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Abstract

A graph is said to be reconstructible if it is determined up to isomorphism
from the collection of all its one-vertex deleted unlabeled subgraphs. The
Reconstruction Conjecture (RC) asserts that all graphs on at least three
vertices are reconstructible. In this paper, we prove that all triangle-free
graphs G with connectivity two such that diam(G) = 2 or diam(G) =

diam(G) = 3 are reconstructible. We also prove that all 2-connected
bipartite graphs G such that diam(G) = 2 or diam(G) = diam(G) = 3
are reconstructible and show that RC is true if and only if all 2-connected
graphs H containing an odd cycle such that diam(H) = 2 or diam(H) =

diam(H) = 3 are reconstructible.

1 Introduction

All graphs in this paper are finite, simple and undirected. We use the terminology
in Harary [5]. The degree of a vertex v of a graph G is denoted by deg, v (or deg v);
a vertex u with deg w = 1 is an endverter. The maximum degree, the number of
components, and the connectivity of a graph G are denoted by A(G), w(G), and
k(@) respectively. Graphs containing no K3 (a complete graph on 3 vertices) as a
subgraph are called triangle-free graphs. We call a graph with just one vertex trivial
and all other graphs nontrivial. A vertez-deleted subgraph (or card) G — v of a graph
G is the unlabeled subgraph obtained from G by deleting v and all edges incident
with v. The collection of all cards of G is called the deck of G. A graph H is called a
reconstruction of G if H has the same deck as G. A graph is said to be reconstructible
if it is isomorphic to all its reconstructions. A family % of graphs is recognizable if,
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for each G € %, every reconstruction of G is also in %, and weakly reconstructible if,
for each graph G € %, all reconstructions of G that are in .% are isomorphic to G.
A family .% of graphs is reconstructible if, for any graph G € %, G is reconstructible
(i.e. if Z is both recognizable and weakly reconstructible). A parameter p defined
on graphs is reconstructible if, for any graph G, it takes the same value on every
reconstruction of G. The Reconstruction Conjecture (RC) asserts that all graphs
on at least three vertices are reconstructible. We refer the reader to [2, 3, 8, 9] for
surveys of work done on RC and related problems.

Yang Yongzhi [12] settled Problem 3 listed in the survey [2] when he proved
that every connected graph is reconstructible if and only if every 2-connected graph
is reconstructible. Gupta et al. [4] have proved that the RC is true if “and only if

all connected graphs G such that diam(G) = 2 or diam(G) = diam(G) = 3 are
reconstructible. Using these results, recently the following reduction was proved.

Theorem A ([10]). The RC is true if and only if all 2-connected graphs G such

that diam(G) = 2 or diam(G) = diam(G) = 3 are reconstructible.

In their survey [2], Bondy and Hemminger suggested:
Problem B ([2]). Show that bipartite graphs are reconstructible.

But in view of Theorem A, to attempt Problem B, it is enough to consider all

2-connected bipartite graphs G such that diam(G) = 2 or diam(G) = diam(G) = 3.
In this paper, we prove that this class of bipartite graphs is reconstructible. We
also prove that all triangle-free graphs G with x(G) = 2 such that diam(G) = 2 or

diam(G) = diam(G) = 3 are reconstructible.

2 Bipartite graphs

There is a fundamental lemma in RC due to Kelly [6].

Kelly’s Lemma. For any two graphs F and G with |V(F)| < |V(G)|, the
number of subgraphs of G isomorphic to F' is reconstructible.

The following three lemmas related to RC are well known.

Lemma 1 ([2]). The connectivity k(G) of a graph G is reconstructible.

Lemma 2 (Tutte [11]). The number of nonseparable spanning subgraphs of G with
a given number of edges is reconstructible.

Lemma 3 ([4]). Graphs G with diam(G) = 2 and graphs H with diam(H) =

diam(H ) = 3 are recognizable.

Since bipartite graphs of diameter two are precisely complete bipartite graphs,
using this we prove the following theorem.
Theorem 1. Bipartite graphs G of diameter two are reconstructible.

Proof. Recognition: If C' is a cycle of order strictly less than n (the order of G),
then, using Kelly’s Lemma, we can determine whether C' is a subgraph of G or not.
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Moreover, if C' is a cycle of order n, then C is a nonseparable graph with n edges
and hence, using Lemma 2, we can determine whether C' is a subgraph of G or not.
In particular, we can determine whether G contains an odd cycle or not. Therefore
bipartite graphs are recognizable. The recognition of bipartite graphs of diameter
two now follows by Lemma 3.

Weak reconstruction: Let G be a bipartite graph of diameter two. Then G is complete
bipartite, say K, s, where 7 > s. Since the degree sequence of G is reconstructible,
the values of r and s are known. Since trees are reconstructible [6], we can assume
that s > 1. Then G is 2-connected and so every card G — v is connected. But since
every connected graph has a unique bipartition [1], the set of vertices of every card
G — v can be uniquely bipartitioned into (X,,Y,). In particular, there must exist a
card G — w with a unique bipartition (X, Y,,) such that | X,| > |Y,| = s — 1. Now
G can be obtained uniquely by augmenting G — w as adding a new vertex to G — w
and joining it with all the vertices in the (identifiable) set X,,. .

Theorem 2. All 2-connected bipartite graphs G such that diam(G) = diam(G) = 3
are reconstructible.

Proof. Since bipartite graphs are recognizable, the recognition follows by Lemmas
1 and 3.

Weak reconstruction: Since every connected graph has a unique bipartition [1], every
card of G being 2-connected, is connected and so it has a unique bipartition. Hence
a 2-connected graph G is a bipartite graph with bipartition (X,Y") such that | X| =r
and |Y| = s if and only if the deck of G consisting of r + s cards, all are bipartite,
such that partite sets of r cards in the deck have sizes r — 1 and s and that of the
remaining s cards have sizes r and s — 1. Therefore we can determine the values of
r and s from the deck of G. Without loss of generality, we may assume that r > s.

Clearly, in G, the induced subgraphs (X) and (Y) are isomorphic to K, and
K, respectively. Since diam(G) = 3, dg(x,y) = 3 for some x € X and y € Y.
Consequently, in G, the vertex x is adjacent to no vertex of ¥ and the vertex y is
adjacent to no vertex of X. Hence, in G, the vertex x is adjacent to every vertex
of Y and y is adjacent to every vertex of X. Consequently, there must exist a card
G —v with a unique bipartition (X,,Y,) such that |X,| > |Y,| = s—1. Now G can be
obtained uniquely (up to isomorphism) from the card G — v by adding a new vertex
w to G — v and joining w with all the vertices in the (identifiable) set X,. .

Corollary 1. All graphs on at least three vertices are reconstructible if and only if all
2-connected graphs G containing an odd cycle such that diam(G) = 2 or diam(G) =

diam(G) = 3 are reconstructible.
Proof. This follows by Theorem A and Theorems 1 and 2. .

When U and W are disjoint subsets of the vertex set V(G) of a graph G, U ~ W
means that every vertex in U is adjacent to every vertex in W, and when u ¢ W,
u ~ W means that u is adjacent to every vertex in W. Similarly, by u ~ w we
mean the vertices v and w are adjacent; otherwise we denote u o w. Let G be a
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triangle-free graph with x(G) = 2. For a vertex cut S = {x1, 22} of G, we denote the
components of G — S by C1,Cy, ..., Cya-s), and in each C;, we define the following
four possible subsets:

( )

( ): set of vertices that are adjacent to x5 but not to x;.
C;(x1,T3): set of vertices that are adjacent to x; but not to xs.

(71, 72)

. set of vertices that are neither adjacent to 1 nor to xs.

We now prove that all triangle-free graphs G with £(G) = 2 such that diam(G) =

2 or diam(G) = diam(G) = 3 are reconstructible. We begin with a lemma.

Figure 1.

Lemma 4. Let G be a triangle-free graph of diameter two with (G) = 2. If S is a
vertex cut of G of cardinality two, then at most one component of G — S has at least
two vertices.

Proof. Assume, to the contrary, that G — S has two nontrivial components, say C
and Cs; let viv € E(Ch) and ujug € E(Cy) (Figure 1). Let the components of G — S
be C1,Cy, ..., Cy(g-s)- Then since diam(G) = 2, it follows that C;(Z7,Tz) = ¢ for all
i and each vertex in C; (i = 1,2,...,w(G — 5)) is adjacent to at least one vertex in
S. Since G is triangle-free, we may assume, without loss of generality, that v; ~ 1,
Vg ~ Xy, U1 % Xy, Vg ¢ 1 and similarly we assume that uy ~ zq, us ~ o, Uy » o,
uy » x1. Then v; and uy are nonadjacent and they are not adjacent to a common

vertex in G, giving a contradiction to diam(G) = 2. .
Theorem 3. Triangle-free graphs G of diameter two with k(G) = 2 are recon-
structible.

Proof. It is known [7] that all graphs with fewer than twelve vertices are recon-
structible. So we assume that n > 12.

Recognition: From Kelly’s Lemma, it follows that triangle-free graphs are recogniz-
able and so the recognition of the family of all triangle-free graphs G of diameter
two with x(G) = 2 follows by Lemmas 1 and 3.
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Weak reconstruction: Suppose, for a vertex cut S = {1, x5} of G, all the components
of G — S are trivial. Then G has a card, say G —v with a unique cutvertex and n —2
endvertices. Therefore G' can be obtained uniquely (up to isomorphism) by adding
a new vertex w to G — v and joining it with all the n — 2 endvertices and hence
G is reconstructible. So, in view of Lemma 4, we assume that, for every vertex cut
S = {x1, 22} of G, only one component of G — S is nontrivial. Let the component
be C;. Then since G is triangle-free, it follows that Cy(xy,7T3) and C}(Z7,z2) are
independent and Cy(x1,22) = ¢ (because if Cy(x1,22) were nonempty, then the
three vertices a, b, ¢, z1 (or x2), where a € Cy(z1,22) and b € C1(T1, 22) U Cy (21, T2),
would form a triangle in G, a contradiction). Also, since diam(G) = 2, every vertex
in Cy(z1,73) is adjacent to every vertex in Cy(T7, z2) (Figure 2).

Figure 2.

Let F be a card with an endvertex. Then F' must be obtained from G by deleting
a vertex v from S or v from Cy (this happens when C4(z1,73) = {v} or C1(T7, 22) =

{v}) (Figure 2(b)).

If v is in 9, then the neighbours of v in G can only be:

(i) all the endvertices of F', and

(ii) all the vertices that are not adjacent to the unique neighbour of all the endver-
tices of F.

If v is in C1, then the neighbours of v in G can only be:

(i) all the endvertices of F', and

(i) all the vertices (in fact only one such vertex) which are not adjacent to the
unique neighbour of all the endvertices of F'.

Hence, for either possibility of v, the neighbours of v in F are:

(i) all the endvertices of F', and

(ii) all the vertices that are not adjacent to the unique neighbour of all the endver-
tices of F.

Therefore, the set of all neighbours of v is uniquely identifiable in the card F and
hence G is reconstructible. .

Theorem 4. All triangle-free graphs G with k(G) = 2 such that diam(G) =

diam(G) = 3 are reconstructible.
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Proof. Recognition: This follows from Kelly’s Lemma and Lemmas 1 and 3.

We first analyze the structure of G before proving that G is weakly recon-
structible.

Suppose that, for a vertex cut .S of size two in G, if all the components of G — S
were trivial, then diam(G) would be at most two, giving a contradiction. Hence, for
any vertex cut S = {z;,22} of G, at least one component of G — S is nontrivial.
Also,

(P1) for 1 < k < w(G — 5), every vertex in Cy(xz;, ;) is adjacent in G only to a
vertex in Cy(7;,T;) U S, and

(P2) dg(w;,2;) = 3 or dg(u, ;) = 3 for some u € V(G) — S (since C; ~ C; in G).
We consider two cases as below.
Case 1. Suppose that C,(7;,7;) = ¢ forall p=1,2,...,w(G - 5).

Then, if C,(x;, z;) # ¢ for some p, then (P1) implies C), = K. (1)

We now claim that z;z; € E(G). Suppose, to the contrary, that z;z; ¢ E(G).
Then (P2) implies dg(u, ;) = 3 for some u € V(G) — S, and hence u € Cy(z;,T;) U
Cy(w,z;) for some q. If u were in C,(z;,T;), then in G, x; would be adjacent to z;,
and u would be adjacent to x;. Therefore dg(u, ;) would be 2, giving a contradiction.
Also, if u were in Cy(z;, z;), then since diam(G) = 3, G — S would have a component
C, (say) different from C, such that C,(T7,z;) # ¢. But then, in G, z; ~ C,.(T7, ;)
and u ~ Cy for all & # ¢ (by (1)) and therefore dg(u,z;) would be 2, again a
contradiction. Hence the claim, and therefore, for all p, C,(x;, ;) = ¢ and each C,
is partitioned into C,(z;,Z;) and C,(T;, z;) (Figure 3). So every vertex in Cp(z;,T;)
can only be adjacent to a vertex in C,,(77, ;) and to the vertex x;. Hence the degree
of every vertex of G that is in C,(z;,T;) does not exceed the value |C, (77, z;)| + 1.
That is degg v < |Cy(T7,z;)| + 1 < degg z; — 1 for all v € Cp(z;,7;). Similarly,
degg v < |Cy(z4,7;)| + 1 < degq z; — 1 for all v € Cp(T;, ;). Thus, in this case,

dege v < maz{deg, z;,degs x;} for all veV(G)—S. (2)

w(G-5)(®1,7T2)|Cy(c-s5) (@1, v2) Cw(G—S)

Figure 3. The graph GG in Case 1.
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We denote the set of all vertices which are at distance ¢ from a vertex v in G by
N;(v) and denote the set N;(v) U {v} by N;[v]. Then N;(v) = N(v). Clearly, in the
subgraph G — z;,

w(G=S) w(G-19)
Ni(w)UNs(v) = |J Crlwi,7) Uf{z;} for ve |J Cu@ ) (3)
k=1 k=1

w(G=5S)
and Nyfv] = U Cy(z;,77) U{v} for ves. (4)
k=1

Case 2. Suppose that C,(77,T;) # ¢ for some p.

Then C,(7;,T;) # ¢ for exactly one value of p, since diam(G) = 3. We take,
for convenience, that Ci(7;,7;) # ¢ and C,(7;,T;) = ¢ for all p # 1. Using (P1),
we get the components C,, (p # 1) for which Cy(z;,z;) # ¢ are isomorphic to Kj.
However, we shall prove that C, = K; for all p # 1. It suffices to prove that
Cp(z;, ;) # ¢ for all p # 1. Assume, to the contrary, that C,(z;,z;) = ¢ for some
p # 1. Then since C,(T;,T;) = ¢, it follows that Cp(z;, ;) UC,(T7, ;) # ¢. Suppose
that Cp(z;,T;) # ¢; let v € Cy(z4,T;). Then since k(G) = 2, the vertex v must
be adjacent to a vertex v’ in Cp(T;, z;) and therefore C,(77, z;) is nonempty. From
(P2) and the fact C1(7;,T;) # ¢, there exists a component C; of G — S such that
dz(u,x;) = 3 for some u € C;. This implies u % z; in G. Consequently, in G, the
vertex u must be in Cj(z;,7;) U Ci(z;, z;) where {3, j} = {1,2}. In G,

(P3) if u were in Cy(x;,T5) U Cy(x;,x;) for [ # 1, then since u ~ C(77,7;) and
x; ~ C(T7,7;) in G, dg(u, z;) would be 2, a contradiction.

(P4) Similarly, if v were in C(z;,T;) U Cy(x;, z;), then since z; ~ Cp(T;, z;) (for
all p) and u ~ Cy(;,T;) U Cp(T7, ;) (for all p # 1) in G, dg(u,z;) would be 2,
again a contradiction.

Consequently, Cy(7;, z;) U Cp(z;,T;) = ¢ and C), = K; for all p # 1 (Figure 4).

Using (P2) and the fact Cy(z;,x;) # ¢ for all p # 1, we get dg(u,z;) = 3. This,
together with (P3), imply that u € Cy(z;, ;) U Cy(z;, z;). Suppose that if u were in
C1 (x4, T;), then, in G, we would have x; ~ x5 and z; ~ Cy(z;,7;). Hence dg(u, ;)
would be 2, a contradiction. Therefore u € Cy(z;, z;); let U be the set comprising all
such u. Then the subset U of Ci(z;, x;) is nonempty and dg(u, ;) = 3 for all uw € U.
Consequently, every vertex u of G that is in U is adjacent only to the vertices of G
that are in Cy(77,7;) US and so such vertex u has equal degree in G. Now we prove,
for any vertex w in V(G) — (U U S), that

degg w < max{degq z;, degy z;, degq u}. (5)

where u € U. Let w be a vertex in V(G) — (U U S). We can assume that w
is in V(C4) (otherwise dege, w = 2 and so (5) holds immediately). Then w €
Ci (2, T;) UC(T, T;) U Cy (24, ;). Ifw is in Cy (24, T;), then degy w < |Cy(T7,75)| +
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1 = degg u — 1, where w € U, and therefore (5) holds. If w is in C;(7;,T;), then,
in G, the vertex w can only be adjacent to the vertices in Cy(z;,7;) U Cy(z;, z;5)
and degg w < |Cy(z;, T;)| + |Ci(i, z;)| < dege x; and hence (5) holds in this case.
Finally, if w is in CY(z;,x;), then, in G, the vertex w can only be adjacent to the
vertices in C(%;,Z;) U S. Since the vertex w is not in U, it follows that w must be
nonadjacent to at least one vertex in C1(7;,T;) to which v € U is adjacent to all.
Therefore deg. w < degs w — 1. Thus, the inequality (5) holds for all vertices w in
V(G) - (UUS).

Figure 4. The graph G in Case 2.

Clearly in the subgraph G — z;,

w(G-19)
Ni(v) U N3(v) = U Cy(zs, zj) U Cy(x,T5) for ve Ci(Tm, ;) U{z;}.  (6)

k=1

Similarly, in the subgraph G' — u, where u € U,

w(G=S)
M) UNs(v) = i@ 75)US for ve |J Culwiz)UCi(e7) (7)
k=1
and Nofv] = Cy(73,7;) US for veS. (8)

We now prove that G is weakly reconstructible. Amongst the cards containing
a cutvertex, choose a card G — v; such that the degree of the deleted vertex v; is
maximum. Then either v; is in S or not in S. If the latter holds, then v; must be in
Ci(z1,x2) by (5). We proceed by two recognizable cases as below.

Case A. The card G — v; has an endvertex, say u; let «’ be the neighbour of u.

In this case, we consider three exhaustive cases in G. But in all the three cases,
we prove that the set Nj(u') U N3(v') in G — v; is the neighbourhood of v; in G and
hence G is reconstructible. Suppose that, if v; € S and C,(7;,T;) = ¢ for all p, then
Case 1 implies the vertex u must be in Ci(x;,T;) and hence the vertex v’ must be in
Cy (77, ;) for some k. Therefore, the set of all neighbours of v; in G must be the set
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w(G=5S)
Ci(z;,T;) U {x;}, which is clearly equal to the set Ni(v') U N3(u') in G — v;
J J

k=1
(by (3)). Also, if v; € S and C,(7;,T;) # ¢ for some p, then again Case 2 implies
the vertex u must be in Cy(z;, ;) U Cy(z;,T;) for some k. Therefore, the set of all
w(G-5)
neighbours of v; in G must be the set U Cy(z;, z;) U Cy(z;,T;), which is nothing

but the set Ny (v') U N3(v') in G — v; (by ( )). Similarly, if v; € Cy(z;, z;), then the
set of all neighbours of v; in G is S U C}(7;,T;), which is clearly equal to the set
Ni(w')UN3(v') in G —v; (by (7).

Case B. The card G — v; has no endvertex.

Here again we consider two exhaustive cases in G. But in both the cases, we prove
that, if y is a cutvertex of G —v;, then the set Ny[y] in G — v; is the neighbourhood of
v; in G and hence G is reconstructible. Suppose that the vertex v; is in S. Then Case
1 implies C;(Z71,T2) = ¢ in G for all i (otherwise Case 2 implies the card G —v; would

contain an endvertex, a contradiction). Hence every cutvertex of G must be in S.
w(G-9)
Therefore, the set of all neighbours of v; in G must be the set U Cy(z, 77) U{x;},

which is clearly equal to the set Ny[y] in G —v; (by (4)). Sumlarly7 if v; € Cy (i, 25),

then again every cutvertex of G must be in S. Therefore, the set of all neighbours of
v; in G must be the set C1(7;,7;) U S, which is nothing but the set Na[y] in G — v;
(by (8)). This completes the proof of Theorem 4. .

3 Conclusion

We hope that similar techniques can be used to solve Problem C.

Problem C. Show that all triangle-free graphs G with #(G) > 3 such that
diam(G) = 2 or diam(G) = diam(G) = 3 are weakly reconstructible.

Since graphs containing a triangle are recognizable from the deck (using Kelly’s
Lemma), Lemmas 1 and 3 give that the two families of triangle-free graphs G with
k(G) > 3 in the hypothesis of Problem C are recognizable. Thus, to settle RC, it is
enough to prove that all 2-connected graphs containing a triangle are reconstructible
and Problem C. As many classes of 2-connected graphs have already shown to be
reconstructible [3, 8], they may further narrow down the classes of graphs to be recon-
structed to prove RC. These narrowed-down classes must contain counterexamples
to RC if there exists one at all.
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