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Abstract

In this paper we calculate the Ehrhart’s polynomial associated with a
2-dimensional regular polytope (i.e. equilateral triangles) in Z3. The
polynomial takes a relatively simple form in terms of the coordinates of
the vertices of the triangle. We give some equivalent formula in terms of a
parametrization of these objects which allows one to construct equilateral
triangles with given properties. In particular, we show that given a prime
number p which is equal to 1 or —5 (mod 8), there exists an equilateral
triangle with integer coordinates whose Ehrhart polynomial is L(t) =
(pt+2)(t+1)/2,t € N.

1 Introduction

A description of all equilateral triangles with vertices in Z3 appeared first in [5] (with
the proof of the full general case in [2]). An updated version of the same results but
with a shorter analysis was included in [7].

In the 1960’s, Eugene Ehrhart ([4]) proved that given a Z* lattice x-dimensional
polytope in R* (1 < x < k), denoted here generically by P, there exists a polynomial
L(P,t) € Z[t] of degree k, associated with P, satisfying

L(P,t) = the cardinality of {tP}NZ", t € N. (1)

One can learn about the Ehrhart polynomial from a multitude of sources nowadays
(see for instance [1]). The simplest lattice polytopes that one can think of, besides
the zero and the one-dimensional ones, are triangles together with their interior. In
particular, it is natural to find out what the situation is with the equilateral triangles
from this point of view. In general, when talking about the Ehrhart polynomial
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of a lattice polytope, we may assume without loss of generality that the polytope
is irreducible, in the sense that one cannot obtain the polytope from an integer
dilation of another lattice polytope. So, in what follows, we are going to consider
only irreducible triangles. The problem of calculating their Ehrhart polynomial is
a relatively simple matter and this follows more or less from the general theory.
However, we are giving here an independent argument and we derive some simple
form for this polynomial in terms of the parametrization in [2]. This allows us to
construct such triangles having polynomials with certain desired properties. For
example, given two positive integers A, p, one may ask whether there exists an
(irreducible) equilateral triangle P such that L(P,t) = 22+ 4 1 ¢ € N. We will see

2
that a necessary but not sufficient condition for this to happen is

(a) A is an arbitrary odd positive integer;

(b) p is a positive odd number such that g = py + pe + sz with py, pe and ps
mutually coprime divisors of A (see Table 1).

It is interesting that the case p = A+ 2 happens quite often and L(P,t) = w7
t € N. For these situations, we notice that the roots of L(P,t) are —1 and —%. The
geometric interpretation of the fact that —1 is a root of L(P,¢) is that there are no
lattice points in the interior of the polytope. It makes sense to consider the following
sequence:

A2 + pt

E(\) := cardinality of {L(P,t) = 5

re N

+ 1| for some equilateral triangle P},

We are going to start by recalling the parametrization from [7]. Clearly, every
equilateral triangle in Z? after a translation by a vector with integer coordinates can
be assumed to have the origin as one of its vertices. Obviously, such a translation
leaves the Ehrhart polynomial invariant. Let us denote such a triangle by OPQ:
O = (0,0,0), P = (p1,p2,p3) and @ = (q1,¢2,93)- Then one can show that the
triangle’s plane (Figure 1), i.e. the plane passing through the origin and containing
P and @ (see [5]), can be described as

Pove = {(2,y,2) €EZ*| ax+by+cz=0, a®+b*+c* =3d% ged(a,b,c) =1, (2)
a,b,c,d € L},

where a, b and c¢ are integers such that a divides pags — p3qe, b divides p1q3 — psqu,
and c is a divisor of pi1gs — paqs.

This is a lattice of points in Z* which is, in general, much richer than the sub-
lattice, P, of all points which are vertices of equilateral triangles with one of
the vertices the origin (see Figure 1). It is natural to start with the integer d and a
solution of the Diophantine equation a? + b% + ¢ = 3d?. We observe that a trivial
solution of this equation is a = b = ¢ = d. Clearly we want ged(a,b,¢) = 1. It is
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not trivial to show that there is always such a solution if and only if d is an odd.
Actually there is a pretty good description of all such solutions, with the additional
restriction that 0 < a < b < ¢, in terms of the prime factorization of d (see [6]). The
vectors OP and (72) can be written in terms of two minimal ones [7] which can be
constructed directly from the solution (a, b, ¢) by looking into the greatest common
divisor of certain elements in the ring Z[Z\/g}

NN

Figure 1: The lattice P, .

N
TureoreM 1.1. The sub-lattice P, . is generated by two vectors ¢ and 1) with
integers coordinates, in the following sense: ’T;’;Z = AOPQ with P, Q in Pape, s
equilateral if and only if for some integers m, n

— — N — — N
OP=m¢ —n¥, 0Q=n<C +(m—n)T, (3)
— 473

with C :(<17C27<3)7?:(§17<27<3)77: - 2 )

= rac + dbs L 3dbr — acs

T e R a? + b2

_ das — ber o 3dar + bes (4)
<2_ a2+b2 ) G2 = a2+b2 )
G=r G3=5

where s+ i\/3r = ged(ac — iv/3bd, 2(a® + b?)) in the ring Z[iv/3].

Moreover, the following are also true:
(i) 2(a®> + V%) = s+ 3r?, 200 + ?) = ¢ + 3¢} and 2(a® + ) = ¢ + 3(2.
(ii) || = dv2, |3 = dvB, and ¢ - T =0.

(tii) The sides-lengths of AOPQ are equal to dv/2(m? — mn + n?).
(iv) AOPQ is irreducible if and only if gcd(m,n) = 1.
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(v) If w=gcd(a,b) then r = wT and s = ws with 7,5 € Z.

Remark: From a computational point of view, and without loss of generality, it
is good to assume that 0 < a < b < ¢ when applying the Theorem 1.1, since this
reduces the number of possibilities of r and s.

An example here may be illuminating. If d = 15, we observe that we can take
a=1,b="T7and c =25 (3d®> = a®> + >+ c?). Then, r = -5 and5:5give?:
(13,16, —5) and 77 = 3(7, —1,0). Also, properties (i), (ii), and (iii) in Theorem 1.1
are satisfied.

From the general theory (see [1] for a good account) we know that the Ehrhart
polynomial of such a triangle A is given by

L(A,t) = Cot2 + C—Qlt +co, T E N7

where ¢; = 1 since we are dealing with a (convex) polytope. It is easy to show that
the coefficient ¢ is equal to the area of the triangle A normalized by the area of a
fundamental domain of the sub-lattice P, .. We will show that ¢y depends only on
m, n and d. Let us show that in this case the coefficient ¢; is the number of points
of the sub-lattice P, . on the sides of the triangle.

Q =46 P
Figure 2: Dilation of A by ¢t = 6, with B =12, I = 46

We denote by I the number of lattice points in the interior of the triangle A and
let B be the number of lattice points interior to the sides. It is not difficult to see that
all the triangles of the same size as A, which appear as in the tessellation shown in
Figure 2, filling out the interior of the dilation tA, have the same property in terms of
the numbers B and I defined earlier. There are 1+3+---+(2t—1) = 2 such triangles

in tA. Each interior side of A gets translated into 14+24---4+¢ = @ copies in tA.
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The number of vertices of all these triangles is 1 +2+34---+ (t+1) = W
Then simple counting shows that for ¢t € N, we have
tt+1 t+1)(t+2 B 1 B+3
L(At)=Tt*+ B ( 2+ )+( ki )2( +2) :(I+E+§)t2+T+t+1.

This proves that L(A,t) is indeed a polynomial of degree two and the claim above
about ¢; and ¢y follows. In Figure 2 we have a picture of a triangle Ay = OPQ
in which B = 12 and I = 46. This gives a polynomial L(A,t) = w + 1. Is
there a realization Ay in Z2 with such a polynomial? This polynomial does satisfy the
necessary condition (part (b)) described above, since 15 = 3+5+7 and 105 = 3(5)(7).
We will explain the answer to this question in Section 4.

We point out that this polynomial is not a complete invariant, in the sense
that we may have the same Ehrhart polynomial for two “different” triangles. By
different triangles, we understand that one triangle cannot be obtained from the
other by the usual transformations which leave the lattice Z? invariant. For instance,
if we take Ay := {(0,0,0), (13,-8,3),(0,—11,11)} and A, := {(0,0,0), (4,15, —1),
(15,4,—1)}, then

11, 13 1
L(Ay,t) = L(Ag, t) = 7152 ot 5(t +1)(11t +2), t € N.

The triangles are essentially different since they live in totally different sub-lattices:
Ps.a313 and Py g9 respectively. However, (as pointed out by the referee) one can
check that A1 B + (15,4, —1) = Ay, where B € SL(3,Z) (integer entries and deter-
minant equal to 1) is given by

-9 =24 2
B:=1 -21 —61 5
—22 —60 5

which explains the equality of the two Ehrhart polynomials. This is not quite a
coincidence and we will add some more information about this at the end of the
paper. Of course, it is natural to wonder whether the Ehrhart polynomial for two
equilateral triangles is the same if and only if the two triangles are equivalent via a
transformation B, as above, B € SL(3,Z). We will see that the coefficient ¢; makes
the difference if the two triangles correspond to the same d.

The sequence F()\) defined earlier begins in the way recorded in Table 1.
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A | All primitive solutions of aZ + b% + ¢ = 3\2 ‘ E(\) | c
1 HINWIR 1 3}
3 {[1,1,5]} 2 {3,5}
5 (L5} 1 31
7 {[1,5,11]} 1 {3}
9 (L1110, 5, 7, 13)) 3 (3.5.11}
11 {1,191, 15,13, 13], 5,7, 17]} 2 3,13
13 {511, 19],[7, 13, 17]} I 37
15 (5,11, 23], [1,7,25], [5,17, 19]} 2 5.7
17 {[7.17,23],[1,5,29], [13, 13, 23], [11, 11, 25]} 2 {3.19}
19 {[11,11, 29, [1, 11, 31], [5, 23, 23], [13, 17, 25|} 2 (3,21}
21 1M1, 19,297, [1, 19, 31], [13, 23, 25]} 3 13,5,9]
23 1M1, 25,297, [1, 25, 31], [1, 19, 35], [7, 13, 37]} 1 31
25 {[1,5,43], [17, 25, 31], [11, 23, 35], [5, 13, 41], [17, 19, 35]} 1 3]
27 {[L,31,35], [11,29,35], [17, 23, 37], [7, 17, 43], [13, 13, 43] } 1 (3,511,290}
29 {[23,25,37], [1, 11, 49], 1, 29, 41, [7, 25, 43], [5, 17, 47]} 1 37
31 1[7.25,47], [11, 19, 49], 5,7, 53], [17, 35, 37, [19, 29, 41]} T 37
33 | {[5,29,49], 7,37, 43], (23,37, 37], [19, 35, 41], [25, 31, 41], [23,23,47], | 5 | {3,5,13,15,35]
[13,17,53]}
35 | {[5,29,53], (17,19, 55], [11, 23, 55], [25, 37, 41], [25, 29, 47, [5, 13,50} | 2 BT
37 {[7,43,47], 15,19, 61], [5,41,49], [1, 25, 59], [11, 31, 55], [23, 37, 47|} 1 {3}
39 {[13,37,55],[1,29,61],[5,7,67],[7,17,65], [11, 31, 59], [23, 35, 53|} 2 {3,5}
A1 | {[5,47,53], [L,1,71], 19, 31, 61], [13, 43, 55, [25, 47, 47), [5, 23, 67), 2 13,43
[31,41,49], [17, 23, 65}

Table 1

What we are calculating in L(’Tl’0 t) reduces to counting the number of integer

a,b,c’

triples (z,y, z) satisfying

ar +by+cz=0
(3dbr — acs)z — (3dar + bes)y + (a + b%)sz > 0

lac(s — 3r) — 3db(r + s)|z + [3da(r + s) + be(s — 3r)|y + (3r — s)(a* + b?)z > 0
[3db(r — s) — ac(3r + s)]x + [3da(s — r) — be(3r + 8)]y + (a® + b?)(3r + 5)z
< 2(a® +b?)d?*t, teN,

with 7 and s as in Theorem 1.1. It turns out that this can be simplified to

ar+by+cz=0

r(bx —ay) + sdz > 0

(r+s)(ay —bx)+ (s —3r)dz>0
(r —s)(bx — ay) + (3r + s)dz < 2dt

,teN.

It is natural then to expect a formula for L(Tl’0 t) in terms of 7, s, a, b, ¢, d and t.

a,b,c’
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2 A fundamental domain in P,;. and the coefficient ¢

In what follows we are going to assume that ged(a,b,¢) = 1 and use the notation
introduced in Theorem 1.1. We notice that from the relations (3) and (4), we obtain

r+s—>

C -r 77 = d(ibu a, 0)7
Cl + a7 C - g o= d(07 -G, b)7 (5)
and Gete + 27 ¢ —Gn = dc0,—a).
It is clear that the vectors uw = gcdab ( b,a,0), v = M(fcﬂﬂ) and W =

m(o, —¢, b) correspond to points in Pyy.. We ﬁrst show that P, is generated

—
by W, ¥ and w (a point P in P, . is identified by its position vector OP as usual).
LemmMma 2.1. With the above notation, we have

Pape = {mW +nv +pw| m,n,p € Z}.

Proor. If (z,y,2) € Pape, we have ax + by + cz = 0. Because w := ged(a, b) and
ged(a, b,¢) =1 we need to have z = w2z’ with 2’ € Z. Also, the existence of integers
k and [ such that ka + ¢b = w is ensured by the fact w = ged(a,b). This means that
we have

(z,y,2) — 2'[ged(a, )k 0 + ged(b, ) W] = (o, 3,0) € Pape

Since aa’ + b3’ = 0 we see that (o/,3',0) = \u for some A\ € Z*. This shows the
inclusion C in the equality claimed, and the inclusion D is obvious. [ |

If we look at the proof of the above lemma we see that it is not necessary to have
three vectors to generate P, but only w and 7 := ged(a,c)kv + ged(b, c)(w,
where ka + ¢b = ged(a,b), are enough. Since there are infinitely many pairs (k, 1)
satisfying this equality, let us take the solution that minimizes k so that k& > 0. For
computational purposes, we have the following more useful result.

LEmMA 2.2. With the above definition of T we have
(i) Pope={ku + (7| k, (€L},
(i) W = T“ C — 7, where r = wr and s = ws (Theorem 1.1), and

- _ %E} + 577 for some a, 3 € Z. (6)

Proor. The first part follows from Lemma 2.1 and (ii) is a consequence of the equal-
ities (5). ]

So, @ and 7 form a fundamental domain for Pape. The area of the parallelogram
formed by these vectors is given by | o x 7.
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LeMmMma 2.3.

(i) The area of a fundamental domain for Py is equal to dv/3.

(1i) The integers o and 3 in (6) satisfy the relation

—d. (7)

Proor. (i) We observe that ' x v = ai+bj Jj +c ¥ ) and similarly @ x w =

w gcd(a c) (
b - o - ; -
m(a i +bj +ck). Hence the area of the parallelogram determined by « and

T is equal to

1 —
1T x 7| = |—(ak +bl) (a7 +b] +ck)| = Va2 + b+ =dV3.
w

The second part follows from (i) and the equahty (6), if we take into account that
CxC=Tx7=0Cx7=-7xC and|( x| =dV3

*l

|T+“’ﬂ+7’a|

VB = [ x 7| = | 2007 g =

2 V3= (7).

ProvrositioN 2.4. The coefficient ¢y in the Ehrhart polynomial associated with an

equilateral triangle ’];"g: described by Theorem 1.1 is given by

d(m? — mn + n?)

Co — D)

Proor. By the general theory of the Ehrhart polynomial, ¢y is equal to the area of

the triangle normalized by the area of a fundamental domain of the lattice Pg ..

2 2_ 2 G
Since the area of the triangle 7,7 is equal to w
242 (m mn+nz)\f d(m2 m71+712)

: .

4dv/3

, using Lemma 2.3, we

obtain ¢y =

3 The coefficient ¢;

Recall that OPQ is given by O = (0,0,0), P = (p1,p2,p3) and @ = (q1, q2, g3). If we

denote by k1 = ged(p1, p2, p3), ko = ged(q1, g2, q3) and kg = ged(p1—q1, P2 —q2, P3—G3)
then we simply have

C1 = K1+ Ko + Ko.

This is a good formula if we have the coordinates of the equilateral triangle. We will
provide another formula just in terms of r and s that appear in Theorem 1.1.
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s -
Figure 3: @ =55 ¢ — 17, 7=9¢ +57%

We consider first the case m = 1 and n = 0. From Lemma 2.1, we see (Figure 2)
that the problem at hand is to count the points of the lattice, that are determined by
7 and 7, on the sides of the triangle 7;17,‘)?0. Clearly we have 3 points, the vertices of
the triangle, and in most cases these are all of the lattice points on the sides (¢; = 3).
The points on the sides can be (see Figure 2) on the side OP, PQ or OQ. We note
that the points on the side OP, are characterized by the existence of integers k, £, A
and p such that

T+s
2d

+ z%)? + (—kg + z%)ﬁ = (k

7 = (k-
T =k

T+ (®)

Similarly, for points on the side OQ, the equality above changes to

— — T+s o\ — T ﬁ—)_ - T B\ —
kw407 = (k 5 +€E)C+( kEJréE)n_/\CJr( kEJréE)n. (9)
For the side PQ, we have the characterization
5—7  a+p
k 5 +/ 7 € Z. (10)

Lemma 3.1. (i) The coefficient (—k% + é%) is an integer if { = p™= + M\ and
k= A3 — pa for every \, u € Z2.

(i1) For the given values of £ and k above the other coefficient in (8) becomes
T+5

2d
(iii) If ged (7, B) = 1, then there are no points of the lattice in the interior of OP.

k

+€%:i)\ez.



198 EUGEN J. IONASCU

Proor. Using (7), we have

(kL +05) = (A3 + ) + (o

T+s

2

+ A?’)g = +pu.

Similarly, one checks that (ii) is true.

We observe that (7) implies in particular that ged(7, 3) divides d. Therefore, if
ged(7, 3) = 1, the values in (i) for k and ¢ give all of the solutions of the Diophantine
equation (fk:g + é%) = p € Z. (We refer the reader to a basic text on linear
Diophantine equations such as [8].) Part (ii) implies that there are no lattice points
on the side OP other than the endpoints. [ |

Clearly, a similar lemma is true for the sides OQ and PQ.

So, we have proved the following proposition.

ProposITION 3.2. If ged (7, B) = ged(TE2, o) = ged(555, %42) = 1, then there are no

lattice points on the sides of ’];17,’)?0 other than the vertices. The Ehrhart polynomial
in this case s
dt* + 3t
L(T0 1) = Wl teN.

It is natural to ask whether all sides of the equilateral triangle ’Z:;fc may simultane-

ously contain lattice points in their interiors and how many can there be? The next
lemma answers these questions.

Figure 4: All sides may contain lattice points

LemMa 3.3. (i) If a side contains lattice points in its interior, the intersection of
that side with Pap. is the set of points which divide that side into d' equal parts,
where d' divides d.

(i) It is possible that all of the sides of a minimal triangle ’Z:;fc have lattice points

0f Pape in their interiors. If dy and dy are the corresponding numbers as in part (i),
for two sides, then ged(dy,ds) = 1.
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Proor. (i) We refer to Figure 3 in this proof. Without loss of generality, let us
assume that the closest point to O in P, on the side OP, is M. Then 5?\7 has
integer coordinates. Then so does kOM for all k € Z. Therefore, for some k we
must have kO—]W> = O—I)D7 otherwise we can construct some point in P, ., on the
side OP, closer to O than M, using the idea of division with non-zero remainder.
Therefore, we have shown the first part of (i). For the second part we observe that
the Diophantine equation 2%22 = |5Mf |2 € Z is possible only if k divides d. This
shows (i).

For (ii), we include here the first example we found of such a triangle,
Az = {(0,0,0), (220,539, —539), (747,12, —267) },

corresponding to d = 561 = 3(11)(17), a = 245, b = 613 and ¢ = 713. There are
respectively 2, 10 and 16 lattice points interior to its sides. The associated Ehrhart
polynomial is

2
L(Dg 1) = w 41, teN.
For the second part of (ii), let us assume by way of contradiction, that ged(dy, ds) =
0 > 1. Then there exist integers dj and dj such that d; = 0d} and dy = ddj. From
this we get that 1 > % = % = %. Without loss of generality we can assume that the
side OP is divided into d; equal parts and the side OQ) into dy equal parts. Then by
taking the division points on the sides corresponding to d} and d), respectively, but
different from O, we can construct an equilateral triangle in P, ., with side lengths
df}/i which are strictly smaller than those of ’Z;ll‘,oc. Theorem 1.1 shows that this is

not possible. The contradiction shows that gcd(d}7 dy) = 1. ]

Let us now look at the case ged(7, 3) = v > 1. Then Lemma 3.1 easily changes into
the following.

LEemma 3.4.
(i) If ged(7, B) = v, the coefficient (—kg + E%) is an integer if { = u%g + )\g and
k= X2 — pa for every A, pu € Z2.
(1i) For the given values of £ and k above the other coefficient in (8) becomes
T+s5 o« A
k——+(-=+—€Z.
2d a TS

(iii) If ged(7, ) = v, then there are v — 1 points of the lattice in the interior of the
side OP.

Proor. The calculations we have done in showing Lemma 3.1 are valid here with
the substitution % instead of A. Part (iii) follows from parts (i) and (ii). ]

Finally, we can put all these things together into the following generalization of
Proposition 3.2:
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THEOREM 3.5. The Ehrhart polynomial for T abe (given by Theorem 1.1) is

dt? + clt

(7;117037 t) = — +1, te N, with
1 = ged(r, B) + gcd( ;) + gcd(— a+ ), where

r = ged(a,b)r, s = ged(a,b)s, (a, B) is a particular solution of the Diophantine
equation

r+5s -
L Sﬁ +ra=d

and 3d* = a® + b* + 2.

We observe that this theorem does not depend on the parEiCNular solution (a, )
of the Diophantine equation T“ﬁ + 7o = d (or equivalently =T 3 +7(a + 3) = d).

4 The general case

We fix two integers m and n with ged(m,n) = 1 in Theorem 1.1. In this case, from
— — _ — — _ —
(3), we have OP =m ¢ —nn and OQ =n ¢ + (m—n)7. We can solve for ¢ and
UE
— — — —
—  (m—=n)OP+n0Q —  mOQ —nOP
¢ = and J = —4———.
m? —mn + n? m? —mn + n?

Then, the equations (8) and (9) change into

KU+ 07 = (K +03)C + (—k5 + 097 =

m(r+35)+n(T—53) ma —n(a+F) \ ==
(k 2d(m? — mn + n?) Jr£d(m2 — mn+n2)> P

+

(11)

(%;L((Mg)—m? 4_motna )@:_A(T’Dﬂbo_’.

m2 —mn + n?) d(m? — mn + n?)
Here we have something similar to the case m = 1 and n = 0.

LemMa 4.1. (i) The coefficient X in (11) is an integer, and equal to t(m — n), if
k= B(m? —mn+n2)t+[ma—n(a+B)t, = F(m?—mn+n)t—(m ”S +n—)t

where t and t are arbitrary integers. In this case, the coefficient y is equal to nt —t.
(ii) The coefficient p in (11) is an integer, and equal to tm, if
k=—a(m?—mn+n2t+ (mB+nat, { = F%g(m2 —mn~+n?)t + (mi — n%g)t,

where t and t are arbitrary integers. In this case, the coefficient X is equal to t — nt.
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(iii) The value pi+ X is an integer, and equal to tm, if

k= B(m? —mn+n®t+ [m(a+B3) —nblt, £ = F(m? —mn+n?)t — (ML o+t
where t and t are arbitrary integers. In this case, the coefficient y is equal to nt —t.

(iv) If ged[m ”S +n— ma—n(a+0)] = 1, then there are no points of the lattice
in the interior of OQ

(v) If ged(mi —n ”’5 ,mB+na) =1, then there are no points of the lattice in the
interior of OP.

(vi) If ged(mSE +nF, m(a+ B) —nB) = 1, then there are no points of the lattice
in the interior of PQ.

The proof of this lemma is similar to the proof of Lemma 3.1. As before, the
hypothesis in cases (iv), (v), and (vi) in Lemma 4.1 can be relaxed.

Lemma 4.2. (i) If ged(mZE 4+ n52 ma — n(a + B)) = v, then the coefficient A
is still an integer if k = B(m2 —mn +n?)t + (ma — n(a + B))L and = F(m? —
mn +n?)t — (mZEE +n55) L, where t and t are arbitrary integers. In this case, the

coefficient p is equal to nt — £, and this gives v —1 points of the lattice in the interior

of 0Q.
(ii) If ged(mi — n™=, mB3 + na) = v, then the coefficient yu in (11) is an integer
equal to tm, if k = fa(mQ —mn +n2)t + (mf + na)t, (= T;S(mQ mn + n?)t +
1)
2

(mr —n %, where t and t are arbitrary integers. The coefficient X is equal to

L_nt.

(iii) If ged(m*E + nr,m(a + B) — nB) = v, then the value of p + X is an
integer, and equal to tm, if k= B(m? —mn + n?)t + (m(a + B) —npf)t, ¢ =
F(m? — mn + n?)t — (m L+ nﬁy, where t and t are arbitrary integers. In this
case, the coefficient u is equal to nt — %

(iv) The value v in each of the above cases is always a divisor of d.

Proor. The calculations we have done in showing Lemma 4.1 are valid here with
the substitution £ instead of ¢. For the part (iv), we note that since ged(m,n) =1
we have mz + ny = 1 for some integers = and y. Let us consider on (i). One can
check the identities

oz(mr;rs+n712s>(man(onrﬁ))%:nd7 and

(a+ ) <mF;§+n?;§) —&-(ma—n(a-ﬁ-ﬁ))?;g:md

These two equalities can be combined to get

?+§+ r—s
n
2 2

F-§ 743
2

(o + )+ o) )+ (ma = nta+ 9) @
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which implies the claim that v must divide d. [ |

The following theorem allows one to compute the Ehrhart polynomial for an equi-
lateral triangle in Z3.

TuroreEM 4.3. The Ehrhart polynomial of an equilateral triangle T)7! (given by
Theorem 1.1) with ged(m,n) = 1, is given by

d(m?* — D2+ it
LTy t) = (m mn;—n) ta +1, t e N, where

1 = ged(mEE + n5E ma — n(a + B)) + ged(mr — nE, mpB + na)

+gcd(m§—j +nr,m(a+ 8) —np),

and («, B) is a particular solution of the Diophantine equation

T+3s
2

B +7ra=d,
d, 7, s being defined in Theorem 1.1.

For the triangle Ay in the Introduction, we see that there is only one option
of three coprime divisors n; of 105 which give 15 = ny + ny + n3. Then we must
have d = 105. By looking into all solutions of a® + b? + ¢ = 3(105)%, one can find
all the corresponding triangles ’Z:,fc and then the coefficient ¢;. It turns out that
c1 €{3,5,9,17} and so there is no A in Z3 with the required property.

5 The case of a = b and some further questions

If the equation of the plane (2) has the property that a = b (2a® + ¢ = 3d?), then
the parametrization of the equilateral triangles given by Theorem 1.1 simplifies to:
70" = AOPQ with P, Q in Py, is equilateral if and only if for some integers m,

a,b,c

n7
— — — — —
OP:mC _n77 OQ:TLC +<m_n)77W1th g = <<17C27<3)77: (77177727773)7
(12)
¢ = d+c 7d—c
1= D) m= D)
_d—-c , and __d+c | (13)
G = 5 R=
G3=a N3 =a
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We observe that 7 =5 =1 and so we can choose @ = d and § = 0 to satisfy (7).
Assuming as before that ged(m,n) = 1, then the Ehrhart polynomial reduces to the
simple formula

LT 1) = Ad(m? —mn 4 n)e* + [ged(m, d) + ged(n.d) + ged(m — n, )]t + 1,
(14)
teN.

In [6] we have characterized the primitive triples (a, ¢, d) € N® satisfying 2a2+c? =
3d%. This was done in a manner similar to the way that Pythagorean triples are
usually described with a one-to-one correspondence to a special set of pairs of natural
numbers.

TueOREM 5.1. Suppose that k and ¢ are positive integers with k odd and ged(k, ) =
1. Then a, ¢ and d given by

d=20+k
o Ja= [202 + 20 — k2|, ¢ = |k + 4kl — 202|, if k # £ (mod 3),
w1t
a =202 — 2k0 — k2|, ¢ = |k? — 4kl — 202, if k # —¢ (mod 3),

constitute a positive primitive solution of 2a2 + c® = 3d>.

Conversely, with the exception of the trivial solution a = ¢ = d = 1, every positive
primitive solution for 2a* + c? = 3d® appears in the way described above for some |
and k.

In particular, if d > 3 is a prime of the form 8m + 1 or 8m — 5 (m € N), we can
find (see [3]) k and £ as in Theorem 5.1. Hence we have shown the following corollary
of our investigation:

COROLLARY 5.2. Given a prime number p of the form 8m +1 or 8n —5 (m € N),
there exits an equilateral triangle T."0, in Z* whose Ehrhart polynomial is

Lzl = YD ey

a,a,c’
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paper. Also, we thank the referee who wrote one of most constructive reports we
have seen in years. Besides the improvements suggested, he/she gave us the following
line of further investigations. If we let T}, = conv{(0,0,0), (1,0,0), (1,%,0)} (k € N)
(the convex closure of the three vertices), one of the most obvious triangles with no
interior points and Ehrhart polynomial E(t) = (kt + 2)(t + 1)/2, then T}, is actually
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for primes k which are 1 or 3 (mod 8). Can this fact be extended to other values
of k7 The more general question, in view of these examples, is whether or not two
equilateral triangles having the same Ehrhart polynomial are equivalent (as above).

References

[1]

M. Beck and S. Robins, Computing the Continuous Discretely: Integer-Point
Enumeration in Polyhedra, Undergraduate Texts in Mathematics, Springer-
Verlag, New York, 2007; also available at http://math.sfsu.edu/beck/
ccd.html

R. Chandler and E. J. Ionascu, A characterization of all equilateral triangles in
Z3, Integers 8 (2008), Art. A19.

D.A. Cox, Primes of the Form z* + ny?: Fermat, Class Field Theory, and
Complex Multiplication, Wiley-Interscience, 1997

E. Ehrhart, Sur les polyedres rationnels homothétiques a n dimensions, C. R.
Acad. Sci. Paris, (1962) 254, pp. 616-618.

E. J. Tonascu, A parametrization of equilateral triangles having integer coordi-
nates, J. Integer Sequences 10 (2007), 09.6.7.

E. J. Tonascu, Regular tetrahedra with integer coordinates of their vertices, Acta
Math. Univ. Comenianae LXXX 2(2011), 161-170.

E.J. Ionascu and R. Obando, Cubes in {0,1,2,...,n}%, Integers 12A (2012)
(John Selfridge Memorial Issue), #A9.

H. L. Montgomery, I. Niven and H. S. Zuckerman, An introduction to the theory
of numbers, John Wiley & Sons. Inc., Fifth Edition, 1991

(Received 10 Jan 2012; revised 3 Sep 2012)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


