : 0 <
it < 69}:{(]70)7(3+.]73)7(.776)7(3+.]79)7(.772) 0<7< 13} and U, = {u 0<
i <69 ={7(20 +1): 0 < i <69}={(7+4,5), (10 +7,8), (T+4,1), (10 + j,4),
(T4 7,7) : 0 <i<69}. Here the first component z of a pair (z,y) is taken modulo
14. O

Lemma 3.4 Let m and n be two even integers with m +n = 2 (mod 4). Then
there exists a partition of V(Tp,,) into two partite sets Uy = {u;: 0 <4 < % — 1}
and Uy = {u;: 0 <4 < B¢ — 1} with the following properties

(a) d(u;,u;) = diam(Ty, ), fori=0,1,..., 5% —1;

(b) d(u17u1+1) = m+£—2 and d(u§7u§+l) > m+£—2; fO?"i = 07 17 ) % - 21‘
(C) d(u u1+1)>m+;7,+2; fori:0717"'7%7 5

(d) d(ug,ufyy) > 22=2 — 1 fori=0,1,..., %% -2

Proof: Since both m and n are even integers with m+n =2 (mod 4), either m = 2
(mod 4) and n =0 (mod4)orm =0 (mod4)andn=2 (mod4). Since T,
is isomorphic to T, , without loss of generality we may assume m = 2 (mod 4)

and n =0 (mod 4). For j € {0,1,...,n — 1}, let us define D; = {(4,7):0 < i <
m — 1}. Then the sets Dy, D1, ..., D,_1 are pairwise disjoint and V (T, U D;.
Let a function 7:{0,1,...,mn—1} — {(u,v):0<u<m—-land 0 <v <n— 1} be

deﬁnedas:forogig%—l

7(47)

I I
N N
=00
3 3
LN
> >
+ =
N———
SERS
ol S
N———

T(4i+ 1)
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(m — 2 -2
T(4i+2) = (l( 5 )+m4 ,%>;
(m — 2 3m—2 3
T(4i+3) = i 5 )4 1 7In>;
m+ 2
T2m +4i) = i ; )7g>

T(2m+4i+1)

T2m+4i+2) = (+hm+2) m-—2 3_n>

2 4 74
ilm+2) m+2 ﬁ)

)

Il
/_\/_\/_:/_\/_\
El
+
K
+
|3
(an)
N——

T(2m + 4i + 3) 5 YRR

and for 1 <j<f—1and 0<I<4m—1
T(dmj+1) = (1) + (4, 7)

We show that 7 is a bijection. Since gcd(mT_27 m)=2, using Lemma 3.1, we check that

all the elements of {7(44):7 = 0,1,...,% —1} are distinct. Also by using Lemma 3.2,
it is clear that for every j € {1,2,3} all the elements of {7(4i+j):¢ =0,1,...,% —1}
are distinct. Note that {7(4i +j):i =0,1,...,% — 1} C Dan, j€{0,1,2,3}. Thus
7(r) # 7(s), for two distinct integers r,s € {0,1,...,2m — 1}. Similarly, we check
that 7(2m +4) # 7(2m + j), for two distinct integers i, € {0,1,...,2m — 1}. Note
that for 4,5 € {0,1,...,2m — 1} with i # j, if 7(¢) = 7(2m + j) then at least one of

the following holds

(4) —i(m2_2) (mod m) = (j—(m;Z) + %) (mod m),

(i1) (@ + %) (mod m) = j(m;m (mod m),

(i) (4252 + 22} (mod m) = (L5224 222} (mod m),
(iv) (@ + m2 4 %) (mod m) = (%{’H?) + mT_Z) (mod m).

Since i(mQ_Z) (mod m) is an even integer and (@ + %) (mod m) is an odd

integer, (4) is not true. For similar reason (i7) does not hold. Again @ + m2
(mod m) is an even or odd integer according asm =2 (mod 8) orm =6 (mod 8)

j(m+4-2) m+2
and (]T + 4

(mod 8) or m = 2 (mod 8). Thus (i) does not hold. Due to the similar rea-
son (iv) also does not hold. Therefore 7(r) # 7(s), for two distinct integers r, s €
{0,1,...,4m — 1}. It is easy to see that {r(i):i = 0,1,...,4m — 1} = Dy U D= U
Dy U Dsn. Next observe that for j o€ {1,2,...,% = 1}, {7(4mj +1):0 < i <

(mod m) is an even or odd integer according as m = 6
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dm — 1} = {7(1) + (J,j):0 < i < 4m — 1} = D; UD’+JUD"+JUD3H There-

]

fore 7 is a bijection. Suppose w = 7(24), uf =7(2i+1) for 0 < i < — 1 and
Uy ={u:0<i <% =1}, Uy = {u:0 <i <% —1}. Then U; UUs is apartltlon
of V(Tin). By similar way as in Lemma 3.3 We check that conditions (a), (b), (c)

O

and (d) are satisfied.

Lemma 3.5 Let m and n be two integers with m +n = 3 (mod 4). Then there
exist a partition of V(Ty,) into two partite sets Uy = {ui:0 < @ < B — 1} and
Uy = {uj: 0 < i < 52 — 1} with the following properties

(uh i)_dlam( )fOTZ—O,l,...,%*l;

m+nf$ m+n—3 - mn .
U, Uiy1) = = and d(uj, v ) = T2, fori= 0,1, 5 = 2;

a

b

C

(
(
(
(d

)
) d(
) d(uf,uipy) = L for i =0,1,..., 10 2
) d(

m+4n—3 — mn
Uy, 1+1)> 1 717f07‘1_0717"'7772'

Proof: Since m +n =3 (mod 4), exactly one of m and n is an odd integer. Also
T, is isomorphic to T;, . Thus without loss of generality we may assume that m
is an odd integer and n is an even integer. We consider the following two cases.

Case I: In this case we take m =3 (mod 4) and n =0 (mod 4). Let a function
7:{0,1,...,mn —1} = {(u,v): 0 <u<m—1and 0 <v <n— 1} be defined as

T(4i) = (@,O), 0<i<m—1;
Tdit1) = ("(m;lhm;l,g)’ 0<i<m—1;
r4i+2) = ("(m;lhmzl,%)’ 0<i<m—1;
rdi+3) = ((i+1)(m+1)+mzl,%">, 0<i<m—1:

T(dmj+1) = 7()+(,75), 1<j<—--1and 0<I<4m—1

n
4
Then we proceed in the similar way as in Case I of Lemma 3.3 and show that the
lemma holds in this case.

Case II: Here we take m =1 (mod 4) and n =2 (mod 4). Consider a mapping
7:{0,1,...,mn — 1} = {(u,v):0 <u<m—1and 0 < v <n— 1} defined by

J'(m4—1)7 @) , ifi=0 (mod 2);

T(nj+2i) = : :
(+1)(m-1) M) ifi=1 (mod 2);
1+ 4 ) - ’

. ) . . m+1n
Tnj+2i+1) = 7(nj+2i)+ (T’Q)

fm=1) | mTH, in=2) 4 %) , ifi=0 (mod 2);

4 4

j+1)(m—1 m i(n—2 n p o
Ll )+T“,(4)+5), ifi=1 (mod 2);
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where 0 <7 < % —1land 0 < j <m— 1. Then we proceed in the similar way as in
Case I of Lemma 3.3 and show that the lemma holds in this case. O

Lemma 3.6 Let m and n be two integers with m +n =1 (mod 4). Then there
exists a partition of V(Ty,,) into two partite sets Uy = {u;:0 < 1 < 5 — 1} and
Uy = {u;: 0 < i < 5 — 1} with properties

(a) d(us,uj) = diam(T},, ), fori=0,1,... 52 —1;

(b) d(ui, uzer) = =L and d(uj,uj ) > ==L fori=0,1,... 2 —2;
(¢) d(u},upr) > 2 fori=0,1,..., 2% —2;

(d) d(ug,ufyy) > 2= — 1 fori=0,1,..., %% —2

Proof: Since m +n = 1 (mod 4), exactly one of m and n is an odd integer.
Without loss of generality we may assume that m is an odd integer and n is an even
integer. We consider the following two cases.

Case I: In this case we take m =1 (mod 4) and n =0 (mod 4). Let the function
7:{0,1,...,mn — 1} = {(w,v):0 <u<m—1and 0 <v < n—1} be defined as

) 1
T(4i) = (Mo) 0<i<m—1:
A m—1n .
T4i+1) = 55 ) 0<i<m—1;
3 13
T(di+2) = ( m; I”) 0<i<m-—1;
A m—1n .
T(4i+3) = 571 ) 0<i<m—1;

T(dmj+1) = T(l+(J]) lgjgg—land 0<i<4m -1

Then we proceed in the similar way as in Case I of Lemma 3.3 and show that the
lemma holds in this case.

Example 3.3 Let m = 5 and n = 8. Then Uy = {u;:0 <4 < 19}={7(20):0 < i <
) (4,1)

19}={(0.0), (4,6), (3,0), (2,6), (1,0), (0,6), (4,0), (3,6), (2,0), (16) (1,1), (0,7), (4,1),
(3,7), (2,1), (1,7), (0,1), (4,7), (3,1), (2, )} and Uz = {u}: 0 < i < 19}={r(2i+1):0 <
P < 10)={(24), (12), (04), (42), (3.4), (22), (1, 4), (0.2), (44), (32), (35), (23),
(1), (0.3), (4.5), (3:3), (25), (13), (0, 5), (43)}.

Case II: Here we take m =3 (mod 4) and n =2 (mod 4). First we take n = 2
(mod 8). Let the function

7:{0,1,....mn —1} = {(u,v):0<u<m—-land 0 <v<n—1}
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be defined as

@ in— 2)) , if 7 is an even integer;
2myj + 2i)
7( int) ) 2))
1

, if 7 is an odd integer;

4
. . +1
T(2mj+2i+1) = 7(2myj + 2i) (m , E)
( )y mil d "4_2) + %) , if ¢ is an even integer;
B ( ) ot G002 o) gy ; :
= ml Ul 4 5) , if i is an odd integer;

where i € {0,1,...,m —1} and j € {0,1,..., 5 — 1}. We show that 7 is a bijection.
If possible, let 7(r) = 7(s) for two distinct integers r and s in the domain of 7. If
r and s are both even integers, then by division algorithm r and s may be written
as v = 2myj; + 2iy and r = 2mjs + 2ip. If 41 and iy are both even integers, then
7(r) = 7(s) gives % =0 (modm) and W =0 (mod n). Then
we get i1 = 15 and j; = jp, because gcd(erl m) =1 and gcd(”T’Q, n) =2whenn =2
(mod 8). Therefore 7(r) # 7(s) for even integers 4; and iy. Similarly, if 4 and iy are
both odd integers, then 7(r) # 7(s). Without loss of generality we take i; an even
integer and 75 an odd integer. Then the first components of 7(r) and 7(s) are distinct.
Thus we get 7(r) # 7(s) for two distinct even integers r and s. From the definition
of 7, 7(1+1) = 7(I) + (=, %) for even integer I. Thus 7(r) # 7(s) for two distinct
odd integers r and s. Now we take r as an even integer and s as an odd integer, i.e.,
r = 2myj1 + 2i; and r = 2myj, + 2io + 1. If i; and iy are both even integers, then the

second components of 7(r) and 7(s) give (W + —) =0 (mod n), which

is not true because (“7”4& + % is an odd integer and ji,j, € {0,1,...,5 — 1}.
Therefore if 4; and 5 are both even integers, then 7(r) # 7(s). Similarly, if ¢; and 4y
are both odd integers, then 7(r) # 7(s). If either 4; or 45 is an odd integer, then the

second components of 7(r) and 7(s) give (%W + %) =0 (mod n), which

W + % is an odd integer and ji,j, € {0,1,...,% —1}.

is not true because V=
Thus 7 is a bijection. Suppose u; = 7(2i) and u; = 7(2i + 1), for 0 <@ < % — 1. If
we take Up = {u;:0 < i < %71}7 ng{u;:0<i<%fl}7 then U; U U, is a

partition of V/(T},,) and conditions (a), (b), (¢) and (d) hold.

(3,4),(5,2),(0,4), (2,6), ( ) ( ; )7( 4) ( ) (5,4),(0,6
(1,6),(3,8),(5,6),(0,8),(2,0),(4,8), (6,0), (1,8), (3,0), (5,8)} and

U2 - {U;O <i<3 } - {T(2l + 1) 0<i< 34} - {(47 5)7(677)7(175)7(377)7(575)7
(0,7),(2,5),(4,7),(6,9),(1,7),(3,9),(5,7),(0,9),(2,7), (4,9),(6,1), (1,9), (3, 1),
(5,9),(0,1),(2,9), (4,1), (6,3),(1,1),(3,3), (5, 1),(0,3),(2,1), (4,3), (6,5), (1, 3),
(3,5),(5,3),(0,5),(2,3)} are partite sets of V(T7 10)- O
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Theorem 3.1 Let G = (V(G), E(Q)) be a simple connected graph on 2N vertices
with diameter D. If d(u,v) + d(v,w) + d(w,u) < 2D for any three vertices u,v,w €
V(G) and V(G) has a partition into two partite sets Uy = {u;:1 =0,1,...,N — 1}
and Uy = {uj:i=0,1,..., N — 1} with the following properties

(a) d(u;,u}) =D, fori=0,1,...,N —1;

(b) d(us, uiy1) = L%J and d(u;, ul, ) > L%J, fori=0,1,...,.N —2;
(C) d(u u1+1)>LD_J+1 fO?"Z—0717...7N72;

(d) d(u17 1+1) 2 L_IJ 17 fO'f’Z':O717...,N72,'

i< (| 2] +2) - 41

Proof: We define a coloring f of G as

o = (2]+). verevs

J) = Ju)+1, 0<i<

Suppose i < j. Let u € {u;,u;} and v € {uy,uj}. To compare the values of
D +1—d(u,v) and |f(u) — f(v)| for u,v € V(G), we construct Table 1. From Table
1, it is clear that | f(u) — f(v)| > D + 1 —d(u,v), for all u,v € V(G). Therefore f is
a radio coloring of G and the span of f is (L%J + 2) (N-1)+1

then rn(G) satisfies

Table 1: Comparison between the values of D + 1 — d(u,v) and |f(u) — f(v)].

Pair of vertices Value of j — i d(u,v) [f(u) — f(v)]
u,v € Uy UU,
u,v € Uy or u,v € Uy 1 > LD;J D+1— LD;J

=2 >1 >D+2

u e Up,v el 0 D 1
LB 1 D2 (2]
>2 > 1 =>D+4

u € Usve U 1 >[Z1]+1 D+1—([Z2]+1)
>9 >1 >D+2

Theorem 3.2 Let G = (V(G), E(Q)) be a simple connected graph on 2N vertices
with diameter D. If d(u,v)+d(v,w)+d(w,u) < 2D+1 for any three vertices u, v, w €
V(G) and V(G) has a partition into two partite sets Uy = {u;:i =0,1,...,N — 1}
and Uy = {uj:1=0,1,..., N — 1} with the properties
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(a) d(u;,u}) =D, fori=0,1,...,N —1;

(b) dui, uisr) = | 2] and d(uf,uly) > | 2], fori=0,1,...,N —2;
(c) d

(d) d(us,ujyy) = [2] =1, fori=0,1,...,N —2;

(
(
(u,qu)}L J—i—l fori=0,1,...,N —2;
(

then rn(G) satisfies
n(G) < Q?J +2> (N—1)+1

Proof: We define a coloring f of G as
D-1

fW) = flu)+1, 0<i<N-—1.

7

By the similar way as in Theorem 3.1 we show that f is a radio coloring of G with
span (| Z2] +2) (N —1)+ 1. O

The following theorem gives an upper bound of rn(7,, ) when at least one of m
and n is an even integer.

Theorem 3.3 Let m > 3 and n > 3 be two positive integers with at least one of
them is even. Then

M] (mT;Q) + 1, if both of m and n are even integers,

< 4
(1) < { |t (m0=2) 4 | either m or n is an odd integer.

(10)

Proof: From Corollary 2.2, the diameter of T}, ,, is L%J + L%J Let D = L%J + L%J
Also Lemma 2.2 gives d(u,v) + d(v, w) + d(w,u) < m + n for any three vertices u,v

and w of T,, ,. Thus for any three vertices u,v and w of T,,, ,

2D, if both of m and n are even integers;

d(u,v) + d(v, w) + d(w, v) < { 2D + 1, either m or n is an odd integers.

If both of m and n are even integers, then from Lemma 3.3, Lemma 3.4 and Theorem
3.1, and if either m or n is an odd integers, then from Lemma 3.6, Lemma 3.5 and
Theorem 3.2, we get the result (10). O

The following theorem gives the radio number of T),, when at least one of m
and n is an even integer.

Theorem 3.4 Let m > 3 and n > 3 be two positive integers with at least one of
them is even. Then

m+n+6 mn 2 : :
m(Ty) = { {—} g ; + 1, if both of m and n are even integers,

1
mAntd | (m=2) + 1, either m or n is an odd integer.

Proof: Proof follows immediately from Theorem 2.1 and Theorem 3.3. ]
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4 Concluding Remark

In this paper, we give a lower bound for rn(75, ) for all values of m and n. Further
we have shown that this lower bound agrees with rn(75,,) when at least one of m
and n is an even integer. For the remaining case that mn = 1 (mod 2), value of
rn(7,,.,) is not known. In fact, no better upper bound is available for this. We have
obtained an upper bound of rn(7},,,) when mn =1 (mod 2), but this upper bound
is too far from the lower bound given in Theorem 2.1. Using the similar kind of
logic as in Theorem 2.1 one can find a lower bound of (@) when G is the cartesian
product of any finite number of cycles. For this graph one may also determine the
radio number when the product of lengths of cycles is an even integer.
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