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Abstract

It is well-known that for each prime power ¢ and for each d € 2N, there ex-

ists a circulant weighing matrix of order qdqtl;l and weight ¢?. We extend
this result to show that there exist @ inequivalent circulant weighing
matrices of order thl;l and weight ¢?, where ¢ is the Euler totient func-
tion. Further, we obtain a bound on the magnitude of the values taken
by the cross-correlation function of any pair of perfect ternary sequences

obtained from these matrices.

1 Introduction

Let {a;} and {b;} be periodic complex sequences of period n. Then the func-
tion Yap : [0,n — 1] — C defined by the rule v,,(¢) = Z:.ZOI a;bi i is the periodic
cross-correlation function of {a;} and {b;}. The function ~,, is the periodic auto-
correlation function of {a;}. The pair ({a;}, {b;}) is said to have good periodic cross
correlation if for each t € [0,n — 1], |74,5(t)] is “small” relative to both 7,,(0) and
Y(0). Similarly, {a;} has good periodic auto-correlation if for each ¢ € [1,n — 1],
[Vaa(t)| is “small” relative to v,4(0). If for each t € [1,n — 1], v,4(t) = 0, then we
say that {a;} has perfect periodic auto-correlation. We refer to 7y, ,(0) as the in-phase
correlation of the sequence.

Sequences of complex units, and in particular binary sequences (sequences each
of whose elements are either 1 or —1), with good periodic autocorrelation properties
have been used to improve the accuracy of radar and sonar devices ([9] pp. 402403,
417-418). However, it is known that, for 4 < n < 548,964, 900, there exists no binary
sequence of order n with perfect periodic autocorrelation [14].

* This research was conducted while the author was a student at the Department of Mathematics,
University of Manitoba, Winnipeg, MB, Canada.
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Ternary sequences, each of whose elements is either 0, 1, or —1, could be used
for the same purpose (see [11], [12], or [17]). If one does use a ternary sequence, it
is desirable [11] that the in-phase correlation of the sequence be as large as possible
relative to the period of the sequence. There do, in fact, exist ternary sequences with
perfect periodic autocorrelation (i.e. perfect ternary sequences). It is known that for
each prime power ¢ and for each d € 2N, there exists a perfect ternary sequence of
period qdqtll_l and in-phase correlation ¢?. For a proof of this result, consult [2], and
see [3], [16], and [7] for some generalizations (several early versions of this result had
appeared previously, as in [24]; consult [1] and [8] for histories). Note that as ¢ — oo,

qd+1 -1
¢“(q—1)
For applications in which a single radar or sonar station is used to simultaneously

range several objects, it is useful to have sets of sequences with good autocorrelation
properties and pairwise good cross-correlation properties [20].

— 1.

If S is a subset of a group G, then, in the context of the group ring Z[G], we
identify S with > _y. Further, for

T = Zaigi c Z[G]

and t € Z, we stipulate that
T — Z aigf.

Let n,k € N and let a generate the cyclic group G of order n. The existence of
a perfect ternary sequence {a;} of period n and in-phase correlation k is equivalent
[1] to the existence of an element §(«) € Z[G] such that

0(a)f(a) Y = k.

In this case, we refer to 6(«) as the group ring polynomial of {a;}. Likewise, the
existence of sequences {a;} and {b;} with good periodic cross-correlation is equivalent
to the existence of two group ring elements 6;(«) and 6;(a) such that each of the
coefficients of

01 ()b ()™
is “small” relative to k.

A circulant weighing matriz of order n and weight k is an nxXn circulant matrix W
such that WW7T = kI. We refer to a circulant weighing matrix of order n and weight
k as a CW(n, k). The existence of a perfect ternary sequence of period n and in-
phase correlation k is equivalent to the existence of a CW (n, k) [1]. Two CW (n, k)’s
with corresponding group ring polynomials 6;(«) and () are equivalent if there
exist s,t € Z such that ged (n,t) = 1, and

01 () = %0y (). (1)
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The author wrote the present paper while studying circulant weighing matrices
under the supervision of Dr. Robert Craigen at the University of Manitoba. A reading
of [18] (wherein the present paper is incorrectly cited as “[Mil09] Crosscorrelation of
perfect ternary sequences”) in concert with [4] and [15] should provide one with a
reasonably up to date understanding of the research literature on circulant weighing
matrices.

2 Constructing inequivalent circulant weighing matrices

Let ¢ be a prime power, and let d € N. Let P (GF (qd+1)) denote the projective
space, of dimension d, developed over GF (qd“). Let F': GF (qd“) — GF(q) be a
quadratic form. For x € GF (qd“)7 let (z) denote the point of P (GF (qd“)) that
contains x. Then

Q' = {(x)|F(z) = 0}
is a quadric in P (GF (qd“)). Let o generate the cyclic group

G =GF (¢"™)" /GF(q)".

Define Q € Z[G] by the rule that @ = 3 §;a%, where §; = 1 if o’ € Q and §; = 0
otherwise.

The synthetic analogue of the notion of a quadric is the notion of a quadratic set
(see, for example, [18], Ch.2). We say that a line £ of P (GF (qd“)) is tangent to
a set of points @ if either £ intersects () in exactly one point or ¢ is contained in Q.
For p € @, the tangent space T, of p relative to @) is the set of all points that lie on
tangent lines that pass through p. We say that @ is a quadratic set if the following
two conditions hold:

(i) Any line that intersects @) in 3 points is contained in Q.

(i) For each p € Q, T, is either a hyperplane or the whole space P (GF (qd“)).

If d is even, then @ is a quadric if and only if @ is a quadratic set (actually, this
is always the case, unless d = 3; see [6], [21] and [23]). If for each p € Q, T, is a
hyperplane, then @ is a non-degenerate quadric.

From here on, let tr denote the usual field trace (with the stipulation that, for
(y) = (') € G, tr(a?) = tr(y)). The following result is well-known (see [7], [11] or

[12]).

Theorem 1 For each i, 7,

{(w)\tr (mq”'qj) = 0}

is a quadric in P (GF (¢*)).



6 GOLDWYN MILLAR

Let D' = {dy,...,d;} be aset of k residues (mod v). Then D' is a (v, k, A) cyclic
difference set if, for each residue z (mod v), there exist exactly A pairs (d;, d;) such
that d; — d; = x. Let z generate the cyclic group G of order v. The existence of a
(v, k, \) cyclic difference set D' is equivalent to the existence of an element D € Z [G]
such that

DDV =f+ A (24 +2"7).

The set of non-zero powers of the group ring element G— D is a (v,v — k,v — 2k + \)
cyclic difference set called the complement of D'. The next result, known as Singer’s
Theorem (see [10] and [22]), establishes the existence of a class of cyclic difference
sets.

Theorem 2 The coefficients of the powers of o in the set

E = {d'[tr (o) =0},

comprise a (v,k, \) cyclic difference set, with
d+1 _ 1 ¢ —1 gl -1

S g—-177 g-1

q-1"7
Further, the map x — «x is an automorphism of P(GF (qd“)) that preserves
subspaces, and each hyperplane of P (GF (qd+1)) can be written as a coset o’/ E
of E.

Let ged (v,t) = 1. We say that ¢ is a multiplier of a group ring element T if there
exists o’ € G such that
T = o'T.

The next theorem is due to Gordon, Mills and Welch (see [5]).
Theorem 3 A number m is a multiplier of E if and only if m is a power of q.

Let Z;’:—Ol ¢;g' be the group ring polynomial corresponding to a cyclic difference set
D. Then, following ([2] and [3]), we stipulate that D has a Waterloo decomposition
if there exists a mrculant welghmg matrix W with group ring polynomial Zl o aig’
such that 30" |a;| ¢' = Y204 cig’. From here on, let d = 2f, for some f € N. For

each t < d, let
Q= {(x} € P(GF (¢"")) | tr (:vq”“l) = 0}

(B -6).
For t € Z, let Z; denote the group of units modulo ¢ and let ¢(t) = |Z;].

Theorem 4 (below) generalizes Theorem 4.1 from [2] (an exposition of which can
be found in Section 3.3 of [19]). As such, Theorem 4 partially addresses a problem
raised in ([2], pp. 328-329): namely, that of determining the number of equivalence
classes of circulant weighing matrices that arise as Waterloo decompositions of G—FE.

and let
C =
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It turns out that Theorem 4 is similar to some results that have already been
proven (see Propositions 2.1 and 2.2 from [16]). The results from [16] are more
general in the case that ¢ is an even prime power but do not apply if ¢ is an odd
prime power. Further, by Theorem 3.1 from [3], the approach from [16] cannot be
extended to cover the case that ¢ is odd.

Theorem 4 For each t € Z}, |, ), is a non-degenerate quadric of P (GF (qd“)),
and Cy is a Waterloo decomposition of G — E. For t,s € Z3,,, C; and Cs are
equivalent as circulant weighing matrices if and only if there exists 3 € P (GF (qd“))

such that Q, = BQ; and Q; = BQs, for some [ € P(GF (qd“)), if and only if
t = (d+1)—s. So there are at least ¢(d + 1)/2 inequivalent CW (v, q?)’s.

Proof: Let t € Z},. Note that the roots of the polynomial

Oi(y) =y +1
are all non-trivial 2" roots of unity and that the roots of the polynomial

d+1
yit =1
0 =

2(y) y—1
are all (d + 1) roots of unity. It follows, since (d + 1,2t) = 1, that 0;(y) and 6(y)
have no common roots and, consequently, no common factors. Further, since 6, (y)
and 0, (y) are both monic, there exists no v € Z — {1} such that u|6; (y) and u|fs(y).

Therefore, (¢' +1,v) = 1. So, we can write @Q; = E«qtﬂ)_ ), and it follows that @,

has the same cardinality as the difference set F.

Let t € Z},,. By Theorem 1, @, is a quadric. If ¢ is even and t € Z} ,, then
reasoning similar to the proof of the even case given in the proof of Theorem 4.1
from [2] (or, alternatively, [19] p.98) suffices to show that (), is a non-degenerate
quadric and that C; is a Waterloo decomposition of G — E.

The case that ¢ is odd requires somewhat less trivial modifications to the argument
from [2]. In order to show that @, is non-degenerate, we will show that there exists
no z € @y such that

TE€EQ = (z2+42x) € Q.

Suppose that there is such a z € Q. Then, since (¢t,d + 1) = 1, for each = € @,
0=tr(z+ x)qtﬂ =1tr (zth + zwqt) =tr (I (th + zqft)) .
So, since @, has the same cardinality as a hyperplane, if 27 4+ 29 ° # 0, Q, is the

hyperplane
{(1) € P(GF (¢")) |tr (I (th + zq_t)) = 0}.

By Theorem 3, however, this is impossible since the inverses of powers of ¢ are powers
of ¢ and, consequently, (¢' + 1)_1 is not a power of ¢ and, hence, not a multiplier
of F.
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So, 2% + 297" = 0, and therefore, (22)q2t = 2?%. Since (d + 1,2t) = 1, we must have
that (22)? = 22, Tt follows that 22 € GF(q), and, consequently, that

20 = (22)(qt+1)/2 € GF(q).

But then
tr (zqtﬂ) = 01 #0,

which contradicts the fact that z € @;. This contradiction proves that @, is a non-
degenerate quadric. At this point, reasoning similar to the proof of Theorem 4.1
from [2] (or from [19] p. 98) suffices to show that C, is a Waterloo Decomposition of
G-E.

Let 1 < s #t < d. Assume Cj is equivalent to C;. Then there exist m and r such
that Cﬁm) = a"C;. Since Cy and Cy are Waterloo Decompositions of G — E, m is a
multiplier of G — E. It follows that m is also a multiplier of E. Thus, there exists r;

such that

s 1 (71)

cim = 171 (E(m) ((E(m)>((q +1) )) _ AG)
q.

q/=1

— o (E (E(<q*“+1>'1))(71) - )\G> .
Consequently, since o = a"C}, there exists ry such that

E (E(@S*”'l))(*l) — oE (E((‘f“)l)>

(=1

Multiplying both sides by E(-Y and simplifying, we deduce that

plas™) Z gonp((@s))

I

i.e. that
Bl )7 (@41)) _ qone) g,

By Theorem 3, then, there exists 0 < w < d such that
(@ +1) 7 (¢ +1) =¢" (mod v),

i.e. such that
¢ +1=¢""*+¢* (modv).

This equation cannot hold unless either ¢ = 1 (mod v) or ¢“™ = 1 (mod v), i.e.
unless either w = 0 (in which case s = ¢, which is impossible) or w = (d + 1) — s,
in which case t = (d 4+ 1) — s. Of course, this reasoning can easily be reversed. It
follows that Cs and C; are equivalent if and only if t = (d + 1) — s. O
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3 The cross-correlation bound

The question of determining the values taken by the cross-correlation function of
pairs of perfect ternary sequences associated with these circulant weighing matrices
reduces to determining the intersection properties of pairs of the quadrics of the form
Q:. The authors of [13] were able to determine upper and lower bounds for the size
of such intersections.

Theorem 5 [13] Let d+1 > 5 and let Q and Q' be two non-degenerate quadrics in
P (GF (¢**)); then

2f—2 _ . f f—-1 _ 2f—1 _ 2f-2 f+1r _ . f
q q +q 1 2q q +q g —1
p— < 1QnQ| < — .

Making use of this result, we obtain the following bound on the size of the values
taken by the cross-correlation function of any pair of these perfect ternary sequences.

Theorem 6 Letd+1>5, let s,t,€ Z}, |, and let s #t,(d+ 1) —t. Let
C’SC’t(_l) = Z a;.
Then, for each i,

AT 3R 32 4 21 I 3¢S 3l of _

> G
(¢—1)°
and )
. Q22 32T 32 _ 21 it 30048 | 3af42 _ oS
- (q—1)° '
Proof:

c,cth =

((k SNV G+ A%G) .

2
Note that, for each i, the coefficient of o’ in QSQE_U is equal to

’aiiQs N Qt| .

Suppose that a line £ intersects a~Q, in 3 points but that it is not contained in
a~'Q,. Then o'/ intersects @, in 3 points and is not contained in it. However, this
is impossible since @, is a quadric and, by Theorem 2, o/ is a line.

Now let p € a*Qs and let T, be the set of all points that lie on lines tangent to
a™'Qs at p. Then o'T), is the set of all points that lie on lines tangent to @, at a'p.
But then, since @), is non-degenerate, it follows that aiTp is a hyperplane and, by
Theorem 2, so is T,.

Therefore, for each i, a~'Q, is a non-degenerate quadric distinct from Q; (distinct
by Theorem 4).
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So, by Theorem 5,
P2 32T 302F 4 2F1 _ f 8 | 30042 _ 3af+l y of
(¢g—1)°
1 2f=2 _ of f-1_1
- ﬁ((k;A)(q oty )/&HA%)
q q—1
< g
1 221 — 2 gl gl
< = (k:A)( — A+ 2\
q2f—2 ( q— 1
_ G2 3R L3¢ 2Ty gl 3l 3gf 2 gl
(g—1)°
O
Note that for each i € [1,v — 1], as ¢ — o0, O (%) = %.
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