AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 51 (2011), Pages 49-60

Critical concept for 2-rainbow domination in graphs

NADER JAFARI RAD

Department of Mathematics
Shahrood University of Technology
Shahrood
Iran
n.jafarirad@shahroodut.ac.ir

Abstract

For a graph G, let f: V(G) — P({1,2,...,k}) be a function. If for each
vertex v € V(G) such that f(v) = 0 we have Uyenw) f(u) = {1,2,... Kk},
then f is called a k-rainbow dominating function (or simply kRDF) of
G. The weight, w(f), of a kRDF f is defined as w(f) = >, cy @) [f(v)].
The minimum weight of a kRDF of G is called the k-rainbow domination
number of G, and is denoted by ~..(G). The concept of criticality with
respect to various operations on graphs has been studied for several dom-
ination parameters. In this paper we study the concept of criticality for
2-rainbow domination in graphs. We characterize 2-rainbow domination
vertex (edge) super critical graphs and we will give several characteriza-
tions for 2-rainbow domination vertex (edge) critical graphs.

1 Introduction

Let G = (V(G), E(G)) be a simple graph of order n. We denote the open neigh-
borhood of a vertex v of G by Ng(v), or just N(v), and its closed neighborhood by
N[v]. The degree of a vertex v is |[N(v)|, and the maximum degree of vertices of
G is denoted by A(G). For a vertex set S C V(G), we let N(S) = U,esN(v) and
N[S] = UyesN[v]. A set of vertices S in G is a dominating set if N[S] = V(G). The
domination number of G, v(G), is the minimum cardinality of a dominating set of
G. For notation and graph theory terminology in general we follow [10].

A function f: V(G) — {0,1,2} is a Roman dominating function (or just RDF)
if every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which
f(v) = 2. The weight of an RDF is the value f(V(G)) = >_,cy (g f(u). The Roman
domination number of a graph G, vr(G), is the minimum weight of an RDF on G;
see [3, 7, 8.

For a graph G, let f: V(G) — P({1,2,...,k}) be a function. If for each vertex
v € V(G) such that f(v) = 0 we have Uyen() f(u) = {1,2,...,k}, then f is called
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a k-rainbow dominating function (or simply kRDF) of G. The weight, w(f), of
fis defined as w(f) = >_,cy(q |f(v)]. The minimum weight of a kRDF of G is
called the k-rainbow domination number of G, and is denoted by ~x.(G). Clearly
71-(G) = ¥(G). For references on rainbow domination in graphs, see for example
[1, 17, 18].

For many graph parameters, criticality is a fundamental question. The concept of
criticality with respect to various operations on graphs has been studied for several
domination parameters. Much has been written about graphs where a parameter
increases or decreases whenever an edge or vertex is removed or added. This con-
cept has been considered for several domination parameters such as domination,
total domination, global domination, secure domination and Roman domination, by
several authors. This concept is now well studied in domination theory. For refer-
ences on the criticality concept on various domination parameters see, for example
[2, 4, 5,6, 7, 8 9,11, 12, 13, 14, 15]. In this paper we consider this concept for
2-rainbow domination.

We call a graph G:

e 2-rainbow domination vertex-critical, or just ya.-vertex critical, if o, (G —v) <
Yor(G) for any vertex v € V(G);

e 2-rainbow domination vertex super critical, or just ~yo.-vertexr super critical, if
Yor (G — v) > 79,(G) for any vertex v € V(G);

e 2-rainbow domination edge critical, or just yo.-edge critical, if Yor (G + €) <
~or(G) for any e € E(G), where G is the complement of G;

e 2-rainbow domination edge super critical, or just 7ya.-edge super critical, if
~Yor (G — €) > ¥9,(G) for any edge e € E(G).

In Section 2 we study ~o.-vertex critical graphs and ~g.-vertex super critical
graphs. We first show that there is no ~o,.-vertex super critical graph, and then
study 7a,-vertex critical graphs. We characterize all vo,.-vertex critical trees as well
as unicyclic graphs. In Section 3 we characterize vo.-edge super critical graphs. In
Section 4 we study 7a.-edge critical graphs, and prove that no tree is v,,-edge critical.

We recall that a leaf in a graph G, where G is not isomorphic to K», is a vertex
of degree one, and a support vertex is one that is adjacent to a leaf. We also refer
to a yg.-function in a graph G as a 2RDF with minimum weight. For a ~s,.-function
f on a graph G and a vertex v € V(G) we denote by f|g_, the restriction of f on
V(G)\ {v}.

For a 2RDF f on a graph G, and a vertex v € V(G) with f(v) # 0, we call the
open private neighbor set of v upon f by pn(v, f) = {u € N[v] : f|g—. is not a 2RDF
for G — v}, and the closed private neighbor set by pn[v, f] = pn(v, f) U {v}.
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2 Vertex removal

We begin with the following lemma.

Lemma 1 For any vertex v in a graph G, v2,.(G) — 1 < 49,.(G — v) < 49,.(G) +
A(G) - 1.

Proof. Let v € V(G), and let f be a ~yo-function for G — v. We define f; on
V(G) by fi(v) = {1} and fi(z) = f(z) if # # v. Then f; is a 2RDF for G, and
so the lower bound follows. For the upper bound let g be a ~o,.-function for G. If
g(v) = 0, then g|g_, is a 2RDF for G — v. So we suppose that g(v) # (. Let
A={x e N@w):g(x) =0}. Now we define g; on G —v by g1(z) = g(z) if © & A,
and gi(z) = {1} if # € A. Then g is a 2RDF for G — v, and so the upper bound
follows. m

We show that there is no 7,.-vertex supper critical graph.

Lemma 2 Let v € V(G) such that o, (G — v) > 79,(G). Then for any 7y, -function
f for G, f(v) # 0, and p(v, f) £ 0.

Proof. Let v € V(G) such that 7, (G — v) > 7,.(G), and let f be a ~o.-function
for G. If f(v) = 0 then f|g_, is a 2RDF for G — v, and so 72,(G — v) < 72,(G), a
contradiction. So f(v) # 0. If pn(v, f) = 0, then f|g_, is a 2RDF for G — v, and so
Y2r (G — v) < 772,(G), a contradiction. m

If G is a 7o,-vertex super critical graph of order n, then by Lemma 2, v,,.(G) = n
and A(G) > 2. Now if z is a vertex of maximum degree, then f defined on G by
flz) ={1,2}, f(u) =0 if u € N(z), and f(u) = {1} ifu € V(G) — Nlx] is a 2RDF
with weight n — 1 which is a contradiction. Thus we have the following.

Theorem 3 There is no 7ya.-vertex super critical graph.

Next we study e,.-vertex critical graphs. Many results in the rest of this section
are similar to the results in [7, 8] for Roman domination vertex critical graphs. By
Lemma 1 we have the following.

Lemma 4 For any vertex v in a vya.-vertex critical graph G, Yo, (G —v) = 72,.(G) — 1.

In the following we give a characterization of ~q,.-vertex critical graphs.

Theorem 5 A graph G is ya.-vertex critical if and only if for every v € V(G) there
is a yar-function f for G such that |f(v)] =1 and pnfv, f] = {v}.

Proof. Let G be a vg.-vertex critical graph and let v € V(G). By Lemma 4,
Yor (G —v) = 72,(G) — 1. Let f be a 7,.-function for G —v. We define g on V(G) by
g(v) = {1} and g(x) = f(x) if x # v. Then g is a 2RDF for G and pn[v, g] = {v}.
Since w(g) = v2-(G), g is a vya-function for G. The converse is obvious. ®
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Lemma 6 (/1) (1) v2r(Po) = [5] + 1.

(2) Forn > 3,
e if n=0 (mod4),
Y2r(Cr) = { 5] +1 otherwise.

Since removing any vertex of a cycle C,, produces a path P,_;, by a simple
calculation we obtain the following.

Proposition 7 A cycle C,, is vo,.-vertex critical if and only n =2 (mod 4).

From [7] we know that a cycle C,, is Roman domination vertex critical if and
only if n 2 0 (mod 3). Proposition 7 now implies that a ~,.-vertex critical graph is
not Roman domination vertex critical in general, and a Roman domination vertex
critical graph is not vy,-vertex critical in general.

Lemma 8 Any support vertex in a vor-vertex critical graph is adjacent to exactly
one leaf.

Proof. Let G be a 7,.-vertex critical graph, and x be a support vertex. Suppose
to the contrary that y,z be two leaves adjacent to x. By Theorem 5, there is a
yor-function f for G such that |f(z)] = 1 and pn[z, f] = {#}. Then f(y) # 0 and
f(z) # 0. We define g on V(G) by g(z) = {1,2}, g(y) = g(z) = 0, and g(v) = f(v) if
v & {z,y,z}. Then g is a 2RDF for G with weight less than ~,,.(G), a contradiction.

]

Now we characterize 7o,-vertex critical trees.
Theorem 9 A tree T is ~yo,.-vertex critical if and only if T = K.

Proof. It is obvious that Kj is 7yg.-vertex critical. Let T be a ~g.-vertex critical
tree of order m. Assume that n > 3. Let x be a support vertex of T, and z be the
unique leaf adjacent to x. Let y # z be adjacent to z. By Theorem 5 there is a
~yar-function f for G such that |f(y)] = 1 and pnly, f] = {y}. Then f(z) # 0 and
f(z) # 0. Without loss of generality assume that f(y) = {1}. We define g on V(G)
by g(z) =0, g(z) = {2}, and g(v) = f(v) if v & {x,y,2}. Then g is a 2RDF for G
with weight less than ~,,.(G), a contradiction. m

Recall that the corona, cor(H), of a connected graph H is the graph obtained
from H by adding a pendant edge to each vertex of H.

Proposition 10 v, (cor(Cy)) = yar(cor(F,)) = n + [%].

Proof. Let G = cor(C,) and f be a ~y.-function for G. Suppose that z,y, 2z are
three support vertices with {z, 2z} C N(y) and f(x) = f(y) = f(z) = 0. Let x1,91, 21
be the leaves adjacent to x,y, z, respectively. Then f(y;) = {1,2}. We define g on
V(G) by g(y) = g(y1) = {1}, and g(v) = f(v) if v &€ {y,y1}. So we may assume
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that for any path x —y — 2z on C,, {f(2), f(y), f(2)} # {0}. This implies that
> vevioy [f(0) = [3]. But if z is a leaf of G with f(z) = 0, and 2’ € N(z), then
f(z') = {1,2}. We deduce that w(f) > [§] +n. On the other hand we define f on
V(G) by the following;:

If n =0 (mod 3), then f(vgiy1) = f(vgize) = 0 for 0 <i < 2 —1, f(vy) = {2}
for 1 <i < %, and f(z) = {1} for any leaf .

If n =1 (mod 3), then f(vsi11) = f(vsipe) = 0 for 0 <i < [5] =1, f(vy) =2
for 1 <7 < [3], f(va) = {2}, and f(x) = {1} for any leaf =.

If n =2 (mod 3), then f(vsi11) = f(vsiga) = 0 for 0 <i < [B] =1, f(vs) =2
for 1 <i < [%], f(va) = {2}, f(vn_1) =0, and f(x) = {1} for any leaf .

Then f is a 2RDF for G' with w(f) = [§] + n. This completes the proof for
cor(Cy).

Next we consider cor(P,). Any 7--function for cor(P,) is also a 2RDF for
cor(Cy). So 7ar(cor(F,)) > n+ [§]. Now consider the 2RDF f defined above for
cor(C,,). There are two adjacent support vertices x,y in cor(C,,) such that f(x) =
f(y) = 0. Then f is a 2RDF for cor(C;,) —zy = cor(F,). Thus vy, (cor(P,)) < n+[%].

Hence ’)/QT(COI‘(C,L)) = 72T(C0r<Pn)) =n-+ |—§“ u

Proposition 11 For n > 3, cor(C,) is 7ya.-verter critical if and only if n = 1
(mod 3).

Proof. Let x € V(cor(C,)). First suppose that x is a leaf. Let y be the support
vertex adjacent to x. Consider the 2RDF f for cor(C,,) described in the proof of
Proposition 10. Without loss of generality assume that f(y) # (). Then pn[z, f] =
{z}. By Theorem 5, 7, (cor(C,) — ) < 7o,(cor(Cy)). Next assume that z is a
support vertex. Removing z results in a graph cor(P,_;) and an isolated vertex.
So var(cor(Cy) — ) = 7or(cor(P,_1)) + 1. Now a simple calculation implies that
[2]4+n—1=[2]+n—1+1ifand onlyifn=1 (mod 3). m

Now we are ready to characterize vo,.-vertex critical unicyclic graphs. Let &£ be
the class of graphs such that G € £ if and only if G = C,,, where n = 2 (mod 4), or
G = cor(C,,), where n = 1 (mod 3).

Theorem 12 A unicyclic graph G is vo.-vertex critical if and only if G € £.

Proof. By Propositions 7 and 11, any graph in & is ~o,-vertex critical. Let G be
a unicyclic yo,-vertex critical graph. Let C' be the unique cycle of G. If G = C,
then by Proposition 7, G € £. So we assume that G # C. Let = be a leaf such
that the minimum distance from z to the cycle C' is maximized. Let y € V(C') such
that d(z,C) = d(x,y) = k, and let P be the shortest path from x to y. If & > 2,
then we let y; be a vertex on P at distance 2 from x. Let y» be the support vertex
adjacent to x. By Lemma 8, deg(ys) = 2. By Theorem 5 there is a vo,-function f
for G such that |f(y1)| = 1 and pnlys, f] = {yx1}. Then |f(z)|+|f(y2)| > 2. Without
loss of generality suppose that f(y;) = {1}. We define g on V(G) by g(z) = {2},
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g(y2) = 0, and g(v) = f(v) if v € {z,y2}. Then g is a 2RDF for G with weight less
than 7, (G), a contradiction. We deduce that k = 1. If G # cor(C'), then we may
choose a support vertex y on C' such that y has a neighbor 2’ with deg(z') = 2. By
Theorem 5, there is a 7g,-function f for G such that |f(y)| = 1 and pnly, f] = {y}.
Let y; be the leaf adjacent to y. Then f(y1) # 0. Also f(x') # (), since deg(z’) = 2.
Let 1 € f(a'). We define g on V(G) by g(y) = 0, g(y1) = 2, and g(v) = f(v) if
v & {y,y1}. Then g is a 2RDF for G with weight less than 7,,(G), a contradiction.
So G = cor(C'). By Proposition 11, G € £. m

3 Edge removal
Lemma 13 For any edge e in a graph G, v2,.(G) < 72.(G — e) < 42.(G) + 1.

Proof. Let e € E(G). The lower bound is obvious, since any 7o.-function for G —e is
also a 2RDF for G. Let e = zy and let f be a yo,-function for G. If @ & {f(z), f(v)},
or f(z) = f(y) =0, then f is a 2RDF for G — e, and 50 79,.(G — €) < 79,.(G). So we
assume that f(z) = 0 and f(y) # . Then g defined on G — e by g(z) = {1} and
g(v) = f(v) if v # x, is a 2RDF for G — e. So the upper bound follows. m

By Lemma 13, for any edge e in a ~yy,-edge super critical graph G, 7o,(G —e) =
Y2 (G) + 1. The following proposition provides some examples of ~o.-edge super
critical graphs. The proof is straightforward using Lemma 6, and so is omitted.

Proposition 14 (1) The path P, is va.-edge super critical if and only if n is an odd
number greater than 1.
(2) The cycle C,, is vya.-edge super critical if and only if n =0 (mod 4).

In the following we characterize all yo,-edge super critical graphs. Let F be the
class of all graphs G of order at least 3 such that G € F if and only if G is a star, or
G is a bipartite graph such that for any 7,.-function f the following hold:

(1) for any v € V(G), |f(v)| £ 1;
(2) if f(v) = 0 for some vertex v, then deg(v) = 2;
(3) for any two adjacent vertices z,y, f(z) # f(y), and 0 € {f(x), f(v)}.

Theorem 15 A connected graph G of order n is ya.-edge super critical if and only
ifGeF.

Proof. First, any star of order at least three is ~o,-edge super critical. Let G be a
bipartite graph such that for any ~.-function f:

(1) for any v € V(G), |f(v)| £ 1;

(2) if f(v) = 0 for some vertex v, then deg(v) = 2;

(3) for any two adjacent vertices z,y, f(z) # f(y), and 0 € {f(z), f(y)}.

We show that G is vo,.-edge super critical. Let e = xy € E(G). Suppose to the
contrary that vo,.(G — €) = 72,.(G). Let f be a yg.-function for G — e. Then f is
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a ya-function for G. By (3) assume that f(z) = 0. By (2), deg(z) = 2. Then
dega_.(x) = 1. Let z € Ng_.(x). It follows that f(z) = {1,2}. This contradicts (1).
So Yo, (G — €) = 42,(G) + 1. Hence G is ~yo,-edge super critical.

Conversely, let G be ~q,.-edge super critical. If G is a star, then G € F. So we
assume that G is not a star. Let f be a ~g.-function for GG. If there is a vertex x
in G with f(x) = {1,2}, then there are two vertices y, z different from z such that
y € N(z) and z € N(y), since G is not a star. Then f is a 2RDF for G — yz,
a contradiction. We deduce that for any vertex z, |f(z)| < 1. This proves (1).
If there is a vertex v in G such that f(v) = 0 and deg(v) > 3, then there are
Y1, Y2,y3 in N(v) such that f(y;) = {1} and f(y2) = {2}. Then f is a 2RDF for
G — vys, a contradiction. This proves (2). If a, b are two adjacent vertices such that
0 {f(a),f(b)} or f(a) = f(b), then f is a 2RDF for G — ab, a contradiction. This
proves (3). Now {u : f(u) € {{1},{2}}} and {u : f(u) = 0} form a bipartition for
G, and so G is bipartite. =

4 Edge addition

Lemma 16 For any edge e € E(G), 79,(G) — 1 < 72,(G + €) < 72,(G).

Proof. Let e € E(G). The upper bound is obvious, since any vs,-function for G

is also a 2RDF for G + e. Let e = zy, and let f be a 7g.-function for G + e. If

0 & {f(x),f(y)} or f(z) = f(y) =0, then f is a 2RDF for G, and so 2. (G + ¢) >

72-(@). So we may assume that f(z) = 0 and f(y) # 0. Then g defined on V(G) by

g(z) = {1} and g(v) = f(v) if v # z, is a 2RDF for G, and s0 7, (G) < 79, (G+e)+1.
]

If G is a 7g--edge critical graph, then by Lemma 16, for any edge e € E(G),
Yor(G+€) = 72,.(G)—1. Tt is clear that no complete graph is y9,-edge critical. We will
see later that no path is vo,-edge critical as well. Let n > 3 and let G = K,+K,,. It is
a routine matter to see that G is yo.-edge critical if and only if m = 1. Furthermore,
if G is a 7yo,-edge critical graph, then it is easily seen that G + K is ~yo,.-edge critical.

In the following we give a characterization of ~,,-edge critical graphs.

Theorem 17 A graph G is vo.-edge critical if and only if for any two non-adjacent
vertices x,y, there is a Yo.-function f for G such that one of the following holds:
(D)@ W)} =112}, and if |f(w)] =1 for w € {z,y} then pn[w, f] = {w}.
2) {f@), Ifw))} = {1}, and there is w € {x,y} such that pnfw, f] = {w} and
Usenw) f(0) = {12} \ f(w'), where {w'} = {z,y} \ {w}.

Proof. Let G be a vq,.-edge critical graph and z,y be two non-adjacent vertices of
G. By definition, v,(G + €) = 7,(G) — 1. Let f be a vg.-function for G +e. If
0 &{f(x),f(y)} or f(x) = f(y) =0, then f is a 2RDF for G, a contradiction. So
we assume that f(z) =0 and f(y) # 0. Furthermore, |J (@ | < 1. We consider
the following cases.

vENg
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Case 1. |f(y)] = 2. Then g defined on V(G) by g(z) = {1}, and g(v) = f(v) if
v # x, is a 2RDf for G, and pn[z, g] = {z}. Since w(g) = 72,(G), g is a 7a-function
for G.

Case 2. |f(y)| = 1. Suppose that f(y) = {1}. There is a vertex z € N(z) such
that 2 € f(z) and clearly f(z) = {2}. Then g defined on V(G) by g(z) = {1} and
g(v) = f(v) if v # z, is a 2RDf for G, and pn[z, g] = {z}. Since w(g) = 12, (G), g is
a Yor-function for G. Finally we observe that (J,cy ) f(v) = {2}.

The converse is obvious. m

Lemma 18 Any support vertex in a ~yo.-edge critical graph is adjacent to exactly
one leaf.

Proof. Let G be a vo,-edge critical graph, and let x be a support vertex adjacent
to at least two leaves y, z. By Theorem 17 there is a y,.-function f for G such that
one of the following holds:
(W) {IF W) 1F ()]} = {1, 2}, and if [ f(w)] = 1 for w € {y, 2} then pnfw, f] = {w};
@) {lf@W),1f(z)|} = {1}, and there is w € {y, z} such that pn[w, f] = {w} and
Usen) f(0) = {1,2}\ f(w'), where {w'} = {y, 2} \ {w}.

In both cases we define g on V(G) by g(z) = {1,2}, g(y) = g(z) = 0, and
g(v) = f(v) if n & {z,y,2}. Then g is a 2RDF for G with weight less than 7o, (G),
a contradiction. m

Proposition 19 There is no ~o.-edge critical tree.

Proof. Assume to the contrary that T is a 7g.-edge critical tree. Let ¥,z be two
leaves such that d(y, z) = diam(T), and let P be the path between y and z. It is easy
to see that Py, P3 and P, are not vyo.-edge critical. So diam(T) > 4. Let u € N(y),
v € N(z) and w € N(u)\{y}. By Lemma 18, deg(u) = deg(v) = 2. By Theorem 17,
there is a vo.-function f for T" such that one of the following holds:

(W) {IF W) 1f(2)[} = {1, 2}, and if [f(a)| = 1 for a € {y, 2} then pnla, f] = {a};

@) {IfWI, 1f(2)|} = {1}, and there is a € {y,z} such that pn[a, f] = {a} and
Useniay f(v) = {1,2}\ f(w'), where {w'} = {y, 2} \ {a}. We consider the following

cases.

e Case 1. diam(T) = 4. Assume that (1) holds. Without loss of generality
we may assume that f(y) = {1}, and so f(u) # 0. If f(v) # 0, then we
replace f(z) by {1} to obtain a 2RDF for T with weight less than 7,,(T), a
contradiction. So f(v) = 0. Also we observe that |f(u)] = 1. If f(w) # 0,
then | f(w)| = 1 and we replace f(u) by 0 and f(y) by {1,2}\ f(w) to obtain a
2RDF for G with weight less than v,,.(T'), a contradiction. So f(w) = @. Then
we define f on V(T) by fi(w) = {1}, fily) = f1(2) = {2}, fi(u) = fi(v) =0,
and fi(z) = f(z) if © & {y,u,w,v,z}. Then f; is a 2RDF for T" with weight
less than 72,.(T), a contradiction.



2-RAINBOW DOMINATION IN GRAPHS 57

So we assume that (2) holds. Let f(y) = {1}, pn[y, f] = {y}, |f(v)| = 1, and
f(u) # f(2). We show that f(w) = 0. Suppose to the contrary that f(w) # 0.
Without loss of generality assume that 2 € f(w). Then we replace f(u) by
0, and f(y) by {1} to obtain a 2RDF for G with weight less than v2,(G), a
contradiction. Thus f(w) = 0, and so f(v) # 0. Then |f(y) U f(u) U f(w) U
fw)U f(z)| = 4. Now we define g on V(T) by g(y) = {1} = g(2), g(w) = {2},
g(u) =g(v) =0, and g(z) = f(z) if & {y,u,w,v,z}. Then g is a 2RDF for
T of weight less than ~,,.(T), a contradiction.

Case 2. diam(T) = 5. Let v; € N(v) \ {z}. Assume that (1) holds, and
without loss of generality assume that f(z) = {1,2}, and f(y) = {1}. Asin
Case 1, we observe that f(v) = f(w) =0 and |f(u)] = 1. If 1 € f(v1), then
we replace f(z) by {2} to obtain a 2RDF for T' with weight less than ~o,.(T), a
contradiction. So 1 & f(v1) and similarly 2 & f(v1), and thus f(v;) = 0. If w is
adjacent to a support vertex w; different from u, then we let wy be the unique
leaf adjacent to w; by Lemma 18. Then |f(w)| + |f(w2)] > 2. We define ¢;
on V(T) by g1(w) = {2}, g1 (u) = g3 (w3) = 0. gy (wa) = {1}, and g1(2) = £()
if 2 & {u,w,wy,wy}. Then g is a 2RDF for G with weight less than o, (G),
a contradiction. So u is the only support vertex adjacent to w. Suppose that
f(u) = {1}. But f(w) = 0. Thus there is exactly one leaf w3 adjacent to w,
and we observe that f(wsz) = {2}.

Next we consider v;. We know that f(v1) = (). Assume that there is a vertex
vy € N(v1) such that f(ve) = {1,2}. If vy is a leaf, then we replace f(vs) by
{1}, f(v1) by {2}, and f(z) by {1} to obtain a 2RDF for G with weight less
than vo,(7T'), a contradiction. So vs is a support vertex with a unique leaf vg by
Lemma 18. Then we replace f(vs) by {1}, f(v1) by {2}, f(v2) by 0 and f(z) by
{1} to obtain a 2RDF for G with weight less than 7,,(T), a contradiction. We
deduce that for any neighbor x of vy, |f(z)| < 1. But f(v1) = f(w) = f(v) = 0.
So there are two vertices vg, v5 € N(v1) such that f(vs) = {1} and f(vs) = {2}.
Then we replace f(v1) by {1,2}, f(v4) and f(vs) by §, and f(z) by {1} to obtain
a 2RDF for T with weight less than ~s,.(T"), a contradiction.

It remains to assume that (2) holds. Assume that f(y) = {1}, and pnly, f] =
{y}, and f(u) # f(z). As before, we obtain f(w) = (). Without loss of
generality assume that f(z) = {2} and f(u) = {1}. We show that deg(w) < 3.
If deg(w) > 4, then we replace f(w) by {1,2}, f(z) by 0 if z € N(w) \ {v1},
and f(z) by {1} if z is a leaf at distance 2 from w and x & N(v1), to obtain a
2RDF for G with weight less than 7,,.(T"), a contradiction. So deg(w) < 3.

Next we show that deg(v;) < 3. Suppose that deg(v1) > 4. Let a; # v be a
support vertex adjacent to vy, and as be the leaf adjacent to a;. By Theorem 17,
there is a ~yo,-function h for T such that one of the following holds:

(D) {lA(ar)l; [h(v)[} = {1,2}, and if [f(a)| = 1 for a € {a1,v} then pn[a, f] =
{a};

(I1) {|f(a1)|,|f(v)|} = {1}, and there is a € {a;,v} such that pnla, f] = {a}
and Uyen(q) f(0) = {1, 2} \ f(c), where {c} = {a1, v} \ {a}.
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If h satisfies (1), then |h(v)] + |h(2)| + |h(a2)| + [h(a1)| > 4. If f(v1) # 0,
then we may assume that 1 € f(vq), and so we replace h(a;) and h(v) by 0,
h(az) and h(z) by {2} to obtain a 2RDF for T with weight less than ~o,.(T),
a contradiction. So f(v;) = 0. Then we replace h(a;) and h(v) by 0, h(as)
and h(z) by {2}, and h(v;) by {1} to obtain a 2RDF for T with weight less
than 7,,.(T"), a contradiction. Therefore we assume that h satisfies (II). Then
|n(ar)| + [h(az)| + |h(v)| + |h(2)| > 4, and as in Case 1 we obtain f(v;) = 0.
Then we replace h(vi) by {2}, h(a;) and h(v) by @, and h(ay) and h(z) by
{1} to obtain a 2RDF for G with weight less than 7,,(G), a contradiction. We
conclude that deg(v;) < 3.

We next show that deg(w) = 2. Suppose that deg(w) = 3. We know that
f(w) = 0. If w is not a support vertex, then there is a support vertex a; #
u which is adjacent to w. Let ay be the leaf adjacent to a;. We replace
f(w) by {1}, f(a1), f(u) by @, and f(as), f(y) by {2} to obtain a 2RDF for
G with weight less than ~5,.(T), a contradiction. So w is a support vertex
adjacent to exactly one leaf. If deg(vy) = 2, then vo,.(T) = 7o, (T + uv) = 5,
a contradiction. So deg(v;) = 3. If v; is not a support vertex, then there is a
support vertex a; # v adjacent to vy, and by Lemma 18, deg(a;) = 2. Then
Yor(T) = 2, (T + a1v) = 6, a contradiction. So vy is a support vertex. This
time 7o, (T') = 72, (T + uv) = 6, a contradiction. Hence deg(w) = 2.

If deg(vy) = 2, then T = P, which is not 7o.-edge critical, since 7o, (Ps) =
Yor(Ps + uwv) = 4. So deg(vy) = 3. If vy is a support vertex, then ~,.(T) =
~yor(T 4+ uv) = 5, a contradiction. So v; is not a support vertex. This time
Yor(T) = Yor (T + yz) = 5, a contradiction.

e Case 3. diam(T) > 6. Let v; € N(v) \ {#}. By Theorem 17 there is a 7o~
function g for T" such that one of the following holds:

g)}{\g(w)\, lg(v1)]} = {1,2}, and if |g(a)] = 1 for a € {w,v,} then pnla,g] =
a};

(i) {|lg(w)l,|g(v1)|} = {1}, and there is a € {w, v} such that pn[a, g] = {a},
Usen(o 9(0) = {121\ g(d), where {d} = {w,u:} \ {a}.

In both cases, without loss of generality we assume that g(v;) = {1}, g(v) # 0,
and g(z) # 0. Now we replace g(v) by 0 and g(z) by {2} to obtain a 2RDF for
T with weight less than vo,(T"), a contradiction.
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