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Abstract

The problem of finding necessary and sufficient conditions to decompose
a complete tripartite graph K(r, s, t) into 5-cycles was first considered
by Mahmoodian and Mirzakhani (1995). They stated some necessary
conditions and conjectured that these conditions are also sufficient. Since
then, many cases of the problem have been solved by various authors;
however the case when the partite sets r ≤ s ≤ t have odd and distinct
sizes remains open. A necessary condition is t ≤ 3r. Billington and
Cavenagh (2011) have shown that when r, s, and t are all odd and r ≤
s ≤ t ≤ κr, where κ ≈ 1.0806, then the conjectured necessary conditions
for decomposing are also sufficient. We extend this result further to the

cases where κ ≈ 5

3
.

1 Introduction

A graph with vertex set V is said to be a complete n-partite graph, if V may be
partitioned into n disjoint non-empty sets V1, V2, . . . , Vn, such that there exists ex-
actly one edge between vertices from different partite sets, and no other edges. If
|Vi| = ai for 1 ≤ i ≤ n, then the graph is denoted by K(a1, a2, . . . , an). The complete
tripartite graph having three parts of sizes r, s, and t will be denoted by K(r, s, t).
This graph has all vertices of even degree provided that r, s, and t all have the same
parity. The problem of decomposing complete tripartite graphs into 5-cycles was
first considered by Mahmoodian and Mirzakhani [4].

Theorem A. ([4]) If the complete tripartite graph K(r, s, t), where r ≤ s ≤ t, can
be decomposed into 5-cycles, then the following conditions are satisfied:
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• r, s, and t are either all even or all odd;

• 5|(rs + rt + st);

• t ≤ 4rs/(r + s).

From Theorem A we have:

Corollary A. ([3]) If the complete tripartite graph K(r, s, t) (with r ≤ s ≤ t) can
be decomposed into 5-cycles, then t ≤ 3r, s ≤ 3r, and t ≤ 2s.

Conjecture 1. ([4]) Three conditions given in Theorem A are also sufficient.

Mahmoodian and Mirzakhani proved this conjecture in the case when two parts
have equal sizes and satisfy the necessary conditions with one exception, K(5x, 5x, z),
where z is not a multiple of 5. Cavenagh and Billington in [3] extended this result,
using different method and showed that when two parts have same sizes or when
both r and s are divisible by 10 and the conditions in Theorem A hold then a
decomposition into 5-cycles exists. They also completed the solution to the existence
problem for a 5-cycle decomposition (satisfying the necessary conditions) when all
the parts have even sizes [2].

Theorem B. ([3]) The necessary conditions of Theorem A are sufficient in the case
when two partite sets have equal size or in the case when r and s are divisible by 10.

Theorem C. ([2]) The necessary conditions of Theorem A are sufficient in the case
when two partite sets have equal size or in the case when all partite sets have even
size.

The following theorem is from [3].

Theorem D. ([3]) If the graphs K(ri, sj, tk) admit a decomposition into 5-cycles for
each i, j, and k, 1 ≤ i, j, k ≤ m, then the graph K(r1+r2+· · ·+rm, s1+s2+· · ·+sm,
t1 + t2 + · · · + tm) also admits a decomposition into 5-cycles.

Recently, Billington and Cavenagh considered the cases when r, s, and t have
similar sizes asymptotically. They showed that if r, s, and t are all odd and satisfy
the necessary conditions in Theorem A and if 100 ≤ r ≤ s ≤ t ≤ κr (where κ is
approximately 1.0806), then K(r, s, t) has a decomposition into 5-cycles.

Theorem E. ([1]) Let κ = −95

16
+

3

16

√
1401 ≈ 1.0806. Let r, s, and t be odd

numbers such that rs + st + rt is divisible by 5 and 100 ≤ r ≤ s ≤ t ≤ κr. Then
K(r, s, t) has a decomposition into 5-cycles.

In this paper we show decomposition of some small cases that were not known
before and prove that if r, s, and t are all odd, and 107 ≤ r ≤ s ≤ t ≤ κr (where κ

is approximately
5

3
), then necessary conditions in Theorem A are sufficient.
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2 Decomposing into 5-cycles using Latin representation

A method for decomposing a complete tripartite graph was developed in [3] which in
fact extends the idea of Latin square. It is easy to see that a Latin square of order
m is equivalent to decomposition of the complete tripartite graph K(m, m, m) into
triangles. A Latin representation of complete tripartite graph K(r, s, t) is a Latin
rectangle L of order r × s based on t elements together with L1 which contains a set
of t− s entries at the end of each row of L, and L2 containing a set of t− r entries at
the end of each column of L. Each entry from the set T = {1, 2, . . . , t} occurs once
in each of the r rows and once in each of the s columns.
Each entry of the Latin rectangle L represents a triangle (See Figure 1) and each
entry of L1 represents a single edge from the partite set of size r to the partite set of
size t. Similarly each entry of L2 represents a single edge from the partite set of size s
to the partite set of size t. So a Latin representation of K(r, s, t) is in fact equivalent
to a decomposition of K(r, s, t) into r× s triangles and r× (t− s)+ s× (t− r) single
edges.
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Figure 1: Each entry of the Latin rectangle L represents a triangle

Cavenagh and Billington [3] introduced a useful type of graphical trade which is
defined as follow:

Definition . ([3]) Let M be a Latin representation of the complete tripartite graph
K(r, s, t). A trade is a set of entries in M , corresponding to a set of triangles and
edges in K(r, s, t) which can be decomposed into 5-cycles.

Trades of different types are used in [3] to decompose complete tripartite graphs
into 5-cycles. Actually given a complete tripartite graph, it is sufficient to find a set
of trades that covers every entry in Latin representation, making sure that no trades
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overlap. Now it is sufficient to solve a jigsaw puzzle. This idea was used in [3] and
[2] to show that necessary conditions are sufficient in the case where two partite sets
have equal sizes or in the case where all partite sets have even sizes.
All used trades in [3] and [2] were classified into two types. In the first type, entries
from both inside and outside of Latin rectangle are used. In this type of trade we
exchange a set of triangles and a set of edges with a set of 5-cycles. In the second
type, no entries from outside of the Latin rectangle are used and in this case we
exchange a set of triangles with a set of 5-cycles.

2.1 A new trade and some small cases

In this section a new trade is introduced.

Definition . Let M be a Latin representation of K(r, s, t). A new trade is made of
n triangles and 2n edges which can be decomposed into n 5-cycles. It has n entries
from a row of Latin rectangle L and 2n entries from L1 and/or L2 (See Figure 2).
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Figure 2: A trade with n triangles and 2n edges

The graph K(7, 17, 19) was the smallest case satisfying the necessary conditions
of Theorem A for which no 5-cycle decomposition was known. Using the new and
old trades we can cover Latin representation of K(7, 17, 19) and some other cases
so that we decompose them into 5-cycles. Note that in Figure 3 and other similar
figures in each cell the lower entry represents a vertex from part T and the upper
entry is the label of the used trade.

Theorem 1. K(11, 15, 25), K(13, 15, 25), K(15, 17, 25), and K(15, 19, 25) are de-
composable into 5-cycles.

Proof. Similar to K(7, 17, 19), Latin representations of these cases can be covered
by the old and new trades. Latin representation of these cases are given in the
Appendices.
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Figure 3: A covered Latin representation of K(7, 17, 19) by trades

3 New results

In this section by applying previous theorems and the new trade we extend the earlier
results. We prove our main results in three theorems. First we need two lemmas and
the following introductory result which is straightforward.

Proposition 1. Let K(r, s, t) be a complete tripartite graph which satisfies the con-
ditions of Theorem A such that r, s, and t are odd, and let r ≡ r′ (mod 10),
s ≡ s′ (mod 10), and t ≡ t′(mod 10), where 1 ≤ r′, s′, t′ ≤ 9. Then the multi-
set {r′, s′, t′} is equal to one of the following multisets:
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{1, 1, 7}, {1, 3, 3}, {3, 9, 9}, {7, 7, 9}, {1, 5, 5}, {3, 5, 5}, {5, 5, 5}, {7, 5, 5}, {9, 5, 5}.
Lemma 1. An odd integer a which is divisible by 5 can be written as:
a = a1 + · · ·+ am, where ai ∈ {15, 25} for i = 1, 2, . . . , m if and only if 15m ≤ a ≤
25m.

Proof. Let a = a1 + · · · + am where ai ∈ {15, 25}, for i = 1, 2, . . . , m. Then we have
15m ≤ a ≤ 25m.
On the other hand if 15m ≤ a ≤ 25m, then it can easily be shown that a may be
written as a = 15k1 + 25k2 where k1 + k2 = m. In fact since a is odd, m is an odd

integer and k1 =
25m − a

10
, k2 =

a − 15m

10
. Since a− 15m, and 25m− a are divisible

by 10 so nonnegative integers k1 and k2 exist.

Lemma 2. An odd integer a can be written as:
a = a1 + a2 + · · · + am, where a1 ∈ {11, 13, 15, 17, 19} and ai ∈ {15, 25}, for i =
2, 3, . . . , m if and only if 15m − 4 ≤ a ≤ 25m − 6.

Proof. Let a = a1 + · · · + am, where a1 ∈ {11, 13, 15, 17, 19} and ai ∈ {15, 25} for
i = 2, 3, . . . , m, then obviously 15m − 4 ≤ a ≤ 25m − 6.
If 15m− 4 ≤ a ≤ 25m− 6, then there exists a1 ∈ {11, 13, 15, 17, 19} such that a− a1

is multiple of 5 and 15m′ ≤ a − a1 ≤ 25m′ for m′ = m − 1. Now we can proceed
similar to Lemma 1.

Theorem 2. Let K(r, s, t) be a complete tripartite graph such that

• r, s, and t are all odd and divisible by 5;

• 75 ≤ r ≤ s ≤ t ≤ 5

3
r − 50.

Then the necessary conditions of Theorem A are sufficient.

Proof. Since t ≤ 5

3
r − 50, we have

r

15
− t

25
≥ 2. So there exists an odd number

m so that
t

25
≤ m ≤ r

15
· This implies that 15m ≤ r ≤ 25m, 15m ≤ s ≤ 25m,

and 15m ≤ t ≤ 25m. Thus by Lemma 1, each of r, s, and t can be written
as: r = r1 + r2 + · · · + rm, s = s1 + · · · + sm, and t = t1 + · · · + tm, where for
i, j.k ∈ {1, 2, . . .m}, ri, sj, and tk ∈ {15, 25}. Now by Theorem C and Theorem D
the assertion follows.

Theorem 3. Let K(r, s, t) be a complete tripartite graph such that

• r, s, and t are odd and exactly one of them is not divisible by 5; and

• 86 ≤ r ≤ s ≤ t ≤ 5

3
r − 57.

Then the necessary conditions of Theorem A are sufficient.
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Proof. Suppose r is not divisible by 5. Since t ≤ 5

3
r−57, we have

r + 4

15
− t + 6

25
≥ 2.

Let a = max{r + 6

25
,

s

25
,

t

25
} and b = min{r + 4

15
,

s

15
,

t

15
}. It can be checked that by

the assumption of theorem we have b−a ≥ 2. So there is an odd number m between

a and b. Such m satisfies all of the following inequalities:
r + 6

25
≤ m ≤ r + 4

15
,

15m − 4 ≤ r ≤ 25m − 6, 15m ≤ s ≤ 25m, and 15m ≤ t ≤ 25m. Thus by Lemma 1
and Lemma 2 there exist ri, sj, and tk, 1 ≤ i, j, k ≤ m so that r = r1 + r2 + · · ·+ rm,
s = s1 + s2 + · · ·+ sm, and t = t1 + t2 + · · ·+ tm; where all ri, sj, and tk’s have sizes
equal to 15 or 25 except r1, and r1 ∈ {11, 13, 15, 17, 19}. Then by Proposition 1,
Theorem D, Theorem 1, and Theorem C, the assertion follows.

For the cases where either s or t is not divisible by 5 we may employ a similar
argument.

Theorem 4. Let K(r, s, t) be a complete tripartite graph such that the conditions of

Theorem A are satisfied and 96 ≤ r ≤ s ≤ t ≤ 5

3
r − 46; r,s, and t are odd and none

of them is divisible by 5. Then K(r, s, t) has 5-cycle decomposition.

Proof. Let r ≡ r1(mod 10), s ≡ s1(mod 10), and t ≡ t1(mod 10), where

10 < r1, s1, t1 < 20. Let a = max{r + 25 − r1

25
,
s + 25 − s1

25
,
t + 25 − t1

25
} and

b = min{r + 15 − r1

15
,
s + 15 − s1

15
,
t + 15 − t1

15
}. It can be checked that by the as-

sumption of theorem we have b−a ≥ 2. So there is an odd number m between a and
b. Such m satisfies the following inequalities: 15m− 4 ≤ r ≤ s ≤ t ≤ 25m− 6. Thus
by Lemma 2 there exist ri, sj, and tk, 2 ≤ i, j, k ≤ m so that r = r1 + r2 + · · · + rm,
s = s1 + s2 + · · · + sm, and t = t1 + t2 + · · · + tm; where all ri, sj, and tk’s,
2 ≤ i, j, k ≤ m have sizes equal to 15 or 25, while r1, s1, t1 ∈ {11, 13, 15, 17, 19}.

Now by Proposition 1, Theorem D, Theorem 1, and Theorem C, the assertion
follows. We should note that in decomposing K(r1 + r2 + · · ·+ rm, s1 + s2 + · · ·+ sm,
t1 + t2 + · · · + tm) into 5-cycles in Theorem D, one way is to let L be a Latin
square with rows, columns and symbols indexed by {1, . . . , m} and demand a 5-cycle
decomposition of K(ri, sj, tk) for each (i, j, k) ∈ L. In appealing to this theorem we
can choose a Latin square such that (1, 1, 1) ∈ L which guarantees that for each
(i, j, k) ∈ L\ (1, 1, 1) we have that at least two of ri, sj, tk are in the set {15, 25}.

Example 1. For an example of Theorem 4 consider the case where we want to have
a 5-cycle decomposition for K(123, 131, 163) (See Figure 4). Consider m = 7, then
123 = 13 + 15 + 15 + 15 + 15 + 25 + 25,
131 = 11 + 15 + 15 + 15 + 25 + 25 + 25, and
163 = 13 + 25 + 25 + 25 + 25 + 25 + 25.
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Figure 4: Decomposition of K(123, 131, 163) using Theorem 4.
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4 Appendices

Figure 5: A covered Latin representation of K(11, 15, 25) by trades
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Figure 6: A covered Latin representation of K(13, 15, 25) by trades
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Figure 7: A covered Latin representation of K(15, 17, 25) by trades
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Figure 8: A covered Latin representation of K(15, 19, 25) by trades
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