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Abstract

Let G = (V,E) be a graph of order n. Let f : V — {1,2,...,n} be
a bijection. For any vertex v € V, the neighbor sum ZueN(v) f(u) is
called the weight of the vertex v and is denoted by w(v). If w(v) = k,
(a constant) for all v € V, then f is called a distance magic labeling
with magic constant k. If the set of vertex weights forms an arithmetic
progression {a,a+d,a+2d,...,a+ (n—1)d}, then f is called an (a, d)-
distance antimagic labeling and a graph which admits such a labeling
is called an (a,d)-distance antimagic graph. In this paper we present
several results on (a, d)-distance antimagic graphs.

1 Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor
multiple edges. The order and size of G are denoted by n and m respectively. For
graph theoretic terminology we refer to Chartrand and Lesniak [4].

The concept of distance magic labeling of a graph has been motivated by the
construction of magic squares. A magic square of order n is an n X n array whose
entries are an arrangement of the integers {1,2,...,n2}, in which all elements in any
row, any column, the main diagonal or the main back-diagonal, add to the same sum
r. Now if we take a complete n partite graph with parts Vi, Vs, ...V, with |V;| = n,
1 < i < n, and label the vertices of V; with the integers in the i*" row of the magic
square, we find that the sum of the labels of all the vertices in the neighborhood of
each vertex is the same and is equal to r(n — 1). This observation is a motivation
for the concept of distance magic labelings, which was first introduced by Vilfred [8]
under the name sigma labelings.

* Also at School of Electrical Engineering and Computer Science, The University of Newcastle,
NSW 2308, Australia; Department of Computer Science, Liverpool Hope University, Liverpool, UK;
Department of Computer Science, Ball State University, USA.
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Definition 1.1. [6] Distance magic labeling of a graph G of order n is a bijection
f:V —={1,2,...,n} with the property that there is a positive integer k such that
> uen(w) f(u) =k for every v € V. The constant k is called the magic constant of
the labeling f.

The sum 3, v, f(u) is called the weight of the vertex v and is denoted by w(v).

Acharya et al. [1] further studied this concept under the name of neighbourhood
magic graphs. The same concept was introduced by Miller et al. [6] under the name
1-vertex magic vertex labeling. Sugeng et al. [7] introduced the term distance magic
labeling for this concept and obtained further results on this concept. The existence
of regular distance magic graphs and fair incomplete tournaments have been studied
by Fronéek [5]. For a recent survey and open problems on distance magic graphs we
refer to Arumugam et al. [2].

In this paper we introduce the concept of an (a, d)-distance antimagic labeling,
which arises in a natural way from distance magic labelings. Throughout this paper
we assume that G is a graph without isolated vertices. If f:V — {1,2,...,n} is a
bijection, then we identify the vertex v with its label f(v). Also in all the figures we
represent the vertex label in the usual font and the weight of a vertex in bold font.

2 (a,d)-distance antimagic graphs

Let G be a distance magic graph of order n with labeling f and magic constant k.

Then > f(u) = @ —k— f(v), and hence the set of all vertex weights in the
uENge (v)

complement G° is {% —k—1i:1<4i<n}, which is an arithmetic progression

with first term a = % — k —n and common difference d = 1. This observation

motivates the following definition.

Definition 2.1. A graph G is said to be (a, d)-distance antimagic if there exists a
bijection f:V — {1,2,...,n} such that the set of all vertex weights is {a,a+d,a+
2d,...,a+ (n — 1)d}, where a and d are fixed integers with d > 0 and any graph
which admits such a labeling is called an (a, d)-distance antimagic graph.

Thus if G is distance magic, then G€ is (a, 1)-distance antimagic. The converse is
not true. For example, the graph G given in Figure 1 has an (a, 1)-distance antimagic
labeling. However its complement is the cycle Cy, which is not distance magic [3].

Observation 2.2. If G is an (a, d)-distance antimagic graph of order n with d > 0,
then N(z) # N(y) for any two distinct vertices z,y € V(G).

Lemma 2.3. If G is an (a,d)-distance antimagic graph of order n, then

A — A(A—1) = 5(5+1)
= 2 —1)
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Figure 1: (8,1)-distance antimagic labeling of G

Proof. Since the minimum possible vertex weight is at least (1+2+---+4), it follows
that a > @. Also since the maximum possible weight is at most n+(n—1)+-- -+

(n—A+1), we have a+(n71)d§nAf#. Hence d < %. O

Corollary 2.4. If G is an r-reqular (a,d)-distance antimagic graph of order n with
r>2, thend <r.

Corollary 2.5. If G is a 3-reqular (a,d)-distance antimagic graph of order n, then
a=n+2andd=1.

Proof. Tt follows from Corollary 2.4 that d = 1 or 2. Further a + (a+d) + (a + 2d) +

4 (a+(n—1)d) =31 +2+---+n). Thus 2(2a+ (n — 1)d) = 2 If 4 =2,
then a = "T*S As G is 3-regular, n is even and hence a is not an integer, which is a
contradiction. Hence d =1 and a =n + 2 O

Corollary 2.6. If G is a 2-regular (a, d)-distance antimagic graph of order n, then
a= "T*B and d=1.

Proof. Tt follows from Corollary 2.4 that d = 1. Alsoa+ (a+1)+(a+2)+-- -+ (a+
(n—1))=2(1+2+---+n). Thus 2(2a+ (n — 1)) = n(n+1). Hence a = 22, O

Theorem 2.7. The cycle C,, is (a, d)-distance antimagic if and only if n is odd and
d=1.

Proof. Let C, = (v1,va,...0,,v1) be (a,d)-distance antimagic. Then by Corol-
lary 2.6, a = ”T”’, and hence n is odd. Also it follows from Corollary 2.4 that
d = 1. Conversely, suppose n is odd. We now produce an (a, 1)-distance antimagic
labeling f of C,,.
Case (i) n =3 (mod 4).

Let n = 4r — 1, r > 1. Since r and n are relatively prime, the function h :
V(G) — {0,1,...,n—1} defined by h(v;) = r(i—1)+1 (mod n), is a bijection. Now
f:V(G) —{1,2,...,n} defined by

_|n if h(v;) =0
f@”_{fmw if h(v) 0
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is also a bijection. Also the vertex weights are given by

(v1) = 2r(i — 1) + 2 (mod n) ifiisevenandi#n—3,n—1
WWI= 2r(i— 1) +2 (mod n) +n  ifiis odd and i # n.

w(vp—3) = n,w(v,—1) =n+ 1, and w(v,) = ”2{1 + 2 (mod n).
It is clear that the weights of the vertices form an arithmetic progression with
first term a = ”TJ“O’ and common difference d = 1.

Case (ii) n =1 (mod 4).
Let n =4r+ 1, r > 1. First we define g : V(G) — {0,1,...,n — 1} by g(v;) =
r(i— 1)+ 1 (mod n). Now define f: V(G) — {1,2,...,n} by

n if g(v;) =0
Vi) = .
fw) { glv)  if g(v) # 0.
Then the vertex weights are given by

(01) = n+2—(%) if 7 is odd
Wit = 2l —1)+2—(5)n  ifiis even and i # 2.

and w(vy) = 252
The weights of the vertices form an arithmetic progression with first term a = %
and common difference d = 1. O

Example 2.8. For the cycles C7 and Cy, (a, 1)-distance antimagic labelings are given
in Figure 2.

11
9 . .
5 6 12 10
8 10 8 14
1 ;1 9
Cy Cy

Figure 2: A (5,1)-distance antimagic labeling of C7 and a (6, 1)-distance antimagic
labeling of Cy

Theorem 2.7 gives a characterization of connected 2-regular (a,d)-distance an-
timagic graphs. However there are disconnected 2-regular graphs which admit an
(a, d)-distance antimagic labeling. A (9,1)-distance antimagic labeling of 3Cj is
given in Figure 3.
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19 18
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Figure 3: A (9,1)-distance antimagic labeling of 3C5

Hence the following problem naturally arises.
Problem 2.9.Characterize disconnected, 2-regular (a, d)-distance antimagic graphs.

Proposition 2.10. If a,d > 2, then there exists no (a, d)-distance antimagic labeling
for the path P, and for the cycle C,,.

Proof. Since A = 2, the maximum possible vertex weight is 2n—1. If P, (C,,) admits
an (a,d)-distance antimagic labeling for a,d > 2, then the maximum vertex weight
is a+ (n —1)d > 2n, a contradiction. O

Proposition 2.11. There is no (1,d)-distance antimagic labeling for P,, when
n> 3.

Proof. Let P, = (v1,va,...,v,). Suppose P, admits a (1,d)-distance antimagic
labeling f. It follows from Lemma 2.3 that d < 2.
Case (i) d=1.

Since a = d = 1, we may assume that f(v2) = 1 and f(v,—1) = 2, so that
w(v1) =1 and w(v,) = 2. Now the vertex v; with weight 3 must be adjacent to both
vg and v,_1 and hence n = 5 and w(v3) = 3. Now there is no possibility of getting 4
as a vertex weight.

Case (ii) d=2.
Since the vertex weights are 1,3,...,2n — 1, we may assume that f(ve) =1 and

f(vn_1) = x where x is an odd integer and x € {2,3,...,n}. Now Z w(v;) =143+

4+ 2n—1=n2 AISOZ (v;) = Zdeg(vl) (UZ)—QZf(’Uz) (f(v) + f(wn)) =

n?2+n— (f(v) +f(vn)) Hence f(U1) + f(vn) = n. Slnce f(v2) =1, to get 3 as a
vertex weight, we must have f(vs) = 2. Now to get 5 as a vertex weight, we must
have f(vs) = 3. Continuing this process we get f(vy) =4, 1 <4 < |5]. Hence
f(vr) > % and f(v,) > 5. Thus f(v1) + f(vn) > n, which is a contradiction.

Hence there is no (1, d)-distance antimagic labeling for P,, when n > 3. |

Problem 2.12. Does there exist an (a, 1)-distance antimagic labeling for the path
P, with a > 27
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Theorem 2.13. A graph G is (1,1)-distance antimagic if and only if every compo-
nent of G is K.

Proof. 1If every component of G is Kj, then any bijection f : V(G) — {1,2,...,
n} gives a (1, 1)-distance antimagic labeling of G. Conversely, suppose G is (1,1)-
distance antimagic and let f be a (1, 1)-distance antimagic labeling of G. Then

Sodeg(vi) f(vi) = Y w(y) = @ Hence it follows that deg(v;) = 1 for each vy,
i=1 i=1
so that every component of G is K. (|

Definition 2.14. The Cartesian product of G and H, written GUH, is the graph
with vertex set V(GOH) = {(u,v) : u € V(G) and v € V(H)} and edge set
E(GOH) = {(u,v)(v,v") :u =" and vv’' € E(H) or v =" and wv’ € E(G)}.

Theorem 2.15. The graph C,0K> is (n + 2, 1)-distance antimagic.

Proof. Let (vi,ve,...,0n,v1) and (uq,ug, ..., un, u1) be the two disjoint cycles in
CnDKQ with VU € E(OnDKg)

Case (i) n=2k+ 1
Define f: V(C,0K,) — {1,2,...,4k + 2} by

K if1<i<2k
ﬂ“)_{2k+2 if i = 2k + 1
and
dk+2—i ifl1<i<2k—1
flu) =14 2k+1 if i = 2k
4k +2 if i = 2k + 1.

Clearly f is a bijection. Now,

6k + 5 if i =1
wlo) = WF2Hi 202k
i 6k + 2 if i = 2k
6k + 3 if i = 2k + 1.
8k + 3 if i =1
Sk+4—i if2<i<2%k—2
wlug) =3 6k+4 if i =2k — 1
8k +5 if i = 2k
8k + 4 if i =2k + 1.

Hence the vertex weights form an arithmetic progression with a =n 42 and d = 1.
Case (ii) n=2k.
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Define f: V(C,0K,) — {1,2,...,4k} by

1 if i =1
flo)=1{ 4k—2 ifi=2
i—1 if3<i<2k

and
2k ifi=1
4k —1 ifi=2
flu) =< 2k+1 ifi =3
dk+1—¢ if4<i<2k-—1
4k if i = 2k.
Clearly f is a bijection. Now,
8k —3 ifi=1
4k + 2 ifi=2
w(v;) =< 6k+2 ifi=3
dk —14¢ if4<i<2k-—1
6k — 1 if i =2k
and
8k ifi=1
8k —1 ifi=2
8k —2 ifi=3
w(u;) =< 6k ifi=4
8k+1—1 ifb<i<2k—2
8k+1 ifi=2k—-1
6k +1 if i = 2k.

285

Hence the vertex weights form an arithmetic progression with a =n+2 and d = 1.

(|

Example 2.16. For the graphs C;0K, and Cs0K5, (a, 1)-distance antimagic label-
ings are given in Figures 4(a) and 4(b).

137 12 11 10 9 7O 14
27 g 28
26 25 24 22 29
16 17
23 o 18 19 20 | .
1 e 2 3 4 5 6. 8

Figure 4(a): A (16, 1)-distance antimagic labeling of C70K,
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8 15 9 13 12 11 107~ 16
32 25

29

Figure 4(b): A (18,1)-distance antimagic labeling of CsOI K3
Definition 2.17. The graph obtained from the cycle Cy, = (v1,v2,..., Von,v1)
by adding a perfect matching consisting of the edges v1v,,11 and v;v9,.2_;, Where

2 < i <, is called an M-augmentation of C, and is denoted by Cy .

Theorem 2.18. The graph Cy is (2n + 2,1)-distance antimagic.

Proof. Define f: V(C3) — {1,2,...,2n} by f(v;) =i. Then

3n+3 ifi=1
(v7) = 2n+3 fi=n+1
W) =9 2n 42 ifi =2n

n+2+i if2<i<2n—1li#n+l

Clearly the vertex weights form an arithmetic progression with a = 2n + 2 and
d=1. O

Example 2.19. A (10, 1)-distance antimagic labeling of Cg for the case n = 4 is
given in Figure 5.

Figure 5: A (10, 1)-distance antimagic labeling of Cg
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3 Conclusion and scope

In this paper we have introduced the concept of an (a, d)-distance antimagic labeling,
which arises in a natural way. We have obtained a few basic results on graphs which
admit such a labeling. This concept is wide open for further investigation. One can
investigate whether standard families of graphs are (a, d)-distance antimagic. Finding
necessary or sufficient condition for a graph to admit an (a,d)-distance antimagic
labeling and study of (a, d)-distance antimagic graphs with reference to various graph
operations are other possible directions for future research.
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