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Abstract

An edge irregular total k-labeling of a graph G is a labeling of the vertices
and edges with labels 1, 2, . . . , k such that the weights of any two different
edges are distinct, where the weight of an edge is the sum of the label
of the edge itself and the labels of its two end vertices. The minimum k
for which the graph G has an edge irregular total k-labeling is called the
total edge irregularity strength, tes(G). In this paper we determine the
exact values of the total edge irregularity strength of zigzag graphs.

1 Introduction

In [6], the authors defined the notion of an edge irregular total k-labeling of a graph
G = (V,E) to be a labeling of the vertices and edges of G, ψ : V ∪E → {1, 2, . . . , k},
such that the edge weights wtψ(uv) = ψ(u)+ψ(uv)+ψ(v) are different for all edges,
i.e. wtψ(uv) �= wtψ(u′v′) for all edges uv, u′v′ ∈ E with uv �= u′v′. They also defined
the total edge irregularity strength of G, tes(G), as the minimum k for which the
graph G has an edge irregular total k-labeling.

The total edge irregularity strength is an invariant analogous to irregular assign-
ments and the irregularity strength of a graph G introduced by Chartrand et al. [9]
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and studied by numerous authors; see [7, 11, 12, 14]. An irregular assignment is a
k-labeling of the edges ϕ : E → {1, 2, . . . , k} such that the sum of the labels of edges
incident with a vertex is different for all the vertices of G, and the smallest k for
which there is an irregular assignment is the irregularity strength, s(G).

The corresponding problem where only adjacent vertices are required to have
different weights, i.e. the weights form a proper vertex colouring of the graph, was
introduced by Karoński et al. in [17]. They conjectured that the edges of every
connected graph of order at least 3 can be assigned labels from {1, 2, 3}, such that
for all pairs of adjacent vertices the sums of the labels of the incident edges are
different. The current record is that 16 labels suffice; see [1].

In [6], a lower bound is given on the total edge irregularity strength of a graph:

tes(G) ≥ max

{⌈ |E(G)| + 2

3

⌉
,

⌈
Δ(G) + 1

2

⌉}
, (1)

where Δ(G) is the maximum degree of G.

Ivančo and Jendrǒl [13] posed the following conjecture:

Conjecture 1. [13] Let G be an arbitrary graph different from K5. Then

tes(G) = max

{⌈ |E(G)| + 2

3

⌉
,

⌈
Δ(G) + 1

2

⌉}
. (2)

Conjecture 1 has been verified for: trees [13]; for complete graphs and complete
bipartite graphs [15, 16]; for the Cartesian product of two paths Pn�Pm [18]; for
the corona product of a path with certain graphs [19]; for large dense graphs with
|E(G)|+2

3
≤ Δ(G)+1

2
[8]; for hexagonal grids [5]; for toroidal grids [10]; and for the

strong product of two paths [4].

Motivated by the papers [2, 3, 11, 18], we investigate the total edge irregularity
strength of the zigzag graphs Zm

n .

The graphs considered here will be finite. For n,m ≥ 2 we denote the zigzag
graph by Zm

n , defined in the planar map labeled as in Figure 1 with m rows and n
columns. The symbols V (Zm

n ) and E(Zm
n ) will denote the vertex set and the edge

set of zigzag graph Zm
n . Moreover,

V (Zm
n ) = {ai,j : 1 ≤ i ≤ n; 1 ≤ j ≤ m} with |V (Zm

n )| = mn

and

E(Zm
n ) = {ai,jai+1,j : 1 ≤ i ≤ n− 1; 1 ≤ j ≤ m}

∪ {ai,jai−1,j+1 : 2 ≤ i ≤ n; 1 ≤ j ≤ m− 1}
with |E(Zm

n )| = 2mn− 2m− n+ 1.
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Figure 1: The graph of Zm
n

In this paper, we deal with zigzag graph Zm
n for all n,m ≥ 2. In [6], it is proved

that tes(G) ≥ max
{⌈

|E(G)|+2
3

⌉
,

⌈
Δ(G)+1

2

⌉}
. Since the maximum degree 	(Zm

n ) = 4,

this implies that tes(G) ≥
⌈
|E(G)|+2

3

⌉
. To show that

⌈
2mn−2m−n+3

3

⌉
is an upper bound

for tes(Zm
n ), we describe an edge irregular total

⌈
2mn−2m−n+3

3

⌉
-labeling for Zm

n .

For convenience, we split the edge set of Zm
n into mutually disjoint subsets Ai

and Bi, where

Ai = {ai,jai+1,j : 1 ≤ i ≤ n− 1; 1 ≤ j ≤ m}, |Ai| = m,

Bi = {ai,jai−1,j+1 : 2 ≤ i ≤ n; 1 ≤ j ≤ m− 1}, |Bi| = m− 1.

Clearly E(Zm
n ) =

n−1⋃
i=1

Ai ∪
n⋃
i=2

Bi.

First we discuss the total edge irregularity strength of Zm
n for a small case. More-

over, it is easy to verify that tes(Z2
2 ) = 2.

Lemma 1. tes(Z2
3 ) = 3.

Proof. The existence of an optimal labeling ξ proves the above equality. For this,
first we define the vertex labels:

ξ(a1,1) = ξ(a2,1) = ξ(a3,1) = 1;
ξ(a1,2) = ξ(a2,2) = ξ(a3,2) = 3.

Now we define the edge labels as follows:
ξ(a1,1a2,1) = ξ(a2,1a1,2) = ξ(a1,2a2,2) = 1;
ξ(a2,1a3,1) = ξ(a3,1a2,2) = ξ(a2,2a3,2) = 2.
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It is easy to see that ξ is an edge irregular total labeling having the required
property.

Theorem 1. Let m ≥ 3. Then the total edge irregularity strength of zigzag graph
Zm

3 is 
4m
3
�.

Proof. From (1), we have tes(Zm
3 ) ≥ 
4m

3
�. To prove the equality we define the

vertex labeling φ1 with k = 
4m
3
� as follows:

φ1(ai,j) =

{
j, if 1 ≤ i ≤ 3 and 1 ≤ j ≤ 
m

2
�;

k −m+ j, if 1 ≤ i ≤ 3 and 
m
2
� + 1 ≤ j ≤ m.

Observe that, under the vertex labeling φ1, the weights of the edges:

(i) from the sets A1, A2 receive the even integers from 2 to 2
m
2
� for 1 ≤ j ≤ 
m

2
�;

(ii) from the sets A1, A2 receive the even integers from 2k − 2m+ 2
m
2
� + 2 to 2k

for 
m
2
� + 1 ≤ j ≤ m;

(iii) from the sets B2, B3 receive the odd integers from 3 to 2
m
2
� − 1 for 1 ≤ j ≤


m
2
� − 1;

(iv) from the sets B2, B3 receive the integer k −m+ 1 + 2
m
2
� for j = 
m

2
�;

(v) from the sets B2, B3 receive the odd integers from 2k−2m+2
m
2
�+3 to 2k−1

for 
m
2
� + 1 ≤ j ≤ m− 1.

To complete the labeling to a total one, we label the edges of the graph Zm
n as follows:

φ1(Ai) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2j − 1, if i = 1 and 1 ≤ j ≤ 
m
2
�

2(m+ j − k) − 1, if 1 = 1 and 
m
2
� + 1 ≤ j ≤ m

2j, if i = 2 and 1 ≤ j ≤ 
m
2
�

2(m+ j − k), if i = 2 and 
m
2
� + 1 ≤ j ≤ m

φ1(Bi) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2j, if i = 2 and 1 ≤ j ≤ 
m
2
� − 1

2
m
2
� +m− k if i = 2 and j = 
m

2
�

2(m + j − k), if i = 2 and 
m
2
� + 1 ≤ j ≤ m− 1

2j + 1, if i = 3 and 1 ≤ j ≤ 
m
2
� − 1

2
m
2
� +m− k + 1 if i = 3 and j = 
m

2
�

2(m + j − k) + 1, if i = 3 and 
m
2
� + 1 ≤ j ≤ m− 1.

Observe that under the labeling φ1, the total weights of the edges are defined as
follows:
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(i) from the set A1, receive the consecutive integers with difference four from 3 to
4
m

2
� − 1 for 1 ≤ j ≤ 
m

2
�;

(ii) from the set A2, receive the consecutive integers with difference four from 4 to
4
m

2
� for 1 ≤ j ≤ 
m

2
�;

(iii) from the set B2, receive the consecutive integers with difference four from 5 to
4
m

2
� − 3 for 1 ≤ j ≤ 
m

2
� − 1;

(iv) from the set B3, receive the consecutive integers with difference four from 6 to
4
m

2
� − 2 for 1 ≤ j ≤ 
m

2
� − 1;

(v) from the set B2, receive the constant integer 4
m
2
� + 1 for j = 
m

2
�;

(vi) from the set B3, receive the constant integer 4
m
2
� + 2 for j = 
m

2
�;

(vii) from the set A1, receive the consecutive integers with difference four from
4
m

2
� + 3 to 4m− 1 for 
m

2
� + 1 ≤ j ≤ m;

(viii) from the set A2, receive the consecutive integers with difference four from
4
m

2
� + 4 to 4m for 
m

2
� + 1 ≤ j ≤ m;

(ix) from the set B2, receive the consecutive integers with difference four from
4
m

2
� + 5 to 4m− 3 for 
m

2
� + 1 ≤ j ≤ m− 1;

(x) from the set B3, receive the consecutive integers with difference four from
4
m

2
� + 6 to 4m− 2 for 
m

2
� + 1 ≤ j ≤ m− 1.

Now it is easy to see that all vertex and edge labels are at most k and the edge
weights are pairwise distinct. Thus the resulting labeling is the desired edge irregular
k-labeling.

Theorem 2. Let m ≥ 2 and n ≥ 4 be two integers; then the total edge irregularity

strength of the zigzag graph Zm
n is

⌈
2mn−2m−n+3

3

⌉
.

Proof. From (1), we have tes(Zm
n ) ≥ 
2mn−2m−n+3

3
�. To prove the equality, let k =⌈

2mn−2m−n+3
3

⌉
and 1 ≤ j ≤ m; we define the labeling φ2 as follows:

φ2(ai,j) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

j, if i = 1, 2;

m(i− 2) + j, if 3 ≤ i ≤ 
n
2
�;

k −m(n− 1 − i) − 1 + j, if 
n
2
� + 1 ≤ i ≤ n− 2;

k, if i = n− 1, n.

Observe that under the vertex labeling φ2, the weights of the edges:

(i) from the set A1 receive the even integers from 2 to 2m;



146 A. AHMAD, M.K. SIDDIQUI AND D. AFZAL

(ii) from the set A2 receive the consecutive integers with difference two from m+2
to 3m;

(iii) from the set Ai receive the consecutive integers with difference two from 2m(i−
1) −m+ 2 to 2m(i− 1) +m for 3 ≤ i ≤ 
n

2
� − 1;

(iv) from the set A�n
2
� receive the consecutive integers with difference two from

k +m(2
n
2
� − n) + 1 to k +m(2
n

2
� − n+ 2) − 1;

(v) from the set Ai receive the consecutive integers with difference two from 2k −
2m(n− i− 1) +m to 2k − 2m(n− i− 1) + 3m− 2 for 
n

2
� + 1 ≤ i ≤ n− 3;

(vi) from the set An−2 receive the consecutive integers from 2k −m to 2k − 1;

(vii) from the set An−1 receive the constant integers 2k;

(viii) from the set B2 receive the odd integers from 3 to 2m− 1;

(ix) from the set B3 receive the consecutive integers with difference two from m+3
to 3m− 1;

(x) from the set Bi receive the consecutive integers with difference two from 2m(i−
2) −m+ 3 to 2m(i− 2) +m− 1 for 4 ≤ i ≤ 
n

2
�;

(xi) from the set B�n
2
�+1 receive the consecutive integers with difference two from

k +m(2
n
2
� − n) + 2 to k +m(2
n

2
� − n+ 2) − 2;

(xii) from the set Bi receive the consecutive integers with difference two from 2k −
2m(n− i) +m+ 1 to 2k − 2m(n− i) + 3m− 3 for 
n

2
� + 2 ≤ i ≤ n− 2;

(xiii) from the set Bn−1 receive the consecutive integers from 2k −m+ 1 to 2k − 1;

(xiv) from the set Bn receive the constant integer 2k.

Now we define the edge labels of the graph Zm
n as follows:

φ2(Ai) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if i = 1

m− (i− 2), if 2 ≤ i ≤ 
n
2
� − 1

m(n− 2) − k − 
n
2
� + 3, if i = 
n

2
�

m(2n− 5) − 2k + 4 − i, if 
n
2
� + 1 ≤ i ≤ n− 3

m(2n− 5) − n− 2k + 5 + j, if i = n− 2 and j ∈ [1,m]

m(2n− 4) − n− 2k + 3 + 2j, if i = n− 1 and j ∈ [1,m]
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φ2(Bi) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if i = 2

m− (i− 3), if 3 ≤ i ≤ 
n
2
�

m(n− 2) − k − 
n
2
� + 3, if i = 
n

2
� + 1

m(2n− 5) − 2k + 4 − i, if 
n
2
� + 2 ≤ i ≤ n− 2

m(2n− 5) − n− 2k + 5 + j, if i = n− 1 and j ∈ [1,m− 1]

m(2n− 4) − n− 2k + 4 + 2j, if i = n and j ∈ [1,m− 1]

Observe that under the labeling φ2, the total weights of the edges are define as
follows:

(i) from the set A1 receive the consecutive integers with difference two from 3 to
2m+ 1;

(ii) from the set A2 receive the consecutive integers with difference two from 2m+2
to 4m;

(iii) from the set Ai receive the consecutive integers with difference two from 2m(i−
1) − 2m+ 4 to (2m− 1)i + 2 for 3 ≤ i ≤ 
n

2
� − 1;

(iv) from the set A�n
2
� receive the consecutive integers with difference two from

(2m − 1)
n
2
� − 2m+ 4 to (2m− 1)
n

2
� + 2;

(v) from the set Ai receive the consecutive integers with difference two from (2m−
1)i− 2m+ 4 to (2m− 1)i+ 2 for 
n

2
� + 1 ≤ i ≤ n− 3;

(vi) from the set An−2 receive the consecutive integers with difference two from
(2m − 1)n− 6m+ 6 to (2m− 1)n− 4m+ 4;

(vii) from the set An−1 receive the consecutive integers with difference two from
m(2n− 4) − n+ 5 to m(2n− 2) − n + 3;

(viii) from the set B2 receive the consecutive integers with difference two from 4 to
2m;

(ix) from the set B3 receive the consecutive integers with difference two from 2m+3
to 4m− 1;

(x) from the set Bi receive the consecutive integers with difference two from (2m−
1)i− 4m+ 6 to (2m− 1)i− 2m+ 2 for 4 ≤ i ≤ 
n

2
�;

(xi) from the set B�n
2
�+1 receive the consecutive integers with difference two from

(2m − 1)
n
2
� − 2m+ 5 to (2m− 1)
n

2
� + 1;

(xii) from the set Bi receive the consecutive integers with difference two from (2m−
1)i− 4m+ 5 to (2m− 1)i− 2m+ 1 for 
n

2
� + 2 ≤ i ≤ n− 2;
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(xiii) from the set Bn−1 receive the consecutive integers difference two from 2m(n−
3) − n+ 7 to 2m(n− 2) − n+ 3;

(xiv) from the set Bn receive the consecutive integers difference two from 2m(n −
2) − n+ 6 to 2m(n− 1) − n+ 2.

Now, it is not hard to see that all vertex and edge labels are at most k and the edge
weights are pairwise distinct. In fact, our total labeling has been chosen in such a
way that the edge-weights of the edges form a consecutive sequence of integers from
3 to m(2n − 2) − n + 3. Thus, the resulting labeling is the desired edge irregular
k-labeling.
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