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Abstract

Let G = (V,E) be a graph and let f be a function f : E — {0,1,2}.
An edge z with f(z) = 0 is said to be undefended with respect to f
if it is not incident to an edge with positive weight. The function f
is a weak edge Roman dominating function (WERDF) if each edge x
with f(x) = 0 is incident to an edge y with f(y) > 0 such that the
function f’ : E — {0,1,2}, defined by f'(z) =1, f'(y) = f(y) — 1 and
f'(z) = f(z) if z € E — {z,y}, has no undefended edge. The weight
of f'is w(f') =3 ,cp f(@). The weak edge Roman domination number,
denoted by vjy z(G), is the minimum weight of a WERDF in G. We show
that for every graph G, 7' (G) < Yy r(G) < 29/(G), where v/(G) is the
edge domination number of GG. In this paper first we characterize trees T’
for which iy r(T") = v/(T"). Then we also characterize trees and unicyclic
graphs for which ~j, z(G) = 2v(G).

1 Introduction

Cockayne et al. [1] defined a Roman dominating function (RDF) on a graph G =
(V, E) to be a function f : V — {0, 1,2} satisfying the condition that every vertex
w for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2. For
a real valued function f : V — R the weight of f is w(f) = Y, o f(v) and for
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SCV, f(8) =3 ,csf),s0w(f) = f(V). The Roman domination number, de-
noted by vg(G), is the minimum weight of an RDF in G; that is y(G) = min{w(f) |
fisan RDF in G}. An RDF of weight vz(G) is called a yg(G)-function. Roman
domination in graphs has been studied in [1,3-5,7-13]. This definition of a Roman
dominating function was motivated by an article in Scientific American by Ian Stew-
art entitled “Defend the Roman Empire!” [14]. Each vertex in our graph represents a
location in the Roman Empire. A location (vertex v) is considered unsecured if no le-
gions are stationed there (i.e., f(v) = 0) and secured otherwise (i.e., if f(v) € {1,2}).
An unsecured location (vertex v) can be secured by sending a legion to v from an
adjacent location (an adjacent vertex u).

Let G = (V, E) be a graph and let f be a function f : V — {0,1,2}. Let V5, V3
and V3 be the set of vertices assigned to the values 0, 1, 2 respectively, under f. Note
that there is a 1-1 correspondence between the function f : V' — {0,1,2} and the
ordered partitions (Vy, V1, V2) of V. Thus f = (V, V4, Va).

A vertex u € Vy is undefended with respect to f, or simply undefended, if the
function f is clear from the context, if it is not adjacent to a vertex in V; or V5.
Henning et al. [3] defined a function f to be a weak Roman dominating function
(WRDF) if each vertex u € Vj is adjacent to a vertex v € V; U V; such that the
function f': V — {0,1,2}, defined by f'(u) =1, f'(v) = f(v) — 1 and f'(w) = f(w)
if w e V —{u,v}, has no undefended vertex. They defined the weight w(f) to
be |Vi| + 2|Vz|. The weak Roman domination number, denoted by v,(G), is the
minimum weight of a WRDF in G, that is, a WRDF of weight ,.(G) is called a v,.(G)-
function. Using notation introduced earlier, we define a location to be undefended
if the location and every location adjacent to it are unsecured (i.e., have no legion
stationed there). Since an undefended location is vulnerable to an attack, we require
that every unsecure location be adjacent to a secure location in such a way that
the movement of a legion from the secure location to the unsecure location does
not create an undefended location. Hence every unsecure location can be defended
without creating an undefended location.

The concept of edge domination was introduced by Mitchell and Hedetniemi [6].
A subset X of E is called an edge dominating set of G if every edge not in X is
incident to some edge in X. The edge domination number 4'(G) is the minimum
cadinality taken over all edge dominating sets of G.

We introduced the concept of edge Roman dominating function (ERDF) in [12].

Let G = (V, E) be a graph. A function f’: E — {0, 1,2} satisfying the condition
that every edge z for which f’(x) = 0 is incident to at least one edge y for which
f'(y) = 2 is called an edge Roman dominating function of the graph. The edge

Roman domination number, denoted by +%(G), equals the minimum weight of an
ERDF of G.

Let Ey, E1 and E5 be the sets of edges assigned to the values 0, 1, 2 respectively,
under f. Note that there is a 1-1 correspondence between the function f and the
ordered partitions (Fy, Fy1, F3) of E. Thus f = (Fy, E1, E2). In this paper we
introduce the concept of weak edge Roman dominating function. Let G = (V| E)
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be a graph and let f be a function f : £ — {0,1,2}. An edge x with f(z) = 0 is
said to be undefended with respect to f if it is not incident to an edge with positive
weight. The function f is a weak edge Roman dominating function (WERDF) if
each edge = with f(z) = 0 is incident to an edge y with f(y) > 0 such that the
function f’ : E — {0, 1,2}, defined by f'(x) =1, f'(y) = f(y) —1 and f'(2) = f(2) if
z € E—{z,y}, has no undefended edge. The weight of f is w(f) = >, cp f(). The
weak edge Roman domination number, denoted by viy p(G), is the minimum weight
of a WERDF in G.

Notice that in a WERDF, every edge in E is dominated by an edge in Fy U Ej,
while in an ERDF, every edge in Ej is dominated by at least one edge in Fy (this
is more expensive). Furthermore, in a WERDF, every edge in Ey can be defended
without creating an undefended edge.

In this paper, we characterize graphs G for which vj; g (G) = v (G) and +j (G) =
279/(G). We also characterize trees with v, z(G) = +/(G). Furthermore we charac-
terize trees and unicyclic graphs for which vy, z(G) = 2v/(G).

2 Notation

For notation and graph theoretic terminology we in general follow [2]. Let G = (V, E)
be a graph with vertex set V' of order n and edge set E, and let e be an edge in E.
The open neighborhood of e is N(e) = {z € E'| z is incident with e} and the closed
neighborhood of e is Ne] = {e} U N(e). For a set S C E, its open neighborhood is
N(S) = U.cs N(e) and its closed neighborhood is N[S] = N(S)U S. An edge x is
called a private neighbor of e with respect to S, or simply S—pn of e, if N[z]NS = {e}.
The set pn(e, S) = N[e]— N[S—{e}] of all the S—pn of e is called the private neighbor
set of e with respect to S. The external private neighbor set of e with respect to S
is defined by epn(e, S) = pn(e,S) — {e}. Hence the set epn(e, S) consists of all the
S — pn of e that belong to £ — S.

A pendant vertex of G is a vertex of degree one, while a support vertex of G is
a vertex adjacent to a leaf. A pendant edge of G is an edge which is incident to a
pendant vertex.

A set S of edges is called independent if no two edges in S are adjacent. A set
S of edges is called a 2-edge packing if it is independent and for every pair of edges
u,v € S, Nlu] N N[v] = 0.

A star K3, has one vertex v of degree n and n vertices of degree one. A unicyclic
graph G is a graph with exactly one cycle.

3 Properties

We begin with an inequality chain relating the edge domination number, the weak
edge Roman domination number and the edge Roman domination number.
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Property 3.1 For any graph G, v'(G) < vy r(G) < vR(G) < 2¢(G).

Note that if G = Ps, then 7/(G) = 2, vy r(G) = 3 and v3(G) = 4. Hence there
exist connected graphs G with v (G) < v, r(G) < YR(G).

Property 3.2 If G is a graph that contains a path P of order 8, every internal edge
of which has degree two in G, then f(E(P)) > 3 for any WERDF f of G.

Property 3.3 If G is any graph and e is any edge of G, then the graph H obtained
from G by attaching a path of length 7 to e satisfies vy r(H) = iy r(G) + 3.

We have omitted the proofs of Properties 3.1, 3.2 and 3.3 as they are analogous
to the proofs of the results of the vertex version.

4 Paths and Cycles

The weak Roman domination number of a path P, and cycle C,, on n vertices is
established in [3] as follows.

3
Proposition 4.1 [3] Forn > 1, ~,.(P,) = {771-‘

Proposition 4.2 [3] Forn >4, ~,(C,) = F)?n-‘

We determine the weak edge Roman domination number of paths and cycles in
the following propositions.

3(n—1
Proposition 4.3 Forn > 2, vjy5(P,) = {y-‘

Proof Let P, = vq,0a,...,v, be a path of size n — 1. Define a function f" on F(P,)
by f'(viviy1) = f(vs), 1 < i <n —1, where f is a y,.-function of P,. Then f’ is a

3(n—1
WERDF and by Proposition 4.1, vy z(P,) = {y-‘ ) 0

3
Proposition 4.4 Forn >4, v, x(C,) = [Tn—‘

Proof Let f be a 7,-function of cycle C,, = (v1,vs,...,v,,v1). Define a function f’
on E(C,) by f'(vivig1) = f(v;), 1 <i<n—1and f(v,v1) = f(v,). Then f'is a

WERDF and by Proposition 4.2, clearly viy, z(C,) = F%n—‘ ) O
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5 Graphs G with v{, ,(G) = 7(G)

Our aim in this section is to characterize graphs G for which i, z(G) = v(G) and
trees T' for which 74, z(T") = +/(T'). For convenience we denote the external private
neighbours of an edge e = wv, which are incident at u and v by epn(e,,S) and
epn(e,, S) respectively.

Theorem 5.1 For any graph G, vy r(G) = v (G) if and only if there exists a v'(G)-
set S such that

(i) pn(e, S) induces a K3 or a star for everye € S.

(ii) For every edge e € E(G) — S that is not a private neighbor of any edge of S,
there exists an edge x € S such that pn(x,S) U {e} induces a star.

Proof Suppose G = (V, E) and v}, zr(G) = v/(G). Let f = (Eo, Er, E2) be a Yy~
function. Then 7/ (G) < |Ei| + |Eo| < |E1| + 2|E2| = w(f) = Yyr(G). Hence
by Theorem 3.1 we must have equality throughout the above inequality chain. In
particular it follows that Fy = §). Then S = E), is a 7/(G)-set.

First we claim that if |epn(e,, S)| > 1, then |epn(e,, S)| = 0 where e = uv € S.
Suppose not. Then |epn(e,, S)| > 1. Then the movement of the legion from e to
some edge of epn(e,, S) leaves edges of epn(e,, S) undefended which is a contradic-
tion. Hence our claim. Now if |epn(e,, S)| = 1, then clearly |epn(e,,S)| < 1. If
lepn(e,, S)| = 0 then pn(e, S) induces a star. If |epn(e,, S)| = 1, let epn(e,, S) =
{z1}, epn(ey, S) = {z2}. Now z; and x4 are incident. For otherwise the movement
of a legion from e to 1, leaves x5 undefended which is a contradiction. Hence in this
case pn(e, S) induces a K3. This establishes (7).

Suppose e € E — S is not a private neighbor of any edge of S. Then there exists
an edge © € SN N(e) such that the movement of the legion from z to e will not
create an undefended edge. This is possible only when epn(z,S) C N(e). Hence
epn(z,S) U {e} induces a star.

Conversely suppose there exists a 7/(G)-set S, satisfying conditions (i) and ().
Let H be the set of all support edges of T. Then S U W is a +'-set of T. Let
" = (Eo, E1, E») be a function defined by E; = {e¢/e € G[W]|} UH, E; = () and
Ey = E — E;. Then f’is a WERDF and so v, z(G) < |S| = v/(G). Consequently
Twr(G) =(G). O

Next we proceed to characterize trees for which i, z(T) = v/(T"). For this pur-
pose, we prove the following lemmas.

Lemma 5.2 Let T be a tree with vy, z(T) =+ (T). Then no two support vertices in
T are adjacent.

Proof Suppose not. Then there exist two support vertices x1; and x5 in T" such that
x1 and x5 are adjacent. Let h = x1x5. By Theorem 5.1, there exists a /-set .S such
that
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(i) pn(e, S) induces a K3 or a star for every e € S and

(ii) For every edge e € E(G) — S that is not a private neighbor of any edge of S,
there exists an edge « € S such that pn(z, S) U {e} induces a star.

If h € S, then we claim that the pendant edges incident either at z; or at x5 are
private neighbors of h with respect to S. Suppose the pendent edges incident at
both z; and x5 are not private neighbors of h, then the pendent edges incident at
x;, © = 1,2 are incident to some member e; of S such that pn(e;, S) = (). Then
S’ =S —{h} is an edge dominating set, which is a contradiction to the minimality
of §. Without loss of generality, let the pendant edges incident at x; be private
neighbors of h with respect to S. Then the pendant edges incident at x5 are incident
to some member €’ of S such that pn(e/,S) = 0. Then S’ = S — {€¢'} is an edge
dominating set, contradicting the minimality of S. If A & S, then there exist edges
e1, e € S incident at x; and xo respectively and the pendant edges incident at x;
are private neighbors of e; with respect to S, i = 1,2 and further pn(e;, S) U {h}
induces a star, i = 1,2. Then S" = (S — {e1,e2}) U {h} is an edge dominating set
contradicting the minimality of S. Hence no two support vertices in T" are adjacent.

d

Lemma 5.3 Let T be a tree with vy, g(T) =~/ (T). For every vertexu € V(T'), there
exists a leaf w such that d(u,w) < 3.

Proof Suppose not. Then there exists a v € V(T') with deg(u) > 1 such that there
exists no leaf w in T such that d(u,w) < 3. Let e; and ey be two edges incident
at u. Since vy p(T) = +'(T) there exists a /-set S satisfying the conditions of
Theorem 5.1.

Case (i) e1,e5 € S.

In this case both e; and e; have private neighbors with respect to S. For oth-
erwise, ' = S — {ey} is an edge dominating set, which is a contradiction to the
minimality of S. Let {1, za,..., 2.} = epn(er, S) and {y1,vs,...,yx} = epn(es, S).
To each x;, 1 < i < m, there exist edges u;,v; such that the edges x;,u;,v; form
paths (in that order) with u; € epn(v;,.S), v; € S and pn(v;, S)U{u;} induces a star.

Similarly to each y;, 1 < i < k, there exist edges w;, t; such that the edges y;, w;, t;
form paths (in that order) with w; € epn(t;, ) and pn(t;, S) U {w;} induces a star.
Hence S = (S —{v1,va, ..., U, b1, ta, ...ty e1}) U {ug, ug, .., Uy, wy, W, ..., Wk}
is an edge dominating set which is a contradiction to the minimality of S.

Case (it) ey €S, ea € S.
Subcase (a) e; € S and ey & epn(ey, S).

If epn(ey, S) # 0, let epn(er, S) = {x1,22,...,%n}. Then by Theorem 5.1, there
exist edges wu;, v; such that x;, u;, v; form paths (in that order) and u; € epn(v;, S),
v; € S and pn(v;, S) U {w;} induces a star.
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Since e; & pn(ey, S), there exist edges yi,y2,ys such that e, y1,ys,ys form a
path (in that order) with y1,y3 € S, yo & S and pn(yi, S) U {e2} and pn(ys, S) U
{y2} induces a star respectively. Hence S' = (S — {v1,v9,..., Um, Y1, Ys,€1}) U
{ui, ug, ..., Um,y2, €2} is an edge dominating set contradicting the minimality of S.

If epn(e1,S) = 0, then there exist edges 1,2, 3,74 and y;,ys,ys such that
1,21, T2, T3, T4 and es, Y1, Yo, y3 form paths (in that order) with xs, x4, 31,93 € S and
1, %3,y2 € S and pn(xz, S)U{z1}, pn(as, S)U{xs}, pnyr, S)U{e2}, pn(ys, S)U{y:}
respectively induces a star. Hence S" = (S — {e1, z2, T4, y1,y3}) U {1, T3, €2, Y2} is
an edge dominating set, which is a contradiction.

Subcase (b) e; € S and e, € epn(eq, S)

Then by Theorem 5.1, there exist edges x,y, z, w such that e, z,y, z,w form a
path (in that order) with y,w € S, z,z ¢ S and pn(y, S) U {z} and pn{w, S} U {z}
induces star respectively.

Let pn(y, S) = {y1,y2, ..., yx}. Toeachy;, 1 <i <k, there exist edges f;, g; such
that y;, fi, g; form a path (in that order) with g; € S and pn(g;, S) U {f;} induces a
star. Then S" = (S — {w,y,91,92,- -, g }) U {f1, fa, ..., fx} is an edge dominating
set, which is a contradiction.

Case (iii) e1,ea € S.

In this case we assume that no edge of S is incident at u. For, otherwise we
are in Case (ii). Then by Theorem 5.1 there exist edges e;, x;, yi, 2, ¢ = 1,2 such
that x;,2z; € S, y; & S and pn(z;, S) U {e;} and pn(z;, S) U {y;} induces a star. Let
pn(x;, S) = {fa, fia, ..., fi}. To each f;;, there exist edges g;;, hij, 1 = 1,2, 1 < j <
k such that e;, f;;, gij, hi; form paths (in that order) with h;; € S and f;;, g;; & S and
pn(hij, S)U{g;;} induces a star. Hence S" = (S — {21, 22, 1, T2, hij }) U{y1, v2, €1, gi5 },
1=1,2,5=1,2,...,k form an edge dominating set, which is a contradiction. O

We define a family T of trees as follows.

A tree T € T if the following holds. Let 8 be the set of all supports of T'. Let
W ={w/w ¢ N[8] and there exists a leaf z such that d(z,w) = 3}.

(i) 8 is independent
(i) V=W U NI8]
(i1t) It W # 0, each component of G[W] is a K
(i) If w € N(8) with deg(u) > 1, then N(u) C SUW

(v) If uw € 8, then at most one non-pendant member of N(u) is not adjacent to a
member of § — {u}

An example of a tree in the family T is shown in Figure 1.
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Figure 1: A tree T € T

Theorem 5.4 Let T be a tree. Then iy p(T) =~'(T) if and only if T € 7.

Proof Suppose Vi, g(T) = v(T). Let f = (Ey, E1, E2) be a v}y g-function of T.
Since iy p(T) = ¥(T), 2| Es| + | E1| = |Ea| + | E1|. Therefore |Es| = 0. Hence clearly
E; is a «/-set. Let 8 be the set of all supports of T and W = {w/w ¢ N[8] and there
exists a leaf z such that d(z,w) = 3}. By Lemma 5.2, § is independent. By Lemma
5.3, V=W UNIS].

We now claim that each component of G[W] is a K3. Suppose not. Then either
there exist vertices u,v,w € W such that u,v,w form a path P; or there exists an
isolated vertex u in G[W]. Now in the first case uv,uw € E;. For otherwise the
edges incident at u,v,w will be undefended. Then F; — {uv} is an edge dominating
set, which is a contradiction to the minimality of F;. In the second case if u is an
isolated vertex in G[W], then one of the edges say e incident at w is in Ej. For,
otherwise the edges incident at u will be undefended. Then E; — {e} is an edge
dominating set, which is a contradiction to the minimality of Fj.

Now if u € N(8) with deg(u) > 1, then we claim that N(u) C 8§ UW. Suppose
not. Let {z1,22,...,2,} C N(u) such that each z; is neither in 8§ nor in . Hence
in order to safeguard the edge uz;, 1 < i < k, at least one edge uz; is in E;. Now
Ey — {uz;} is an edge dominating set, which is a contradiction to the minimality of
E,.

Let u € 8. We claim that at most one non-pendant member of N(u) is not
adjacent to a member of § — {u}. Suppose not. Then there exist at least two non-
pendant members say u; and us of N(u) such that u; and us are not adjacent to
any member of 8 — {u}. Since w is a support, at least one edge incident at u is in
E;. Without loss of generality let uu; € E;. Now by (i) us is adjacent to a member
wy of W and w; is adjacent to a member wy of W. In order to safeguard the edges
upwy, at least one edge incident either at ugy or at w; (other than wyw,) is in Fj.
Then E; — {ugws} is an edge dominating set, a contradiction. Hence T' € 7.
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Conversely suppose T' € T. Let S = SU G[W] where S is the set of all support
edges in T. Then S is a 7/ set of T. Let f' = (FEy, E1, F2) be a function defined
by Ey = 0, By = S and Ey = E — E;. Then f’' is a WERDF as the movement
of the legion from any member of F; will not create any undefended edge. Now
Ywr(T) = 2|Es] + |E1| = |S| = +/(T). Hence the claim. O

6 Graphs with 4y, ,(G) = 27/(G)

In this section we characterize graphs G for which 7y, z(G) = 29/(G). Further we
characterize trees and unicyclic graphs for which 7}, 5(G) = 2v(G).

Theorem 6.1 Let G be a graph. Then iy r(G) = 2v'(G) if and only if every ~'-set
S of G satisfies the following conditions

(i) S is a 2-edge packing

(ii) For every edge e = wyuy € S, corresponding to each w;, i = 1,2 either there
exists an edge x; incident at u; with N(z;) C Nle] or there exist at least two
edges x;,y;, © = 1,2 incident at w; with N(z;) C Nle] U N(¢') and N(y;) C
Nle]UN(e') wheree € S.

(i11) If there exists exactly one edge x; incident at u; such that N(x;) C Nle], i = 1,2

and if no two edges w;, y; incident at u;, ¢ = 1,2 are such that N(w;) C
Nle]UN(€') and N(y;) C Nle] UN(€') where ¢ € S then x; and xo are not
incident.

Proof Suppose G satisfies the given condition. Let S be any ~’-set. We define a
function [’ = (Ey, F1, E2) by E» = S, Ey =0 and Ey = E — S. Then clearly f’is a
WERDF and 74y z(G) = 2| Ey| + | EL| = 2|S| = 27/(G).

Conversely suppose Vi, z(G) = 27'(G). Let f' = (Eo, Er, Es) be a v}y, p-function
of G. Then |E;| = 0 and F, is a - set. Let S be any ~'-set. We claim that S is a
2-edge packing. Let e, e5 € S. Suppose e; and ey are incident. Let f' = (Fy, E1, Ea)
be a function defined by Ey = S — {e1}, E1 = {e1}, By = E — (E1 U E;). The
movement of a legion from e; to any edge in epn(eq,.S) cannot create an undefended
edge. Hence clearly f’ is a WERDF. Then 7, z(G) < w(f’) = 2|Es] + |E1| =
2()S] — 1) +1 = 29'(G) — 1, a contradiction. Suppose there exists an edge e ¢ S
such that e, e, es form a path (in that order). Let g = (Ey, E1, E2) be defined by
Ey,=S5—{e1,ex}, By ={ey,eq,e} and Ey = E— (E; UE,). Clearly the movement of
a legion from e; to any member of epn(e;, S), i = 1,2 will not create an undefended
edge. Also the movement of the legion from e to any member of N(e) will not create
an undefended edge. Hence f’ is a WERDF. Therefore v, r(G) < 2|Es| + |Ey| =
2(]S| = 2) +3 = 27'(G) — 1, a contradiction. Hence S is a 2-edge packing.

To prove condition (i) let e = uyus € S. Consider uy. Let Z = {21, 22,..., 2}
be the collection of edges incident at w;. If there exists an edge z in Z such that
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N(z) C Nle], we are through. Otherwise, either no edge z in Z is such that N(z) C
Nle] U N(€') where ¢ € S or there exist exactly one edge say z; in Z such that
N(z;) C NleJ] U N(¢') for some ¢ € S. In the first case, corresponding to each
2z in Z, there exist edges y;,e; such that z;,y;, e; form a path (in that order) with
ziyi €S, e; € S and y; € epn(e;, S). In the second case, corresponding to each z;
(i # j), there exist edges y;, e; such that z;,y;, e; form a path (in that order) with
zi, Y €5, e, € Sand y; € epn(e;, S) and corresponding to z;, there exists an edge y;
such that z;,y;, ¢ form a path (in that order) with z;,y; € S and y; € epn(€’, S). In
conclusion corresponding to each z; incident at uq, there exist edges y;, e; such that
Zi, Uiy €; form a path (in that order) with z;,y; € S and e; € S and y; € epn(e;, S).
Let f' = (Ey, E1, E») be a function defined by Fy = S — {e,eq,ea,... 61}, B4 =
{e,e1,ea, ... €1, y1,Y2, -, U} and By = E — (E; U E;). Then the movement of a
legion from e; to epn(e;, S) — N(y;) will not create any undefended edge. Further
the movement of a legion from y; to N(y;) and the movement of a legion from e
to epn(e, S) — Z will not create any undefended edge. Hence f’ is a WERDF. But
then vy r(G) < w(f’) = 2|Es| + |E1| = 2(|S| -k —-1)+2k+1=2y'(G) — 1, a
contradiction. Similarly we deal with a vertex uy and get a contradiction. Hence
condition (77) holds.

Finally we prove condition (7). Now if there exists exactly one edge x; incident
at u; such that N(z;) C Nle] and no two edges x;,y; incident at u;, ¢ = 1,2 are
such that N(z;) C N[e] U N(¢') and N(y;) C N[e] U N(¢') where ¢/ € S then we
claim that z; and z are not incident. Suppose not. Let 21, 29, ..., 2, be the edges
in N(e) — {z1} incident at u; and let vy, vs,...,v,, be the edges in N(e) — {x2}
incident at us. Then there exist edges 7;, ¢;, 1 < i < k such that z;, r;, e; form a path
(in that order) with z;,r; € S, e; € S and r; € epn(e;,S). Also there exist edges
gj,hy, 1 < j < m such that v;,g;, h; form a path (in that order) with v;,g; & S,
h; € S and g; € epn(h;,S). Let f' = (Ey, E1, E2) be a function defined by Ey =
S—{e1,ea,...,ex h1,hay .. hm, e}, By ={e1, €0, .. ek, 71,79,y Try Bay hay o B,
91,92, - gms €}, Fo = E — (Ey U Ey). Then as discussed earlier, we see that f’ is a
WERDF and vy p(G) < w(f) = 2|Eq|+|Ey| = 2(]S| — (m+k—1))—2(m+k)+1 =
2v'(G) — 1, which is a contradiction. Hence condition (i) holds. O

In order to characterize trees and unicyclic graphs with vy, z(G) = 2v/(G), we
define a family G of graphs as follows. For convenience, we call an edge e = wv
a strong support edge if both u and v are support vertices. A graph G € G if the
following conditions hold.

(i) Every edge of G is either a strong support edge or incident to exactly one
strong support edge.

(i) No two strong support edges are incident.

An example of a tree in the family G is shown in Figure 2.

Theorem 6.2 Let T be a tree. Then iy p(T) = 2v(T) if and only if T € §.



WEAK EDGE ROMAN DOMINATION 135

Figure 2: A tree T € G

Proof Let S be the set of all strong support edges of T. If T € G, define f' =
(Eo, E1,E5) by B =S, By = () and Ey = E — E;. Then f’ is a WERDF as the
movement of the legion from any member of S cannot leave any undefended edge.
Now vy g(T) = 2| Es| + |E1| = 2|S| = 2+/(T).

Conversely let i, (T) = 29/(T). Let S be any «'-set of T. Then by Theorem
6.1, S is a 2-edge packing and every member e = ujuy of S satisfies condition (7i) of
Theorem 6.1. Hence there exists an edge z; incident at u; such that N(x;) C Ne].
i.e., z; is a pendant edge. Hence each e € S is a strong support edge. Next we claim
that every strong support edge is in S. Suppose €/ = wjwy be a strong support edge
of T not in S. Then there exists two pendent edges wiv; and wove. Since wqvy is
either in S or incident to an edge of S there exists an edge e; of S incident at w; and
distinct from ¢e’. Similarly, there exists an edge ey of S incident at wy and distinct
from e’. Now since S is a 2-edge packing, this is impossible. So ¢/ € S. Hence S is
the set of all strong support edges of T. Hence T" € §.

Since S is a 4'-set and S is a 2-edge packing, every ¢/ € F—S is incident to exactly
one strong support edge and no two strong support edges are incident. Hence T' € G.

O

Theorem 6.3 Let G be a unicylic graph with cycle C,, n > 6. Then v, r(G) =
29/(G) if and only if G € G.

Proof If G € G then clearly ~j, r(G) = 27/(G).

Conversely suppose vy p(G) = 27'(G). Then by Theorem 6.1, there exists a
~v'-set S satisfying the conditions of Theorem 6.1. Let e = ujus € S. Corresponding
to each u;, if there exists a x; incident at u; such that N(z;) C N[e] then clearly e
is a strong support edge of G. As in the proof of Theorem 6.2 we can prove that
S is the set of all strong support edges of G. Suppose at wuy, if there exists no
edge z incident at u; such that N(z) C Nle] and there exist two edges z,y incident
at u; with N(z) C Ne] U N(€') and N(y) C Nle] U N(e') where ¢ € S then let
w, € N(z) N N(e') and w, € N(y) N N(e’). Now the edges z,y, w,, €, w, form a C;
(in that order) if w, and w, are not incident and the edges z, y, w,, w, form a Cy (in
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that order) if w, and w, are incident which is a contradiction since n > 6. Hence

G e S. O

Theorem 6.4 Let G be a unicyclic graph with cycle C,, n =4,5. Then iy r(G) =
2v(G) if and only if either G € G or two non adjacent vertices x,y of C,, are of degree
two and each component of G — {ey,es} is in G where e; and ey are non incident
edges which are incident at x and y respectively.

Proof Let G be unicyclic graph with cycle C,,, n = 4,5 satisfying the given condi-
tions. Let S be the set of all strong support edges of G—{e1, e2}. We define a function
g = (Fy, E1, Es) asfollows. Ey =S, Ey = 0 and Ey = (E(G—{e1,e2})—F2)U{eq, e}
Then ¢ is a WERDF as the movement of the legion from one edge to other edge
cannot leave any undefended edge. Then v, r(T) = 2|Es| + |E1| = |S| = v/ (G).

Conversely let vjy r(G) = 27/ (G). Let S be any v/-set. Then S is a 2-edge packing
satisfying the conditions of Theorem 6.1.

Case (i) n=>5

Clearly exactly one edge of C5 = (uq, ug, us, uy, us,u1) is in S. Without loss of
generality let ujus € S. Then there exist edges x; and x incident at u; and us
respectively such that N(x1) C N[ujug] and N(xzy) C N[ujus] which implies that
x1 and x5 are pendant edges. Hence w; and wuy are support vertices. Now some
edge e ¢ C5 incident at uy is in S. If uy is a support then G € G. If uy is a
non support, we claim that deg(us) = deg(us) = 2. Suppose not. Without loss
of generality let deg(uz) > 2. Since uguy € S, some edge x incident at ug is in
epn(e’, S) where ¢/ € S. Let f' = (Fy, F1, E3) be defined by Fy = S — {e, €/, ujus},
Ey ={e €, x,ujus, usuy}, By = E — (Ey U Ey). Then clearly f’ is a WERDF such
that iy r(G) < 2|Es| + |E1| = 2(]S| — 3) + 5 = 29/(G) — 1, a contradiction. Hence
if uy is not a support, deg(us) = deg(us) = 2. Let G; and G be the components of
G — {uguz, urus }. Since S is a 2-edge packing satisfying the conditions of Theorem
6.1, we see that G and G5 are in G.

Case (ii) n=14

Let Cy = (uq, ug, us, g, u1). Clearly no edge of Cy is in S. Hence there exist edges
say ep, ez in S incident at two non adjacent vertices in C,,. Without loss of generality
let e; and e be incident at u; and ug. If u; and ug are supports, then clearly G € G.
If at least one of u; or ug is not a support, then deg(uy) = deg(uy) = 2. Let Gy and
Go be the components of G — {ujug, usus}. Since S is a 2-edge packing satisfying
the conditions of Theorem 6.1, we see that G; and G5 are in G. Il

Theorem 6.5 Let G be a unicyclic graph with cycle C3 = (uy,uz,us,u1). Then
Ywr(G) =29/ (G) if and only if either G € G or G satisfies the following conditions.

(i) Fzactly one vertez, say ui, is a support.
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(ii) Either uy or uz is of degree two.

(i1i)) G — {e} is in G, where e is the edge joining uy and the vertex of degree two

m 03.

Proof Let G be a unicyclic graph with cycle C5 = (us, ug, u3, u1). Suppose G ¢ G.
Then G satisfies the given conditions. Let S be the set of all strong support edges
of G — {e}. We now define a function f' = (Ey, E1, E2) as follows. Ey =S, E; =0
and Ey = (E(G —{e}) — E2) U{e}. Then f’is a WERDF since the movement of the
legion from any member of S cannot leave any undefended edge. Then vy, z(T) =
2|Es| + |Eh| = 2|S| = 2v/(G). Hence we obtain i, z(G) = 27/(G).

Conversely, let i, r(G) = 27/(G). Let S be any +'-set of G. By Theorem 6.1, S
is a 2-edge packing. Furthermore, S satisfies conditions (%) and (%) of Theorem 6.1.
Clearly exactly one edge of C3 is in S. Without loss of generality, let ujuy € S. Then
there exist edges x; and x5 incident at u; and us such that N(z1) C Nlujus] and
N(z2) C N[ujug]. If 1 and x4 are the only edges incident at u; and us respectively,
with N(z;) C Nle], i = 1,2, then by condition (i) of Theorem 6.1, 1 and x5 are
not incident. Hence at least one of x1 or x5 is a pendant edge. If both z; and z,
are pendant edges, then clearly G € G. Otherwise, without loss of generality, let
x1 be a pendant edge and x5 be a non-pendant edge. Then wu; is a support. Since
N(z2) C Nlujus], we have x5 = usug and deg(uz) = 2. Now clearly G — {ujus} is
in G. O
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