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Abstract

This paper is concerned with the bipanconnectivity of Cartesian prod-
uct networks. It provides sufficient conditions for a Cartesian product
network to be bipanconnected and uses this general result to re-prove ex-
isting results as regards the k-ary n-cube, due to Stewart and Xiang and
to Hsieh and Lin, as well as to extend these results to multidimensional
toroidal meshes.

1 Introduction

It is well-known that the topological structure of an interconnection network (network
for short) is usually represented by a graph in which vertices represent processors
and edges represent communication links between processors. For notation and ter-
minology on graph theory not defined here we follow [22]. Let G = (V, E) be a
simple connected graph with vertex-set V' = V(G) and edge-set E = F(G). For
any z,y € V(Q), the distance dg(z,y) between u and v is the length of a shortest
zy-path in G.

The study of topological properties of a network is important for parallel or
distributed systems. The problem of finding paths of various lengths in networks
has recently received much attention because this is an important measurement for
determining whether the topology of a network is suitable for an application in
which mapping paths of various lengths into the topology is required. In particular,
panconnectivity and bipanconnectivity are two important properties, and have been
described in many articles [5, 7, 11, 13, 14, 15, 16, 17, 18, 19]. A survey of results on
this topic can be found in [23].

A graph G of order n is said to be panconnected (respectively, bipanconnected)
if for any pair of distinct vertices x and y, there exists an xy-path in G with every
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length ¢ satisfying dg(z,y) < £ < n — 1 (respectively, dg(z,y) < ¢ < n —1 and
{=dg(z,y) (mod 2)).

Among various designs of large-scale networks, the Cartesian product method is
a very effective method of building larger networks from several specified small-scale
networks. For graphs G and Gs, the Cartesian product G1 X Go is the graph with
vertex-set V(G xGy) = V(G1) xV(G2) and edge-set E(G1 X G2) = {(@1,22)(y1, y2) |
x1 = 31 and zoys € E(G3) or 29 = yo and z1y; € E(Gh)}.

As a graph operation, it is easy to observe that the Cartesian product satisfies
the commutative law and the associative law if we identify isomorphic graphs. By
the commutative and associative laws of the Cartesian product, we may write G x
-+ X G, for the Cartesian product of G, ..., G, where V(G1 x---x G,) = V(Gy) X
-+ x V(G,). Two vertices (z1,...,z,) and (y1,...,Yy,) are linked by an edge in G x

- x G, if and only if (x1,...,2,) and (yi,...,y,) differ in exactly one coordinate,
say the ith, and there is an edge z;y; € F(G;).
Many popular networks can be constructed by Cartesian product, such as the
hypercube and undirected toroidal mesh. The n-dimensional hypercube @Q,, is Ky X
- X K5 where K; is the complete graph on i vertices. The bipanconnectivity of
the hypercube @, has been investigated in depth by several authors (for example,
[12, 13, 14, 20]). A quite natural generalization of @, is the undirected toroidal

mesh. The n-dimensional undirected toroidal mesh Cy(ki,...,k,) can be defined
as C, X --- x Cy,, where Cy, is a cycle of length k; for ¢ = 1,...,n. Note that
Cn(k,...,k) is a usual k-ary n-cube Q%, which has received much attention [1, 2,

3,4,6,8,9,10, 11, 21, 24]. In particular, Hsich and Lin [10] showed that Q* is
bipanconnected if k is even, and Stewart and Xiang [17] improved this result by
proving that QF is also bipanconnected when & is odd.

In this paper, we study the bipanconnectivity of Cartesian product graphs, and
show that G; x G5 is bipanconnected if, for i = 1,2, G; is either a bipancon-
nected hamiltonian graph with odd order or a bipanconnected bipartite graph of
order at least four. As a consequence, we prove that the undirected toroidal mesh
Chn(k1,. .., ky) is bipanconnected for any integers n > 2 and k; > 3 (1 = 1,...,n),
which generalizes the above-mentioned result of Stewart and Xiang [17] that QF is
bipanconnected.

The rest of the paper is organized as follows. Section 2 presents some prelimi-
nary results. Section 3 investigates bipanconnectivity of Cartesian product graphs.
Section 4 investigates bipanconnectivity of the undirected toroidal mesh. Our con-
clusions are in Section 5.

2 Some preliminary results

For a vertex = in (G; and a subgraph H C G5, we use xH to denote the subgraph
{z} x H of G} x G5. Similarly, for a vertex y in G5 and a subgraph H C G;, Hy
denotes the subgraph H x{y} of G1 x Go. For apath P = (z1,..., 2, ..., 25, ..., 2y),
P(x;, ;) denotes the section (x;,...,xz;) of P. For the sake of convenience, we will
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express P as

P(z1,2i) P(zi,x;) P(xj,xn)
P=ux T zj Ty

The symbol e(P) denotes the length of P, which is the number of edges in P.

Lemma 1 (Theorem 2.3.3 in Xu [22]) For any two distinct vertices x = (x1,2)
andy = (y1,y2) in Gy X Ga, where x;,y; € V(G;) fori = 1,2, we have dg,xc,(x,y) =
de, (x1,51) + day (22, 2).

Observation 2 For any integer m > 2, let P, = (0,1,...,m — 1) be a path. For
every vertez (i, j) in Py x P, different to (0,0), there exists a path of length £ between
(0,0) and (i,7) in Py x Py, for every L withi+j <{<2m—1and{ =i+ j (mod
2).

In fact, the result of Observation 2 is also valid more generally.

Theorem 3 For any integers n > 3 and m > 3, let P, = (0,1,...,n — 1) and
P, =(0,1,...,m — 1) be two paths. For every vertex (i,j) in P, X Py, different to
(0,0), there is a path of length ¢ between (0,0) and (i,7) in Py, X Py, for every £ with
it+j<l<nm-—1andl=i+j (mod?2).

Proof. Let (i, j) be a vertex in P, x P, different from (0,0), and let ¢ be an integer
withi+j </l <nm-—1and £=1i+j (mod 2). We need to show that there exists a
path L of length ¢ between (0,0) and (4, 7) in P, x P,,. We distinguish the following
five cases according to the position of (i, j) in P, X P,,.

Casel.i=n—1and j=0ori=0and j =m— 1. Without loss of generality,
sayi=mn—1and j =0. Let £ be such that n —1 < <mm—1and { =n—1 (mod
2).

Subcase 1.1. n is even.

Since 0 < ¢ —(n—1) <n(m—1) and £ — (n — 1) is even, there are n integers
ko, ..., kn_1 in [0,m — 1] such that >}~ Yy =0 — (n —1) and k; = kyyq for every
even integer t € [0,n — 1]. Thus the path

L= (0,0) %% (0,kg) — (1, ky) 0 (1,0) -
s (n—2,0) L2l o k)
(= 1, k) B0 )

is a path between (0,0) and (n — 1,0) in P, x P, and
e(L) = (n—1) Zkt n—D+[—mn-1)]=¢

Subcase 1.2. n is odd.
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Then n — 1 and ¢ are even. For any integer ¢ € [n — 2,(n — 1)m — 1] with
¢ =n—2 (mod 2), by Subcase 1.1, there is a path Ly of length ¢ between (0, 0)
and (n —2,0) in P,(0,n — 2) X P,.

If n—1<¢<(n—1)m, then the path

L=(0,0) 25 (0,n —2) — (0,n — 1)

is a path of length ¢ between (0,0) and (n — 1,0) in P, X B,.

fn—1)m+1<{¢<nm-—1, then we have m+1<{¢—(n—2)m < 2m — 1.
Since n is odd and ¢ is even, ¢ — (n — 2)m = m (mod 2). By Observation 2, there
exists a path L’ between (n —2,m — 1) and (n — 1,0) in P,(n —2,n — 1) x P, and
e(L') =€ — (n—2)m. By the structure of L(,—1)m—1 in Subcase 1.1, the section from
(0,0) to (n —2,m — 1) in L(p—1ym-1, denoted by L”, is a path between (0,0) and
(n—=2,m—1)in P,(0,n—2) x P, and ¢(L") = [(n—1)m—1]— (m—1) = (n—2)m.
It follows that , ,

L=(0,005 m—-2m-1)% (n—1,0)

is a path between (0,0) and (n —1,0) in P, x P, and
e(Ly=e(l+el)=n-2)m+[{—(n—2)m]=¢.

Case 2. i=n—1and j=m— 1.

Sincen+m—-2</{<nm—landl=n+m—2(mod2),n—2<l—m<
(n—1)m —1and £ —m =n — 2. By Case 1, there is a path L’ between (0,0 and
(n—2,0)in P,(0,n —2) x Py, and ¢(L') = ¢ —m. Thus, the path

L=(0,0) % (n—2,0) > (n—1,0) L=0mOmD,

(n—1,m—1)
is a path between (0,0) and (n—1,m—1) in P,x P,, and e(L) = e(L')+1+(m—1) = (.

Case 3. i€ [l,n—2land j =0o0ri=0and j € [1,m — 2]. Without loss of
generality, assume ¢ € [1,n —2] and j = 0. Then ¢ < ¢ < nm —1 and ¢ =i (mod 2).

Case 3.1. If i < ¢ < (i 4+ 1)m — 1, then, by Case 1, there is a path of length ¢
between (0,0) and (¢,0) in P,(0,7) X P, (C P, x P,,).

Case 3.2. If (i+1)m < ¢ < nm —1, then, by Case 2, there is a path L' between
(0,0) and (i — 1,m — 1) in P,(0,i — 1) x P, with length ¢’ € {im — 2,im — 1} and
¢ =i+ m—2 (mod 2). We first show that m < £ —¢'—1 < (n —¢)m — 1 and
(=0 —1=m—1 (mod 2).

If ¢/ =im — 2, since ¢/ =i+ m — 2 (mod 2), both ¢ and m are even. By £ = ¢
(mod 2), £ is also even, and so (i+1)m < ¢ <mnm—2. Hence / —¢'—1=1=m—1
(mod 2) and m+1</{—¢—-1<(n—i)m—1.

If ¢/ =dm —1, it is easy to see that m < ¢ — ¢ — 1 < (n—i)m — 1. Since £ =i
(mod 2), ¢ — ¢ —1=i—im =i(m—1) (mod 2). When m — 1 is even, it is clear
that £ — ¢ — 1 =m — 1 (mod 2). When m — 1 is odd, we have ¢’ =i (mod 2) = ¢
(mod 2) by ¥/ =i+ m —2 (mod 2), and so £ — ¢ — 1 =m — 1 (mod 2).
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By Case 1, there is a path L” between (i,m — 1) and (4,0) in P,(i,n — 1) X P,
with length ¢ — ¢’ — 1. Thus, the path

L=00,0%@G—1,m—1)— @i,m-1) 5 (i,0)
is a path between (0,0) and (4,0) in P, x P, and
e(L)=e(Ll)+1+e(l)=0+1+ (0 —1) =L

Case 4. ie€[l,n—2]and j=m—1ori=n—1and j € [1l,m — 2]. Without
loss of generality, assume ¢ € [I,n—2] and j =m —1. Theni+m—1<{<nm-—1
and £ =i+ m —1 (mod 2).

Subcase 4.1. If i+ m —1<{<2n+m —i— 3, then, by { =i+ m — 1 (mod
2),t = H”?im*l) is an integer in [0,n — i — 1]. Thus, the path

,(0,i+)0 (i4t) P (0,m—1) P (i+t,i)(m—1)
_ _—

= (0,0) = (i +1,0) (i +t,m—1) (i,m — 1)

is a path between (0,0) and (i,m—1) in P, X P, and e(L) = (i +t)+ (m—1)+t = (.

Subcase 4.2. If 2n+m —i—2 < ¢ <nm —1, then, by £ =i+m — 1 (mod 2),
wehave L —1=i+m=(n—1)+ (n+m—4) (mod 2).

If we can choose two integers ¢’ € [n —4,2n — 1] with ¢ = n — i (mod 2) and
0" e n+m—4,n(m—2)—1] with ¢/ = n+ m — 4 (mod 2) such that ¢ + ¢ =
¢ — 1, then there is a path L’ of length ¢’ between (n — 1,m — 2) and (i,m — 1) in
P, x Py(m —2,m — 1) by Observation 2, and a path L” of length ¢” between (0, 0)
and (n —1,m — 3) in P, x P,,(0,m — 3) by Case 2. Thus, the path

:(O,O)L—”>(n—1,m—3) —-mn-1m-2) = I(zm—l)
is a path between (0,0) and (i,m — 1) in P, x P, and
e(Ly=ce(l")+1+e(ly=0"+1+/0 =1

If we can not choose such two integers ¢ and ¢”, then we can check easily that
t=mnm—1,n—i=2n—-2 (mod 2) and n+m —4 = n(m — 2) — 2 (mod 2).
Byn+m—4=n(m-2)—2 = n(m—4) (mod 2), both n and m are even.
So i is also even. Since m — 2 > 2 is even, there is a path L’ between (0,0) and
(0,m—3) in P, x P,,(0,m — 3) such that (L") = n(m —2) — 1 by Subcase 1.1. Since

14+i=1=2n—-1 (mod 2), by Observation 2, there is a path L” between (0, m — 2)
and (i,m — 1) in P, X P,(m — 2,m — 1) such that (L") = 2n — 1. Thus, the path

=(0,0) L (0,m —3) — (0,m—2) 25 (i,m —1)
is a path between (0,0) and (i,m — 1) in P, x P, and

eL)y=el)+1+e(l)=nm-2)—1]+1+2n—1)=nm—1=1~.
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Case 5. i€ [l,n—2]and je€[l,m—2]. Theni+j<{<nm—-landl=i+j
(mod 2).

Subcase 5.1. If i+j < £ < 2n+j—i—2, then, by £ = i+ (mod 2), h = =0t
is an integer in [0,n — ¢ — 1]. Thus, the path

P (0,i+h)0 m (0,3
e

= (0,0) (i + h,0) EREOD, 5y gy gy DR (g )
is a path between (0,0) and (z,7) in P, x P, and e(L) = (i + h) + 5+ h = L.

Subcase 5.2. If 2n+j—i—1 < /¢ <nm — 1, then, by £ =i+ j (mod 2), we
have f —1=i+j—1=(n—1—1)+(n+7—2) (mod 2).

If we can choose two integers ¢’ € [n—i—1,n(m—j)—1] and ¢ € [n+j—2,nj—1]
such that ¢/ +¢"=¢—1, ¢ =n—i—1 (mod 2) and ¢" =n+ j — 2 (mod 2), then
there is a path L' between (n—1,7) and (¢, j) in P, x P,,(j, m—1) with (L) = ¢’ by
Case 3, and there exists a path L” between (0,0) and (n — 1,5 — 1) with (L") = ¢”
in P, x P,,(0,7 — 1) by Case 2. Thus, the path

= (0.0) 5 (= 1§ = 1) = (n = 1,4) > (i.)
is a path between (0,0) and (¢, 7) in P, X P, and
e(Ly=ce(l)+1+e(ly=0"+1+/0 =1

If we can not choose such two integers ¢ and ¢”, then we can prove easily that
t=nm—-1,n—i—1=n(m—j)—2 (mod 2) and n+ j — 2 = nj — 2 (mod 2).
Thus both n and j are even, and so ¢ and i are odd. Since j > 2 is even, there is a
path L' between (0,0) and (0,5 — 1) in P, x P,,(0,5 — 1) such that (L) = nj — 1
by Subcase 1.1. Since n(m — j) — 1 =1 =1 (mod 2), by Case 3, there exists a path
L" between (0, j) and (Z,7) in P, X P, (j,m — 1) with (L") = n(m — j) — 1. Thus,
the path

L=(0,0) % (0,5 = 1) = (0,5) £ (i, )
is a path between (0,0) and (¢, 7) in P, X P, and

eL)=el)+1+el)=Mnj—1)+14+n(m—j)—1]=nm—1=1¢

The theorem follows. ]

3 The Cartesian product of bipanconnected graphs

In this section, we discuss bipanconnectivity of the Cartesian product of two bipan-
connected graphs. A cycle (z1,...,x,, 1) is a sequence of vertices in which any two
consecutive vertices are adjacent, where 1, ..., z, are all distinct. A cycle (respec-
tively, path) in a graph G is called a hamiltonian cycle (respectively, hamiltonian
path) if it contains every vertex of G. A graph G is said to be hamiltonian if it
contains a hamiltonian cycle. A graph G = (X,Y) is bipartite if its vertex set can
be partitioned into two disjoint sets X and Y such that every edge joins a vertex of
X and a vertex of Y.
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Lemma 4 Let G = (X,Y) be a bipanconnected bipartite graph with order n > 4.
Then |X| = |Y|. Furthermore, G is hamiltonian.

Proof. We first show |X| = [Y'|. Suppose that |V(G)| = n is odd. Then n > 5, and
at least one of | X| and |Y| is at least 3, without loss of generality, say | X| > 3. Let x;
and x be two arbitrary vertices in X, so dg(z1, 22) is even. By the bipanconnectivity
of G, there exists an zyxo-path P of length n — 1 in G. Since G is bipartite and n is
odd, we have
I X|=V(P)nX|=|V(P)NnY|+1=|Y|+1. (3.1)
Thus |Y| = |X|—1 > 2 and so we can choose two distinct vertices from Y. By pro-
ceeding as we did above for Y rather than X we get that |Y'| = | X], a contradiction.
So n is even.
Let = and y be two adjacent vertices in G such that x € X and y € Y. Then
dg(x,y) = 1. Since n — 1 is odd, by bipanconnectivity of G, there exists an zy-path
U of length n — 1 in G. Since G is bipartite and n is even,

X =[VU)NX]=[V(U)NnY]=[Y].

Secondly, we now show that G is hamiltonian. Let z € X and y € Y be two
adjacent vertices in G, so dg(x,y) = 1. Since n is even, by the bipanconnectivity of

G, there exists an zy-path W of length n—11in G. Thus x v, y — x is a hamiltonian
cycle of G. Therefore, the lemma follows. a

Theorem 5 For i = 1,2, let G; be a bipanconnected hamiltonian graph with odd
order or a bipanconnected bipartite graph with order at least four. Then Gy X Gg is
bipanconnected.

Proof. Let G = Gy X Gy, n = |V(G1)] and m = |V(Gq)|. Let = (21, x2)
and y = (y1,y2) be any two different vertices in G and let ¢ be an integer with
dg(z,y) < € <nm—1and ¢ = dg(z,y) (mod 2). To prove the theorem, we only
need to find an zy-path of length ¢ in G. Let dy = dg, (21, y1) and day = dg, (2, ya).
By Lemma 1, £ = d; + dy (mod 2).

By Lemma 7 and the conditions on GG; and Go, G7 and G5 are hamiltonian, and
so we can choose a hamiltonian path U; with starting vertex z; in G; for i = 1,2. At
least one of the paths from z; to y; in U; has length equal to d; mod 2, for i = 1, 2.
For convenience, let the length of this path be d.. Clearly, d; < d..

If d) +d) < ¢ < nm — 1, then since ¢ = dy + ds = d} + d} (mod 2), there is an
xy-path of length ¢ in U; x Us (C G1 x Go) by Theorem 3.

If dy +dy < € < dj+db, then since £ = d; +dy = dy + d, (mod 2), there exist two
integers hy € [dy,d}] and he € [do,d}] such that hy = dy (mod 2), hy = dy (mod 2)
and hy + hy = ¢. For i = 1,2, by the bipanconnectivity of G;, there is an z;y;-path
W; of length h; in G;. Thus, the path

Wiz y1 Wx
L= (z1,22) =2 (y1,22) == (y1,92)

is an zy-path in Gy X G and e(L) = e(W;) + e(Wy) = hy + hy = .
The theorem follows. O
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4 The undirected toroidal mesh C,(k1, ..., k;)

Lemma 6 (Theorem 2.3.5 in Xu [22]) Gi x Gs...G,, is vertez-transitive if G; is
vertez-transitive for each i =1,2,....,n.

We first consider the case n = 2.
Lemma 7 Let ki > 3 and ko > 3 be two integers. Then Co(ka, k2) is bipanconnected.

Proof. Let Cy, = (0,1,...,k,0) and Cy, = (0,1,...,k2,0) be two cycles. Then
Cy(k1, ko) = Ck, x C,. Since Cy, and Cy, are vertex-transitive, Ca(k1, ko) is also
vertex-transitive by Lemma 6. For any two different vertices, without loss of gen-
erality, say = (0,0) and y = (4,j) with 0 < i < |&] and 0 < j < [%2], we only
need to find an xy-path of length ¢ in Cy(k1, k2) such that i +j < € < kiky — 1 and
¢=1i+j (mod 2). Since Py, = (0,1,...,k) C Cy, and P, = (0,1,...,ks) C Cy,, by
Theorem 3, there exists obviously a desired xy-path in Py, x Py, (C Ca(ky, k). O

Lemma 8 Let G be a bipanconnected hamiltonian graph with odd order or a bipan-
connected bipartite graph with order at least four, and let C,, be a cycle of order m.
Then G x C,, is bipanconnected.

Proof. Let n = |[V(G)| and denote the vertex set of G by {0,1,...,n}. Let C,, =
(0,1,...,m,0). Note that C,, is vertex-transitive. For any two different vertices,
without loss of generality, say « = (0,0) and y = (4,7) with 0 < j < [ 7], in G x Cp,
we only need to find an zy-path of length ¢ in G satisfying d+ j < ¢ < nm — 1 and
¢=d+j (mod 2), where d is the distance from 0 to ¢ in G.

By Lemma 4 and the condition of G, G is hamiltonian, and so we can choose a
hamiltonian path U with start vertex 0 in GG. At least one of the paths from 0 to ¢
in U has length equal to d mod 2. For convenience, let the length of this path be d'.
Clearly, d < d'. Let P =(0,1,...,m), so P C C,, and dp(0,7) = d¢,,(0,7) = j.

fd+j<l<nm-—1,since L=d+j=d +j (mod 2), there is an xy-path of
length ¢ in U x P (C G x Cy,) by Theorem 3.

If d4+ j < ¢ < d + j, by the bipanconnectivity of G and ¢ —j = d (mod 2), there
is a Oi-path W of length ¢ — j in G. Hence the path

L=1(0,0) ¥ (i,0) 299, (. j)
isan zy-pathin G X P (CGx Cp)and e(L)=ec(W)+j=({—j)+75=1.
The lemma follows. a

Theorem 9 For any integer n > 2 and integer k; >3 (i=1,...,n), Cp(k1,... k)
is bipanconnected.
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Proof. Clearly, C,(k,...,k,) is hamiltonian. Without loss of generality, assume
{k1,...,k} consists of all odd numbers in {ki,...,k,}. Then 0 < ¢ < n. By the
commutative law of Cartesian product,

Cn(k'h...,k'n) = (Ckl X oo X th) X (th-H X e X Ckn)

No matter what the value of ¢, applying Theorem 5, Lemma 7 and Lemma 8 as
required yields the results. a

By Theorem 9, we immediately obtain the following two corollaries.

Corollary 10 (/17]) Let n > 2 and k > 3 be two integers. Then QF is bipancon-
nected.

Corollary 11 ([10]) Let n > 2 be an integer and let k > 4 be an even integer. Then
QF is bipanconnected.
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