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Abstract

A k-extended Skolem-type 5-tuple difference set of order ¢ is a set of ¢
5-tuples {(di,h d@g, d1‘73, di,47 d1‘75) ‘ 1= 17 2, N 7t} such that di,l + d1‘72 +
d¢73+di,4+di,5 :OfOI‘ 1 S ) Stand {‘d17]| | 1 S 7 St,l SJ S 5} =
{1,2,...,5t+1}\{k}. In this paper, we give necessary and sufficient con-
ditions on ¢t and & for the existence of a k-extended Skolem-type 5-tuple
difference set of order t. We also consider hooked k-extended Skolem-type
5-tuple difference sets of order ¢ and provide necessary and sufficient con-
ditions for their existence. We then show how these k-extended Skolem-
type difference sets can be used to find decompositions of circulant and
complete graphs of order n into 5-cycles, d-cycles, where d is a divisor of
n, Hamilton cycles, and possibly a 1-factor.

1 Introduction

Let [1,n] denote the set {1,2,...,n}. A Skolem sequence of order t is a sequence
S = (s1, 82,...,52) of 2t integers satisfying the conditions

(S1) for every £ € [1,t] there exist exactly two elements s;,s; € S such that
s, =s5; =1

(S2) if s; =s; =L with i < j, then j —i = ¢.

A Skolem sequence of order ¢ provides a partition of the set [1,3¢] into ¢ triples
{ai, b;,¢;} such that a; + b; = ¢;; for example, if S = (s1,5892,...,5%) is a Skolem
sequence of order ¢, then {({,t +i,t+j) |1 < ¢ <t,s; =s; = withi < j}isa
partition of the set [1,3¢] into ¢ such triples.

Since a Skolem sequence does not exist for every order ¢, the natural alternative
is a hooked Skolem sequence. A hooked Skolem sequence of order t is a sequence
HS = (s1,89,...,8941) of 2t + 1 integers satisfying conditions (S1) and (S2) above
and
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(83) Sot — 0.

A hooked Skolem sequence of order ¢ provides a partition of the set [1, 3t+1]\{3t¢} into
t triples {a;, b;, ¢;} such that a; + b; = ¢;. The following theorem provides necessary
and sufficient conditions for Skolem [25] and hooked Skolem [18] sequences to exist.

Theorem 1.1 (Skolem [25], O’Keefe [18]) For a positive integer t, a Skolem se-
quence of order t exists if and only if t = 0,1 (mod 4), and a hooked Skolem sequence
of order t exists if and only if t =2, 3 (mod4).

A Langford sequence of order t and defect d is a sequence L = (s1, Sa,. .., Sa) of
2t integers satisfying the conditions

(L1) for every £ € [d,d+t— 1] there exists exactly two elements s;, s; € L such that
si=s;=4{, and

and (S2) above. In a similar manner to which a Skolem sequence of order ¢ provides
a partition of the set [1,3¢] into triples, a Langford sequence of order ¢ and defect
d provides a partition of the set [d,d + 3t — 1] into ¢ triples {a;,b;, ¢;} such that
a; + b; = ¢;. A hooked Langford sequence of order t and defect d is a sequence
L = (s1,82,...,8%41) of 2t + 1 integers satisfying conditions (L1), (S2) and (S3)
above. A hooked Langford sequence of order t and defect d provides a partition
of the set [d,d + 3t] \ {d + 3t — 1} into ¢ triples {a;, b;, ¢;} such that a; + b; = ¢;.
Clearly, a (hooked) Langford sequence with defect 1 is a (hooked) Skolem sequence.
The following theorem gives necessary and sufficient conditions for the existence of
Langford and hooked Langford sequences [24].

Theorem 1.2 (Simpson, [24]) For positive integers d and t, there exists a Langford
sequence of order t and defect d if and only if

(1) t>2d—1, and

(2) d is odd and t = 0,1 (mod4), or d is even and t = 0,3 (mod 4); and
there exists a hooked Langford sequence of order t and defect d if and only if

(1) t(t—2d+1)+2>0, and

(2) d is odd and t = 2,3 (mod4), ord is even and t = 1,2 (mod 4).

For positive integers k and ¢t with k£ < 2t + 1, a k-extended Skolem sequence of
order t is a sequence ESy, = (81, S, ..., Sa+1) of 2t + 1 integers satisfying conditions
(S1) and (S2) above and
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Clearly, a k-extended Skolem sequence of order t provides a partition of the set
[1,3t+ 1]\ {t + k} into ¢ triples {a;, b;, ¢;} such that a; +b; = ¢;, and a (2t)-extended
Skolem sequence is a hooked Skolem sequence while a (2t + 1)-extended Skolem
sequence is a Skolem sequence. Since a k-extended Skolem sequence does not exist
for every order t, the natural alternative is a hooked k-extended Skolem sequence.
For positive integers k and ¢ with k < 2t+ 1, a hooked k-extended Skolem sequence of
ordert is a sequence EH Sy, = (s1, Sa, . . ., Sai12) of 2t+2 integers satisfying conditions
(S1), (S2), and (E1) above, and

(EQ) Sot+1 = 0.

A hooked k-extended Skolem sequence provides a partition of the set [1,3t + 2]\
{t+k,3t+ 1} into ¢ triples {a;, b;, ¢;} such that a; + b; = ¢;. The following theorem
provides necessary and sufficient conditions for k-extended and hooked k-extended
Skolem sequences to exist. The extended case is handled in [2] while the hooked case
is given in [17] as a consequence of a more general result.

Theorem 1.3 (Baker [2], Linek and Shalaby [17]) For positive integers k and t with
k < 2t+1, a k-estended Skolem sequence of order t exists if and only if k is odd
and t = 0,1 (mod4), or k is even and t = 2,3 (mod4). For positive integers k and
t with k < 2t +1 ,a hooked k-extended Skolem sequence of order t exists if and only
if k is even and t = 0,1 (mod 4), or k is odd and t = 2,3 (mod 4).

For positive integers k and ¢t with k& < t, a near-Skolem sequence of order t
and defect k is a sequence NSy = (1, S2, -+, S9;_2) of 2t — 2 integers satisfying the
conditions

(N1) for every £ € [1,t] \ {k}, there exist unique s;,s; € S with s; =s; = ¢

and (S2) above. A hooked near-Skolem sequence of order t and defect k, with k < ¢,
is a sequence HNS), = (1,89, -, So_1) of 2t — 1 integers satisfying (N1), (S2), and

(NQ) Sot—9 = 0.

Necessary and sufficient conditions for near-Skolem and hooked near-Skolem se-
quences were given in [23].

Theorem 1.4 (Shalaby [23]) For integers t > k > 1, a near-Skolem sequence of
order t and defect k exists if and only if k is odd and t = 0,1 (mod 4), or k is even
and t = 2,3 (mod4); and a hooked near-Skolem sequence of order t and defect k
exists if and only if k is even and t = 0,1 (mod 4), or k is odd and t = 2,3 (mod 4).

Clearly, a near-Skolem sequence of order ¢ and defect k provides a partition of
the set [1,3t — 2] \ {k} into ¢ — 1 triples (a;,b;, ¢;) such that a; + b, = ¢; and a
hooked near-Skolem sequence of order ¢ and defect k provides a partition of the set
[1,3t — 1]\ {k, 3t — 2} into t — 1 triples (a4, b;, ¢;) such that a; + b; = ¢;.

Skolem sequences and their generalizations have been used widely in the con-
struction of combinatorial designs, and a survey on Skolem sequences can be found
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n [13]. In the literature, difference triples obtained from Skolem sequences are usu-
ally written (a,b,c) with a + b = ¢. However, the equivalent representation, with ¢
replaced by —c so that a4+ b+ ¢ = 0, is more convenient for the purpose of extending
these ideas to m-tuples with m > 3. As such, the following definition was given in
[5].

Definition 1.5 An m-tuple (dq,ds,...,dy) is of Skolem-typeif di+do+- - -+dm = 0.
A set of ¢ Skolem-type m-tuples {(d;1,d;2,...,dim) | ¢ = 1,2,...,t} such that
{ld;;| |1 <i<t,1<j<m}=][1,mtis called a Skolem-type m-tuple difference set
of ordert. A set of t Skolem-type m-tuples {(d;1,d;2,...,d;im) | i=1,2,...,t} such
that {|d;;| | 1 <<t 1<j5<m}=[1,mt+1]\{mt}is called a hooked Skolem-type
m-tuple difference set of order t.

Necessary and sufficient conditions for the existence of Skolem-type m-tuple dif-
ference sets of order ¢ and hooked Skolem-type m-tuple difference sets of order ¢ were
found in [5], where the following theorem was given.

Theorem 1.6 (Bryant, Gavlas, Ling [5]) For positive integers m and t with m > 3,
there exists a Skolem-type m-tuple difference set of order t if and only if mt =
0,3 (mod 4), and there exists a hooked Skolem-type m-tuple difference set of order t
if and only if mt = 1,2 (mod 4).

In this paper, we are interested in (hooked) k-extended Skolem-type m-tuple
different sets, and thus we make the following definition.

Definition 1.7 For positive integers k and ¢t with k < mt+ 1, a k-extended Skolem-
type m-tuple difference set of ordert is a set of ¢ Skolem-type m-tuples {(d;1,d;2,. . .,
dim)|i=1,2,...,t} such that {|d;;| | 1 <i<#1<j<m}=[1,mt+1]\{k}. For
positive integers k and ¢t with k < mt + 1, a hooked k-extended Skolem-type m-tuple
difference set of order t is a set of t Skolem-type m-tuples {(d;1,di2,...,dim) | i =
1,2,...,t} such that {|d; ;| | 1 <i<t,1<j<m}=[l,mt+2]\{k,mt+1}.

Clearly, a (mt+ 1)-extended Skolem-type m-tuple difference set is a Skolem-type
m-tuple difference set and a mit-extended Skolem-type m-tuple difference set is a
hooked Skolem type m-tuple difference set. In Section 2, we give necessary and
sufficient conditions for the existence of k-extended Skolem-type 5-tuple difference
sets of order t for all k and ¢ with & < 5t+1. We also provide necessary and sufficient
conditions for the existence of hooked k extended Skolem-type 5-tuple difference sets
of order t. Our main result is as follows.

Theorem 1.8 For positive integers k andt with k < 5t+1, there exists a k-extended
Skolem-type 5-tuple difference set of ordert if and only if k is odd andt = 0,1 (mod 4)
or k is even and t = 2,3 (mod 4). For positive integers k and t with k < 5t+1, there
exists a hooked k-extended Skolem-type 5-tuple difference set of order t if and only if
k is odd and t = 2,3 (mod4) or k is even and t = 0,1 (mod 4).
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In Section 3, we apply Theorem 1.8 to obtain cyclic 5-cycle systems of the cir-
culant graphs as well as cyclic decompositions of circulant graphs of order n into
5-cycles and d-cycles, where d is a divisor of of n. These results are further applied
to find decompositions of complete graphs of order n into 5-cycles, d-cycles where
d | n, Hamilton cycles, and possibly a 1-factor.

2 Extended Skolem-type 5-tuple Difference Sets

Let k and t be positive integers with & < mt + 1, and note that if a k-extended
Skolem-type m-tuple difference set of order ¢ exists, then each of the ¢ m-tuples must
contain an even number of odd integers. Thus the set [1, mt+1]\ {k} must contain an
even number of odd integers. Similarly, if there exists a k-extended hooked Skolem-
type m-tuple difference set of order ¢, then the set [1, mt + 2] \ {k, mt + 1} contains
an even number of odd integers. Hence, the following lemma provides necessary
conditions for the existence of (hooked) k-extended Skolem-type m-tuple difference
sets in the case that m = 5.

Lemma 2.1 Letk andt be positive integers. If there exists a k-extended Skolem-type
5-tuple difference set of order t, then

(1) k is odd when t = 0,1 (mod4), and
(2) k is even when t = 2,3 (mod 4).
If there exists a k-extended hooked Skolem-type 5-tuple difference set of ordert, then
(1) k is even when t = 0,1 (mod 4), and
(2) k is odd when t = 2,3 (mod4).
We now construct k-extended Skolem-type 5-tuple difference sets.

Lemma 2.2 For positive integers k and t with k < 5t+ 1, there exists a k-extended
Skolem-type 5-tuple difference set of order t under the following conditions:

(1) k is odd when t = 0,1 (mod4), and

(2) k is even when t = 2,3 (mod 4).

Proof. Let t > 1 be a positive integer. Let k be a positive integer such that 1 < k <
5t + 1, and k is odd when t = 0,1 (mod4) or k is even when ¢ = 2,3 (mod4). We
seek to partition the set [1,5¢ 4+ 1] \ {k} into Skolem-type 5-tuples. In each of the
following cases, we construct a ¢t x 5 array X = [z;;] such that the entries of X in

5

absolute value are [1,5¢ + 1] \ {k}, and for each i = 1,2,...,t, we have inj =0.
j=1

Thus, the ¢t rows of X give a k-extended Skolem-type 5-tuple difference set of order ¢.
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CASE 1: Suppose that 1 < k <t. We begin by considering the case when ¢t = 1. Then
k=1,and let X = [ 23 -4 5 —6 ] Thus we may assume ¢t > 2. Now suppose
k =1 so that t = 0,1 (mod4). By Theorem 1.1, there exists a Skolem sequence of
order ¢ giving a partition of [1, 3t] into ¢ triples {a;, b;, ¢;} such that a; + b; = ¢; for
1 < i<t The set [3t+ 2,5t + 1] consists of 2¢ integers, and these 2t integers can be
paired into sets {d;,d; + 1} for each i =1,2,...,t. Let X = [z;;] be the ¢ x 5 matrix

a1+1 b1+1 *(Cl+1) d1 *(d1+1)
a2+1 b2+1 —(Cg+1) d2 —(d2+1)

at+1 bt+1 _(Ct+1) dt _(dt+1)

and note that the entries of X, in absolute value, are [2,5¢ 4+ 1]. Thus, we may
assume k > 2. By Theorem 1.4, there exists a hooked near-Skolem sequence of order
t and defect k — 1 giving a partition of [1,3¢t — 1] \ {k — 1,3t — 2} into ¢ — 1 triples
{ai, b;, ¢;} such that a; + b; = ¢; for 1 <i <t — 1. As before, the set [3t + 2, 5t + 1]
consists of 2¢ integers, and these 2¢ integers can be paired into sets {d;,d; + 1} for
eachi=1,2,...,t. Let X = [z;;] be the t x 5 matrix

a; + 1 b +1 7(61 +1) dy *(d1 +1)
a2+1 b2+1 *(C2+1) d2 *(dg‘i‘l)
X = : : : : : ;
a1 +1 b1 +1 —(g1+1) dier —(dier+1)
1 3t-1 —(3t+1) d+1l  —d,

and note that the entries of X in absolute value are [1,5¢ + 1] \ {k}.

CASE 2: Suppose k is an integer such that t +1 < k < 3t + 1. We begin by
considering the case when ¢ = 1. Then k is odd with 2 < k < 4 implying k& = 3.
Let X = [ 12 -4 6 =5 ] Thus we may assume ¢t > 2. By Theorem 1.3, there
exists a hooked (k — t)-extended Skolem sequence of order ¢ — 1 giving a partition
of [1,3t — 1]\ {k — 1,3t — 2} into ¢t — 1 triples {a;, b;, ¢;} such that a; + b; = ¢; for
1 <i<t—1. Consider the set [3t + 2,5t + 1] consisting of 2¢ integers. These 2t
integers can be paired into sets {d;,d; + 1} for each ¢ = 1,2,...,¢t. Let X = [z;;] be
the ¢ x 5 matrix

a1+1 b1+1 —(Cl+1) dl —(d1+1)
a2+1 b2+1 —(Cg-‘rl) d2 —(d2+1)

a1+1 b +1 —(-1+1) dier —(dimr +1)
1 3t—1 —Bt+1) d+1  —d,

CASE 3: Suppose k is an integer such that 3t +1 < k < 5t + 1. Clearly, if &k =
5t + 1, then ¢ = 0,3 (mod4). Hence, by Theorem 1.6, there exists a Skolem-type
5-tuple difference set of order ¢ and thus there exists a (5t + 1)-extended Skolem-type
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difference set of order ¢. Therefore, we may assume k < 5t + 1. We proceed by
considering the congruence class of ¢ modulo 4.

SUBCASE 3.1: Suppose t = 0 (mod4) and k is odd, or t = 3 (mod4) and k is
even. Now ¢t > 3, and since t — 1 = 2,3 (mod4), by Theorem 1.1, there exists a
hooked Skolem sequence of order ¢ — 1. Thus, there exists a partition of the set
[1,3t—2]\ {3t —3} into t — 1 triples {a;, b;, ¢;} such that a; +b; = ¢; for 1 <i <t¢—1.
Consider the sets [3t+1,k— 1] and [k+ 1, 5t + 1] containing k —3¢t— 1 and 5t —k+1
integers respectively. Since the number of integers in each set is even, these 2t integers
can be paired into sets {d;,d; + 1} for each ¢ = 1,2,...,t. Let X = [z;;] be the t x 5
matrix

a1+1 b1+1 —(Cl+1) dl —(d1+1)
a2+1 b2+1 *(C2+1) d2 *(dg‘i‘l)

a1+1 b1 +1 —(g1+1) dier —(dier+1)
1 3t—2 —3t dy +1 —d;

SUBCASE 3.2: Suppose t = 1 (mod4) and k is odd or t = 2 (mod4) and k is
even. We begin by considering the case when ¢ = 1. Then £ is odd and 4 < k < 6
implies £k = 5. Let X = [ 1 3 -2 4 -6 ] Thus we may assume t > 2. Since
t—1=0,1 (mod4), by Theorem 1.1, there exists a Skolem sequence of order ¢ — 1.
Thus, there exists a partition of the set [1,3t — 3] into ¢ — 1 triples {a;, b;, ¢;} such
that a; +b; = ¢; for 1 <i <t¢— 1. Consider the sets [3t — 1,k — 2] and [k + 2, 5¢ + 1]
containing k—3t and 5t —k integers respectively. Since the number of integers in each
set is even, these 2t integers can be paired into sets {d;,d;+1} foreach i =1,2,... .
Let X = [z;;] be the ¢t x 5 matrix

a1+1 b1+1 —(Cl+1) dl —(d1+1)
a2+1 b2+1 —(Cg-‘rl) d2 —(d2+1)

a_1+1 b +1 —(q1+1) dier —(dimr +1)
1 k=1 —(k+1) d+1  —ds
| ]

We now find hooked k-extended Skolem-type 5-tuple difference sets of order ¢ for
all positive integers k with 1 < k < 5t + 1.

Lemma 2.3 For each positive integer t, there exists a hooked k-extended Skolem-
type 5-tuple difference set of ordert for all k with 1 < k < 5t+1 under the following
conditions:

(1) k is even when t = 0,1 (mod 4), and

(2) k is odd when t = 2,3 (mod 4).
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Proof. Let t > 1 be a positive integer. Let k be a positive integer such that 1 < k <

5t 4+ 1, and k is even when ¢t = 0,1 (mod4), or k is odd when ¢ = 2,3 (mod 4). We

seek to partition the set [1, 5t + 2] \ {k, 5t + 1} into ¢ Skolem-type 5-tuples. In each

of the following cases, we construct a ¢ x 5 array X = [z;;] such that the entries of

X, in absolute value, are [1, 5t + 2] \ {k,5t + 1} and for each i = 1,2,...,¢, we have
5

Z:vij = 0. Thus, the ¢t rows of X give a hooked k-extended Skolem-type 5-tuple
j=1

difference set of order ¢.

CASE 1: Suppose that 1 < k < t. Suppose first that & = 1 so that ¢ = 2,3 (mod 4).
We handle each of these congruence classes separately. Let ¢ = 2 (mod4). By
Theorem 1.1, there exists a Skolem sequence of order ¢t — 1 giving a partition of
[1,3t—3] into t — 1 triples {ay, b;, ¢;} such that a; +b; = ¢; for 1 < i <t¢—1. Without
loss of generality, we may assume a; = 1. The set [3t + 2,5t — 3] consists of 2t — 4
integers, and since 2t — 4 = 0 (mod 4), these 2t — 4 integers can be paired into sets
{d;,d; + 2} for each i =1,2,...,t — 2. Let X = [z;;] be the t x 5 matrix

2 b1+2 —(Cl+2) 5t—2 —(5t—1)
a2+2 b2+2 —(CQ+2) dl —(d1+2)

a3+2 b3+2 *(C3+2) d2 *(d2+2)

a1+2 b1 +2 —(q-1+2) dims —(dia+2)
3 3t —(3t+1) 5t —(5t+2)

and note that the entries of X in absolute value are [2, 5t + 2] \ {5t + 1}.

Now let t = 3 (mod4). By Theorem 1.1, there exists a hooked Skolem sequence
of order t —1 giving a partition of [1, 3t —2]\ {3t —3} into ¢t — 1 triples {a;, b;, ¢; } such
that a; + b; = ¢; for 1 <14 <t —1. Again, without loss of generality, we may assume
a; = 1. The set [3t+4, 5t — 3] consists of 2t — 6 integers, and since 2t —6 = 0 (mod 4),
these 2t — 6 integers can be paired into sets {d;, d; + 2} for each i = 1,2,...,¢t — 3.
Let X = [z;;] be the ¢t x 5 matrix

2 b1+2 —(Cl+2) 5t—2 —(5t—1)
a2+2 b2+2 —(CQ+2) 3t—1 —(3t+1)
as + 2 b3 +2 *(Cg +2) d1 *(d1 + 2)

( ) ( )

X = a4+2 b4+2 *C4+2

a1 +2 b1+2 —(1+2) dies —(di—s+2)
3 3t+2  —(3t+3) 5t —(5t+2)

and note that the entries of X in absolute value are [2, 5t + 2] \ {5t + 1}.

Thus, we may assume k > 2. By Theorem 1.4, there exists a near-Skolem se-
quence of order ¢ and defect k& — 1 giving a partition of [1,3t — 2]\ {k — 1} into ¢t — 1
triples {a;, b;, ¢;} such that a; +b; = ¢; for 1 < <t — 1. Consider the set [3t, 5t — 1]
consisting of 2t integers. These 2¢ integers can be paired into sets {d;,d; + 1} for
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eachi=1,2,...,t. Let X = [z;;] be the t x 5 matrix

a; + 1 b +1 7(61 +1) dy *(d1 +1)
a2+1 b2+1 *(C2+1) d2 *(dg‘i‘l)

a1+1 b1 +1 —(g1+1) dier —(dier+1)
1 5t —(t+2) d+1 —d,

CASE 2: Suppose thatt + 1 < k < 3t+ 1. Let t > 1 be a positive integer. We
begin by considering the case when t = 1. Then k is even and 2 < k£ < 4 implies
k=2. Let X = [ 14 -3 5 =7 ] Thus we may assume ¢t > 2. By Theorem 1.3,
there exists a (k — t)-extended Skolem sequence of order ¢t — 1 giving a partition of
[1,3t—2]\{k — 1} into ¢ — 1 triples {a;, b;, ¢;} such that a;+b; = ¢; for 1 <i <t—1.
Consider the set [3t, 5t — 1], consisting of 2¢ integers. These 2t integers can be paired
into sets {d;,d; + 1} for each i = 1,2,...,¢. Let X = [z;;] be the ¢ X 5 matrix

a; + 1 b +1 7(61 +1) dy *(d1 +1)
a2+1 b2+1 *(C2+1) d2 *(dg‘i‘l)

a1 +1 b1 +1 —(g1+1) dier —(dier+1)

1 5t —(5t+2) dy+1 —d;
CASE 3: Suppose that 3t+1 < k < 5t+1. We proceed by considering the congruence
class of t modulo 4.

SUBCASE 3.1: Suppose t = 0 (mod4) and k is even. Now t > 4, and since t — 1 =
3 (mod 4), by Theorem 1.2, there exists a Langford sequence of order ¢t — 1 and defect
2. Thus, there exists a partition of the set [2,3t — 2] into ¢ — 1 triples {a;, b;, ¢;} such
that a; +b; = ¢; for 1 <i <t—1. The sets [3t + 1,k — 1] and [k + 1, 5¢ — 1] contain
k — 3t — 1 and 5t — k — 1 integers respectively. Suppose first that & = 2 (mod 4).
Then the 2(¢t — 1) integers in the set [3t + 1,k — 1] U [k + 1, 5t — 1] can be paired into
sets {d;,d; + 2} for each i = 1,2,...,t — 1. Let X = [;;] be the ¢ x 5 matrix

ay + 2 b1 + 2 *(Cl + 2) d1 *(dl + 2)
CL2+2 b2+2 —(Cg+2) d2 —(d2+2)

o1 +2 b1 +2 —(c-1 +2) dimr —(dem1 +2)

1 3 —2 5t —(5t+2)
Now consider the case when k = 0 (mod4). The set [3t + 1,5t + 2] \ {k, 5t + 1},
containing 2t integers, can be paired into sets {k — 2, k + 2} and {d;, d; + 2} for each
i=1,2,...,t — 1. Let X = [z;;] be the t x 5 matrix

a1+2 b1+2 —(Cl+2) dl —(d1+2)
a2+2 b2+2 *(C2+2) d2 *(d2+2)

a1 +2 b1 +2 —(e1+2) diy —(die1+2)
2 3 1 k-2 —(k+2)
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SUBCASE 3.2: Suppose t = 3 (mod4) so that k is odd. Now t > 3, and since
t—1=2 (mod4), there exists a hooked Langford sequence of order ¢t — 1 and defect
2. Thus, there exists a partition of the set [2,3t — 1] \ {3t — 2} into ¢ — 1 triples
{ai, bi,c¢;} such that a; +b; = ¢; for 1 < i <t —1. The sets [3t,k — 1] \ {3t + 1}
and [k + 1,5t + 2]\ {6t + 1} contain k — 3t — 1 and 5t — k + 1 integers respectively.
When k£ = 1 (mod4) these 2t integers can be paired into sets {d;, d; + 2} for each
i=1,2,...,t. Let X = [x;;] be the ¢ X 5 matrix

CL1+2 b1+2 —(Cl+2) dl —(d1+2)
CL2+2 b2+2 —(Cg+2) d2 —(d2+2)

a1 +2 b1 +2 —(q-1+2) dimg —(dier+2)

1 3 —2 At —(dt +2)
Now consider the case when k& = 3 (mod4). The sets [3t,k — 1] \ {3t + 1} and
[k + 1,5t 4 2]\ {5t + 1}, containing 2¢ integers can be paired into sets {k — 2, k + 2}
and {d;,d; + 2} for each i =1,2,...,t — 1. Let X = [z;;] be the t x 5 matrix

a + 2 by +2 7(61 +2) dy *(dl + 2)
a2+2 b2+2 *(C2+2) d2 *(d2+2)

a1+2 b1 +2 —(e1+2) diy —(dio1+2)
2 3 1 k-2 —(k+2)

SUBCASE 3.3: Suppose t = 1 (mod4) and k is even, or t = 2 (mod4) and k is
odd. We begin by considering the case when ¢ = 1. Then k is even and 4 < k < 6
implies k = 4. Let X = [ 1 3 -2 5 -7 ] Thus we may assume t > 2. Since
t—1=0,1 (mod4), by Theorem 1.1, there exists a Skolem sequence of order ¢ — 1.
Thus, there exists a partition of the set [1,3t — 3] into ¢ — 1 triples {a;, b;, ¢;} such
that a; +b; = ¢; for 1 <i <t —1. Consider the sets [3¢t — 1,k — 1] and [k + 1,5t — 1]
containing k — 3t + 1 and 5t — k — 1 integers respectively. Since the number of
integers in each set is even, these 2¢ integers can be paired into sets {d;,d; + 1} for
eachi=1,2,...,t. Let X = [z;;] be the t x 5 matrix

a; + 1 b +1 7(61 +1) dy *(d1 +1)
a2+1 b2+1 —(Cg-‘rl) d2 —(d2+1)

a_1+1 b +1 —(q1+1) dier —(dimr +1)
1 5t —(t+2) d+1  —d,

Theorem 1.8 now follows from Lemmas 2.2 and 2.3.

3 Applications to Circulants and Complete Graphs

Let K, denote the complete graph on n vertices and C,, denote the m-cycle (vq,vg,
.., Um). An n-cycle in a graph with n vertices is called a Hamilton cycle. A decom-
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position of a graph G is a set {Hy, Ha, ..., Hi} of subgraphs of G such that every
edge of G belongs to exactly one H; for some ¢ with 1 <i < k.

An m-cycle system of a graph G is a decomposition of G into m-cycles. Several
obvious necessary conditions for an m-cycle system of a graph G to exist are im-
mediate: 3 < m < |V(G)], the degrees of the vertices of G must be even, and m
must divide the number of edges in G. A survey on cycle systems is given in [9],
and necessary and sufficient conditions for the existence of an m-cycle system of G
in the cases G = K,, and G = K,, — I (the complete graph of order n with a 1-factor
I removed) were given in [1, 22]. Such m-cycle systems exist if and only if n > m,
every vertex of G has even degree, and m divides the number of edges in G.

Let p denote the permutation (0,1,...,n — 1), so (p) = Z,, the additive group
of integers modulo n. An m-cycle system C of a graph G with vertex set Z,, is cyclic
if, for every m-cycle C' = (v, vg,...,v) in C, the m-cycle p(C) = (p(v1), p(v2), - ..,
p(vy)) is also in C. Finding necessary and sufficient conditions for cyclic m-cycle sys-
tems of a given graph G is an interesting problem and has attracted much attention
(see, for example, [4, 5, 7, 8, 12, 14, 16, 20, 21, 27]). The obvious necessary conditions
for a cyclic m-cycle system of a graph G are the same as for an m-cycle system of G;
that is, 3 < m < |V(G)|, the degree of the vertices of G must be even, and m must
divide the number of edges in G. However, these conditions are not sufficient. For
example, it is not difficult to see that there is no cyclic 15-cycle system of Ki5. Also,
if p is an odd prime and a > 2, then there is no cyclic p*-cycle system of K« [8].

The existence question for cyclic m-cycle systems of K, has been completely
settled in a few small cases, namely m = 3 [19], 5 and 7 [21]. For even m and
n =1 (mod 2m), cyclic m-cycle systems of K, are constructed for m = 0 (mod4) in
[16] and for m = 2 (mod 4) in [20]. Both of these cases are handled simultaneously
in [12] as a consequence of a more general result. For odd m and n =1 (mod 2m),
cyclic m-cycle systems of K, are found using different methods in [4, 7, 14]. In
[5], as a consequence of a more general result, cyclic m-cycle systems of K, for all
positive integers m and n = 1 (mod2m) with n > m > 3 are given. In [§], it
is shown that a cyclic hamiltonian cycle system of K, exists if and only if n #
15 and n ¢ {p* | pisan odd prime and « > 2}. Thus, as a consequence of a
result in [7], cyclic m~cycle systems of Koppim exist for all m # 15 and m & {p* |
p is an odd prime and o > 2}. In [26], for m odd, the last remaining cases for cyclic
m-cycle systems of Ko,k are settled, i.e., it is shown that, for & > 1, cyclic m-
cycle systems of Kogmm exist if m = 15 or m € {p® | p is an odd prime and « > 2}.
In [27], necessary and sufficient conditions for the existence of cyclic 2¢-cycle and
m-cycle systems of the complete graph are given when ¢ is an odd prime power and
3 < m < 32. In [6], cycle systems with a sharply vertex-transitive automorphism
group that is not necessarily cyclic are investigated. As a result, it is shown in [6]
that no cyclic k-cycle system of K, exists if k£ < n < 2k with n odd and ged(k,n) a
prime power.

For x #Z 0 (modn), the modulo n length of an integer x, denoted |z|,, is defined
to be the smallest positive integer y such that © = y (modn) or £ = —y (modn).
Note that for any integer x # 0 (modn), it follows that [z, € [1, [5]]. If L is a set
of modulo n lengths, we define the circulant graph (L), to be the graph with vertex
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set Z, and edge set {{7,5} | |1 — j|l. € L}. Observe that K, = ([1, |5]]),. An edge
{i,7} in a graph with vertex set Z, is called an edge of length |i — j|,. Notice that in
order for a graph G to admit a cyclic m-cycle system, G must be a circulant graph;
thus circulant graphs provide a natural setting in which to construct cyclic m-cycle
systems.

For t = 0,1 (mod4), a Skolem sequence S = (si, Sa, ..., sy) of order ¢ can be
used to construct a cyclic 3-cycle system of ([1, 3t]),, for all n > 6¢+1 in the following
way. Let {(a;,b;,¢;) | i =1,2,...,t} be a set of ¢ triples constructed from a Skolem
sequence of order ¢. Thus, {(a;,b;,¢;) | i = 1,2,...,t} provides a partition of [1, 3¢]
and we may assume a; + b; = ¢; for 1 < ¢ < t. Then, a cyclic 3-cycle system of
([1,3t])n is given by {(j,j +aij+a;+b;) | 0<j<n—1,1<4q<t¢}. Similarly, for
t = 2,3 (mod4), hooked Skolem sequences can be used to construct cyclic 3-cycle
systems of ([1,3t + 1] \ {3t}),, for n = 6t + 1 (since |3t|g11 = |3t + 1|g41) and all
n > 6t + 3. Note that by using Skolem and hooked Skolem sequences, we obtain
cyclic 3-cycle systems of Kg;y1 for all positive integers t.

In a similar manner to which 3-cycle difference sets are constructed from Skolem
sequences, Langford sequences, extended Skolem sequences, and near Skolem se-
quences can be used to construct cyclic 3-cycle systems of the appropriate circulant
graph. Note that in constructing cyclic 3-cycle systems from k-extended Skolem
sequences, by choosing k appropriately, we can obtain some interesting decompo-
sitions. For example, (¢ + 1)-extended Skolem sequences for ¢ = 0,3 (mod4) and
hooked (¢ 4+ 1)-extended Skolem sequences for t = 1,2 (mod4) give cyclic 3-cycle
systems of Kg; 3 for all positive integers ¢t as {(¢,7 + 2t + 1,0 + 4t +2) | 0 <14 < 2t}
is a 3-cycle system of ({2t + 1})gs43-

As a consequence of Theorem 1.6, the following result was given in [5] regarding
cyclic m-cycle systems of specific circulant graphs.

Theorem 3.1 (Bryant, Gavlas, Ling [5]) For positive integers m and t with m >
3, there exists a cyclic m-cycle system of ([1,mt]),, for mt = 0,3 (mod4) and all
n > 2mt + 1, and there exists a cyclic m-cycle system of ([1,mt + 1]\ {mt}), for
mt = 1,2 (mod4) and n =2mt + 1 and all n > 2mt + 3.

In a similar fashion, we obtain the following corollary to Theorem 1.8 regarding
cyclic 5-cycle systems of specific circulant graphs.

Corollary 3.2 For positive integers k and t with k < 5t + 1 with k odd and t =
0,1 (mod4) or k even and t = 2,3 (mod4), there exists a cyclic 5-cycle system of
([1,5t + 1]\ {k})n for all n > 10t 4+ 3. For positive integers k and t with k < 5t + 1
with k odd and t = 2,3 (mod 4) or k even and t = 0,1 (mod 4), there exists a cyclic
5-cycle system of ([1,5t + 2] \ {k, 5t + 1}),, for n =10t + 3 and all n > 10t + 5.

Proof. Suppose first that & and t be positive integers such that & < 5t + 1,
t = 0,1 (mod4) when k is odd, or t = 2,3 (mod4) when k is even. By Lemma
2.2, there exists a k-extended Skolem-type 5-tuple difference set of order ¢. Let
{(@i1, i, Tig, i, zi5) | © = 1,2,---,t} denote the set of ¢ Skolem-type 5-tuples
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given by the rows of the ¢ x 5 matrix X in the proof of Lemma 2.2. Let n be a
positive integer such that n > 10t + 3. Observe that the required set of nt 5-cycles
is given by

{7+ @i, J+ g+ Tio, J+Tig + Tip + iz, J + Tig + Tip + Tig + Tia)

0<j<n-1L1<i<t),

thereby giving an cyclic 5-cycle system of ([1,5¢ + 1]\ {k})n.

In a similar manner, cyclic 5-cycle systems of ([1,5t + 2] \ {k, 5t + 1}), for n =
10t + 3 and all n > 10t + 5 can be constructed from the matrix X given in the
proof of Lemma 2.3 for all positive integers k and ¢ with k < 5t + 1 with k£ odd and
t =2,3 (mod4) or k even and t = 0,1 (mod 4). ]

A subgraph F of a graph G is a factor if F' contains all the vertices of G. If each
component of F is isomorphic to a graph H, then F' is called an H-factor; while if
every vertex of F' has the same degree d, then F' is called a d-factor. Let n > 3 be
a positive integer and suppose d > 3 is a divisor of n. Clearly, the circulant graph
({5})n is a 2-factor consisting of 5 d-cycles, or a Cy-factor. Thus, the following
corollary is an immediate consequence of this fact and Corollary 3.2.

Corollary 3.3 Lett and n be positive integers such that n > 10t + 3. Let d > 3 be
a positive divisor of n with 5§ < 5t + 1.

o IfZis odd and t = 0,1 (mod4), or 5 is even and t = 2,3 (mod 4), then there

exists a decomposition of ([1,5t + 1]),, into nt 5-cycles and a Cq-factor.

o Ifn#10t+4, 5 is odd and t = 2,3 (mod 4), or 5 is even and t = 0,1 (mod 4),
then there exists a decomposition of {[1,5t 4 2]\ {5t + 1}),, into nt 5-cycles and
a Cy-factor.

We now consider the case of decomposing the complete graph K, into 5-cycles,
d-cycles for some divisor d > 3 of n, Hamilton cycles, and possibly a 1-factor. The
following result was given in [15], as a direct consequence of the results given in
[3, 10, 11], and will be helpful with the Hamilton cycles.

Lemma 3.4 (Jordon, [15]) For each odd integer n > 5 and each integer x with
1 <z <254, the graphs [z, %5]), and ([z, %52\ {z+1}), decompose into Hamilton
cycles. For each even integer n > 6 and

(1) for each integer x with 1 < x < & — 1, the graph ([, §]), decomposes into

Hamilton cycles and a I1-factor; and

(2) for each integer x with 1 < x < 2—3, the graph ([x, 23]\ {z+1}),, decomposes
into Hamilton cycles and a 1-factor.

As a consequence of Corollary 3.3 and Lemma 3.4, we have the following corollary.
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Corollary 3.5 For each odd integer n > b5, positive integer t with n > 10t + 3,
and divisor d > 3 of n with 3 < 5t + 1, the complete graph K,, decomposes into a
Cy-factor, nt 5-cycles, and ”T_?’ — 5t Hamilton cycles. For each even integer n > 6,
positive integer t withn > 10t+6, and divisor d > 3 of n with 5 < 5t+1, the complete
graph K,, decomposes into a Cy-factor, nt 5-cycles, ”;4 — 5t Hamilton cycles and a
1-factor.
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