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Abstract

An L(2,1)-labeling of a graph G is equitable if the number of elements in
any two color classes differ by at most one. The equitable L(2, 1)-labeling
number A\.(G) of G is the smallest integer k such that G has an equitable
L(2,1)-labeling. Sierpiriski graphs S(n, k) generalize the Tower of Hanoi
graphs —the graph S(n,3) is isomorphic to the graph of the Tower of
Hanoi with n disks. In this paper, we show that for any n > 2 and any
k>2, A(S(n,k)) =2k.

1 Introduction

An L(2,1)-labeling of a graph G is a function f from the vertex set V(&) to the set of
all nonnegative integers such that |f(z)—f(y)| > 2ifd(z,y) = Land | f(z)—f(y)| > 1
if d(x,y) = 2, where d(z, y) denotes the distance between = and y in G. The L(2,1)-
labeling number A(G) of G is the smallest number k such that G has an L(2,1)-
labeling with max{f(v) : v € V(G)} = k.

The L(2,1)-labeling concept grew from the problem of assigning frequencies to
radio transmitters at various nodes in a territory. To avoid interferences, transmitters
that are close must receive frequencies that are sufficiently apart. Since frequencies
are quantized in practice, there is no loss of generality in assuming that they admit
integer values. Motivated by this problem, Hale [11] first proposed the problem
with the objective of minimizing the span of frequencies. Later Griggs and Yeh [10]
proposed the above defined L(2, 1)-labeling. Currently, many papers [6, 8, 9, 17, 22]
focusing on the L(2,1)-labeling and its generalizations are compiled in two recent
surveys [2, 24].

In 1973, Meyer [19] introduced the notion of equitable (vertex) coloring of graphs
and conjectured that the equitable chromatic number of a connected graph G, which
is neither a complete graph nor an odd cycle, is at most A(G). It is well-known [4]
that if a graph G has an edge k-coloring, then G has an equitable edge k-coloring. Fu
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[7] first investigated the equitable total coloring of graphs. Later Wang [23] proved
the equitable total coloring conjecture of graphs with maximum degree 3. An L(2, 1)-
labeling of a graph G is equitable if the number of elements in any color classes differ
by at most one. The equitable L(2,1)-labeling number \.(G) of G is the smallest
integer k such that G has an equitable L(2,1)-labeling.

In 1997, the graphs S(n,3) were generalized by Klavzar and Milutinovié [15] to
the Sierpiniski graphs S(n, k) for k > 3. The motivation for this generalization came
from topological studies of Lipscomb’s space [18, 20], where it is shown that this
space is a generalization of the Sierpinski triangular curve (Sierpinski gasket). As it
turned out, the graphs S(n, k) possess many appealing properties and were studied
from different points of view, as for instance several coding [3, 8, 16] and several
metric properties [21]. Klavzar et al. [16] proved that the Sierpiriski graphs S(n, k)
have perfect domination sets [1], i.e., are 100% efficient. For some recent results on
the Sierpinski graphs see [6, 12-14].

In Section 2 we introduce the Sierpiniski graphs of interest and describe prelim-
inary lemmas. In the last section, we give the equitable L(2,1)-labeling numbers
of Sierpinski graphs for any n > 2 and any k > 2, and also give a new proof of
L(2,1)-labeling numbers of S(n, k) (in [8], they proved that A(S(n, k)) = 2k for any
n > 2 and any k > 3).

2 Preliminaries

In this section we first introduce the Sierpinski graphs. Sierpinski graphs S(n, k) are
defined for n > 1 and k£ > 1 as follows.

The vertex set of S(n,k) consists all n-tuples of integers 1,2,... &, that is,
V(S(n, k) = {1,2,...,k}* (JV(S(n, k)| = k™). We will write (uy,us,...,u,),
u, € {1,2,...,k}, r € {1,...,n} for the vertices of S(n,k). Two different ver-
tices (ug,ug, ..., uy), u, € {1,2,...,k}, r € {1,...,n} and (vi,va,...,v,), v, €
{1,2,...,k},r € {1,...,n} are adjacent if and only if there exists an h € {1,...,n}
such that

() uy =, fort =1,...,h—1;

(b)up, # vy; and

(c)uy =vp and vy, =y, fort =h+1,...,n.

In the rest of the paper we will write (ujus...u,) for (ui,us,...,u,) or even
shorter, wjus...u,. The Sierpinski graphs S(3,4) and S(2,5), together with the
corresponding vertex labelings, are shown in Fig. 1.

The vertices (1...1), (2...2), ..., (k...k) are called the extreme vertices of
S(n, k); the other vertices will be called inner vertices of S(n, k). Fori=1,2,...,k,
let S;(n, k) be the subgraph of S(n, k) induced by the vertex set V;' = {(ij1 ... jn1) |
Jgr € {L,....k},r € {1,...,n — 1}}. Clearly S;(n,k) is isomorphic to S(n — 1, k).
Consequently, for & > 2, S(n, k) contains k copies of the graph S(n — 1, k) and k™!
copies of the complete graph S(1,k) = Kj.

The graph S(n, k) can be constructed inductively from S(n — 1, k) as follows (cf.
Fig. 1 and Fig. 2):
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11 14 141 144 411 414 441 444
112 143 41 443
113N 142 1 442
124 129 N 134 421 42 3 434
122 133 422 433
123 132 423 432
214 241 314 341
211 244 311 344
212 243 31
21 42 31 m 343
224, 24
22 31 234 32 8 31 334
222 223 232 233 322 323 332 333
S(3,4) S ( 2, 5)

Fig. 1. Sierpiniski graphs S(3,4) and S(2,5)

Take k copies S1(n, k), Sa(n, k), ..., Sk(n, k) of S(n—1, k), where for: =1,2,... .k,
we have

V(Si(n, k) = {(@jr - gn-1) | U1+ Jn-a) € V(S(n = 1,k))}.

For any 7 and any j with i # j, we add an edge between the extreme vertex
(2jj ...7) of Si(n, k) and the extreme vertex (jii...%) of S;(n, k). Note that no edge
incident with the vertex (ii...4) of S;(n, k) is added.

Lemma 2.1. [8] Forn =2 and any k > 3, \(S(2,k)) > 2k.

Lemma 2.2. [17] For the complete graph Ky, \(Ky) = 2k — 2.

3 Equitable L(2,1)-labelings

In this section we give optimal equitable L(2, 1)-labeling numbers of Sierpiniski graphs
and the optimal L(2, 1)-labeling numbers of S(n, k) by a new proof.

A 2-distance coloring [5] of a graph G is a function ¢ from the vertex set of graph
G to the set of positive integers such that no two vertices at distance less than or
equal to 2 are assigned the same color. The 2-distance chromatic number of a graph
G, denoted by xa4, is the smallest integer k for which G admits a 2-distance coloring
with k colors.

Theorem 3.1. For any n > 2 and any k > 2, there exists a partition of V(S(n, k)),
say, Vi, Va, ..., Via1, such that for any two distinct vertices u and v in V;, d(u,v) > 2
fori=1,...,k+1.
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Proof. In order to prove the theorem, it is enough to show that x24(S(n,k)) = k+1
for any n > 2 and any k > 2. For any n > 2, S(n,2) is a path of length 2" — 1. We
color the vertices of S(n,2) by the circular coloring using colors 1,2, 3 on this path.
It is easy to see that x24(S(n,2)) = 3. Now we consider the case for any n > 2 and
any k > 3.

First we show that xo4(S(n,k)) > k + 1. Note that S(2,k) is isomorphic to a
subgraph of S(n, k), for any n > 2,k > 3. Thus in order to show that x24(S(n, k)) >
k4 1, we only need to show that x24(S(2,%k)) > k 4+ 1. The graph S(2,k) consists
of k complete subgraphs on k vertices induced by the vertex sets V* = {ij | j =
1,2,...,k} fordi € {1,2,...k}. The vertex ij € V;* is adjacent to the vertex ji € V'
for i # j. The vertex (12) € V{* is adjacent to the vertex (21) € V5", hence the
distance between the vertex (21) and a vertex of V{* is at most 2 in S(2, k). It holds
that x2q(S(n, k)) >k + 1.

Now we need to show that x24(S(n, k)) < k4 1. In order to prove x24(S(n,k)) <
kE + 1, we shall form a 2-distance coloring @, of S(n,k) that uses k + 1 colors by
induction on n. Suppose that n = 2 and & > 3. We form a coloring ¢ of S(2, k)
that uses k + 1 colors as follows:

polig) =j, ifi#j, for 4,5 €{1,2,... .k},
po(ii) =k+1, for ie€{1,2,...,k}.

It is easy to see that ¢ is a 2-distance coloring of S(n, k) for n = 2 and any k > 3
by the definition of 2-distance coloring (For the case k = 4, S(2,4) is shown in Fig.
2.1). Suppose n = 3 and any k > 3. We form a coloring @3 of S(3, k) that uses k+ 1
colors as follows:

p3(igl)y =1, ifj=1 for 4,5,1€{1,2,...,k},
p3(ijl) =k+1, ifi=1+#7j for 4,5,l € {1,2,...,k},
3(igl) =1, other cases, for ¢,5,l€ {1,2,...,k}.

Similarly, @3 is a 2-distance coloring for n = 3 and any k& > 3 by the definition of
2-distance coloring (As an example, for k£ = 4, S(3,4) is shown in Fig. 2.2).

Suppose that the result holds for n — 1 (for any n — 1 > 2 and any k& > 3),
i.e., there exists a 2-distance coloring ¢, of S(n — 1,k) that uses k + 1 colors.
Let u = (iji...jn1) € V(Si(n, k), v = (jji.. . Jn1) € V(S;(n, k) and u =
(1 -+ Jne1), 09 = (J1.. . jn1) € V(S(n—1,k)), i,5,5- € {1,... .k}, r€{l,...,n—
1}. Now we consider n (for any n > 3 and any k£ > 3). We form a coloring ¢, of
S(n, k) that uses k + 1 colors as follows:

on(u) =) 1 (u), ifu=(iji...jn-1) € V(Si(n, k),
for iaj?“ € {17"'7k}7 re {17"'777/71}7
where ¢, (u) is obtained from ¢, _;(u”) using permuting of colors
L. G- Ek+1)(E+1)...(k), te{l,2,...,k}.
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Note that ¢, is a coloring of S(n,k), ¢! | is a coloring of S;(n, k), and ¢, ; is a
coloring of S(n — 1,k). It is easy to see that, for any u € S;(3,k), p3(u) = ¢h(u)
and () is obtained from y(u”) using permuting of colors (1)...(i — 1)(i k +
1@+ 1)...(k) for i € {1,2,...,k}. Now, we shall show that the coloring ¢, is a
2-distance coloring that uses k + 1 colors in S(n, k) for n > 3.

Case 1 Suppose that n is odd.

1
4
4 5 1 7 5 1
3 2 3 2
2 3 2 3
5, 5 5 5
4 1 (I 4 1 5 1
3 2 g 3 2 1 4 2 )
2 3]
4
1 4 2 4 1 5 3 1 3
4 4
5 N 2 N
3 2 1 4
5 5 4 1 4 1 A
3 5, 2 5 2
1.8(2,4) ? 3
2.8(3,4)
Y 5
2 5 4 1 5 Z 1 5 4 1 5 4 1
3
S 3 3 2 2 3 3 3 3
1 PN
< a 5! 1 1 4 A 5 1 Z
4 ) 5
g ) N 3 3 4 1 3 2 N 3 2 5
2 4 5 4 5 | 5 1 5 1 3
2 3 3 2
12 a ,
‘ 3 2 1 3 3 2
5 5
78S 4 5 7 4 1 5 3 5 1 5o
[ 1 1 2 3
2 3 1 2 3 3 4 2 3 4 2 3]
1 4 1 4 1 4 3 1 4 3 4 4
1
3 5 03 5 B 5
2 3 5 5 3 2 2 A
2 3
7 4 1 2 7 2 3 4 3 4 T 3 4
4, 1 4
1 4 1
h 3 5 3 5 5 2 5 2 4
5 41 4 1 4 1 4 1 5
s 3 3 2 2 8
3 2 54 2 5 5 3 2
2 3 3 2 3
1 4
A 1 I 4 1 A 1 Z
3 5 3, 2 5] 3 2 5 3, 2 5, 3 2
3.5(4,4)

Fig. 2. 2-distance colorings of Sierpiniski graphs S(2,4) , S(3,4) and S(4,4)
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We must first give the following results for i, 7 € {1,2,...,k},
(pnfl(iviv"wivj):jv if (1717717‘7)6‘/(‘91(”_17]{))7 fOI'i;éj,
On1(t0,...,0,5) =k+1, if (i,4,...,4,5) € V(Si(n —1,k)), fori=j.

Case 1.1 Suppose that d(u,v) =1 for any u,v € V(S(n, k)).

Then u is adjacent to v in Sierpifiski graphs S(n, k). Suppose that u,v €
V(Si(n,k)) for i € {1,....k}. Clearly, gn(u) = ¢, _1(u) # ¢, (v) = @n(v). Sup-
pose that u € V(S;(n, k)) and v € V(S;(n, k)) fori # jand i,j € {1,2,...,k}. Since
w is adjacent to v, wis (ij...j) and v is (ji...4) by the structure of S(n, k). Since
On_1(u®) = k+1 = ,_1(v")) by the definition of (pn 1, @ 1( y=idand ¢! | (v)=j
fori,j € {1,2,....k} and i # j. Thus @, (u) = @i (u) # o5, (v) = ga(v).

Case 1.2 Suppose that d(u,v) = 2 for u,v € V(S(n, k)).

Suppose that u,v € V(S;(n,k)) for i € {1,...,k}. By the induction hypoth-
esis, on(u) = ¢l _(u) # ¢ (v) = @u(v). Suppose that u € V(S;(n,k)) and
v € V(Sj(n, k)) for 4,5 € {1,2,...,k} and ¢ # j. By the structure of S(n, k), we
distinguish two cases.

Case 1.2.1 Suppose that v = 4j...5 and v = ji...el for i # j, | # i and
i,5,l €{1,2,... k}

Since ¢, 1(u”) = k + 1 and ¢, 1(v)) = [ by the definition of ¢, _;, either
b (i...5) =1, ¢ WGie.dil) =lfori#j, L#4, 1 #jandijle{l,2,... k}
or cpn_l(z] J) =i, @) (Gi...il) = k+1fori#j | #i | =7andijle
(1,2 K} Thus gu(u) = @iy (u) £ 9y (6) = 9u(v).

Case 1.2.2 Suppose that u = ij...jl and v = ji...i for ¢ # j, 1 # j and
ij.le{1,2,. k}

Since @, 1( D) =1 and ¢, 1(v)) = k + 1 by the definition of ¢, ;, either
Goaif - ) = b (i i) = o i £ 4, L0, 1 and i1 € {12, K}
or ¢t (ij...50) = k+1, ‘Pn71(ﬂ-~- i)=jfori#j 1l #j, 1l =r1iandiyjle
{1727 o k} Thus @n(u) = @2—1(“’) 7é 5031—1(@) = Q/Dn(v)

Case 2 Suppose that n is even.

We must first give the following results for i, € {1,2,...,k},

@n—l(iaia"wimj) :ja if (2727717]) € V(S’L(nak)) :

Case 2.1  Suppose that d(u,v) = 1 for any u,v € V(S(n, k)).

Suppose that u,v € V(S;(n, k)) for i € {1,...,k}. Clearly, p,(u) = ¢! _;(u) #
@' _1(v) = @n(v). Suppose that u € V(Si(n, k)) and v € V(Sj(n,k)) for i,j €
{1,2,...,k} and ¢ # j. Since u is adjacent v in S(n,k), u is (zy .7) and v is
(ji...4) by the structure of S(n, k). Since @,_1(u?) = j and gan_l(v(j)) =i by the
definition of @,_1, ¢! ,(ij...j) =jand @, | (ji...i) =i fori,j € {1,2,... k} and
i j. Thus @n(u) = @), (u) # @5 1(0) = ¢a(v).

Case 2.2  Suppose that d(u,v) = 2 for any u,v € V(S(n, k)).



SIERPINSKI GRAPHS 153

Suppose that u,v € V(S;(n,k)) for i € {1,...,k}. By the induction hypothesis,
on(u) = @8 (u) # ¢_1(v) = pu(v). Suppose that u € V(S;(n,k)) and v €
V(S;(n,k)) for i,j € {1,2,...,k} and i # j. Similarly, we distinguish two cases.

Case 2.2.1 Suppose that u = ij...j5 and v = ji...il for i # j, | # i and
Qe 1,2, kY.

Since ¢, 1 (u) = j and @, (v\?))) = [ by the definition of ¢, _, either o', _,(ij
) =g, & Gi..il) =1fori # 34, 1 #4, | #jandijle {1,2,...716}7 or
O g j) =4, @ ((Gi...il) = k4+1fori # j, 1 #4, | =jandijl e
{1,2,... K} Thus ¢ (u) = ¢, (u) # ¢, 1 (v) = @n(v).

Case 2.2.2 Suppose that v = ij...jl and v = ji...i for ¢ # j, | # j and
i,5,0 €{1,2,...,k}.

Since ¢, 1 (u®) =l and ¢, _1(v")) = i by the definition of p,,_, either i _,(ij ...
jl) I, o ((ji...i) =ifori#j, 1 #j | #i and 4l € {1,2,...,k}; or
O (g gl) = k+1, ¢ (ji...i) =i fori#j, I #j | =iandijle€
{120 K. Thus @u(w) = ¢y (0) # @, (1) = (o).

By the principle of induction, x24(S(n,k)) < k+ 1, and so x2a(S(n, k)) = k +1
(As an example for the case k = 4 and n = 4, S(4,4) is shown in Fig. 2. 3). Let
0 1(i) = V; be the set of vertices assigned color i in S(n, k) fori € {1,2,...,k+ 1}.
The theorem is proved. O

Theorem 3.2. Let @, be the 2-distance coloring of S(n, k), n > 2, k > 3, as given
in Theorem 3.1. Then,

(i) If n is odd,  then |p;'(i)] =5=E+1 for i€ {1,2,...,k} and

ALY
et (k+ 1) = 7
k+1 Lfor ie{1,2,...,k} and

(ii) If n is even, then |, 1(i)| =
lop (b + 1) =55 + 1

Proof. By induction on n. Suppose that n = 2 and any k£ > 3. By the definition

of ¢y in Theorem 3.1, |5 (i)| = k — 1 for i € {1,2,...,k} and |py*(k + 1)| = k.

(As an example for S(2,4), we have |p, ' (i)| = 3 for i = 1,2,3,4 and |¢5'(5)| = 4,

which is shown in Fig. 2.1). Suppose that n = 3 and any k > 3. Similarly, we have

los (i) = k* —k+1forie {1,2,...,k} and |3 ' (k+1)| = k* — k. (For S(3,4), we

have |p3'(i)| = 13 for i = 1,2,3,4 and |p3"(5)| = 12, which is shown in Fig. 2.2).
Suppose that the results hold for n — 1 (n — 1 > 2 and any k > 3), i.e

(i) if n — 1 is odd, then |, (i) = kn,;:l_k +1forie{1,2,...,k} and
lonly(k +1)] = 55

k+1

(ii) if n — 1 is even, then |p,* ()| = Lforie {1,2,...,k} and

lonty (ke +1)] = £+ 1.
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Suppose that n is odd. By Theorem 3.1, ¢! _, is obtained from ¢,_; using per-
muting of colors (1)...(¢ — 1)(i k + 1)(i + 1)...(k) for ¢ € {1,2,...,k}. Thus

for every Si(n, k), |o;1(0)| = et (k + 1)| = knl;l_l +1fori e {1,2,...,k} and

lon ()] = k7;11’1 for j € {1,2,...,k+ 1} and i # j. It follows that for S(n, k)

e N L

Lk+1)| =k =
e (4 Dl = k(=) = 5
and
e | kv —k
1)) =(k-1 N="-"1-"+1 e {1,2,... k).
e @) = (k= )+ (e H D)=y H L fori€ {12 k)

Now suppose that n is even. Since n — 1 is odd, by the induction hypothesis,

e )] = Btk 1 for i € {1,2,...., k) and |,y (b + 1)] = k. (Note that
! _, is obtained from ¢,,_; using permuting of colors (1) ... (i—1)(7 k+1)(i+1)... (k)
for i € {1,2,...,k}). For every S;(n, k), |p,;1(i)] = kl,;l’k for i € {1,2,...,k} and

lent ()] = knk:l_k +1forje{l,2,...,k+1} and j # i. Thus for S(n, k)

kvl —k E"—1
Tk +1)|=k(——+1)= 1
lon (K +1)] (k+1+) R
and
El— El—k kr—1
\<P51(i)|:(k—1)(k7+1+1)+ = for ie{1,2,... k}.

k+1 E+1

Theorem 3.3. For anyn > 2 and any k > 2, \(S(n, k)) = 2k.

Proof. First we show that A(S(n, k)) = 2k for any n > 2 and any k > 2.
Suppose that n > 2 and k = 2. Since A\y4(S(n,2)) = 3 by Theorem 3.1, we form
a labeling ¢ of S(n,2) as follows:

l(u) =0 if uwe (1),
lu) =2 if uep,1(2),
l(u) =4 if uep;1(3)
It is clear that ¢ is an L(2, 1)-labeling and A(S(n,2)) < 4. It is easy to see that

A(S(n,2)) > 4. Thus it holds for any n > 2 and k = 2.

Suppose that n > 2 and k& > 3. By Theorem 3.1, there exists a 2-distance coloring
©n, of S(n, k) that uses k+ 1 colors, then the vertex set of S(n, k) can be partitioned
into k + 1 sets, i.e., ;1(1), 9,1(2),..., ¢, (k +1). We form a labeling ¢ of S(n, k)
for n > 2 and k > 3 as follows:

lu)y=2(i—1), if ue (i) forie{1,2,...,k+1}.
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It is easy to see that ¢ is an L(2,1)-labeling and A(S(n,k)) < 2k. Note that
S(n — 1,k) is isometric to a subgraph of S(n, k) for any n > 2 and any k£ > 3. In
order to prove that A(S(n, k)) > 2k, we only need to show that A(S(2,k)) > 2k. By
Lemma 2.1, A(S(2,k)) > 2k. Thus A(S(n,k)) > 2k, and so A(S(n, k)) = 2k.

Now we show that the L(2, 1)-labeling ¢ of S(n, k) is equitable for any n > 2 and
any k > 2. For the case n > 2 and k = 2. Since A(S(n,2)) = 4 and S(n,2) is the
path on 2" vertices by Theorem 3.1,

if n is odd, then |7 (1)] = [@; ' (2)] = ;' (3) + 1;
if n is even, then o' (1)] = |¢,1(2)| + 1= |, (3)| + 1.

For any n > 2 and any k > 3, by Theorem 3.2, it is easy to see that

llen' @) = len (DI =0 and |le; O] = |y (k+ DI =1, i,5 € {1,2,... k}.

By the definition of equitable L(2, 1)-labeling, A.(S(n,k)) = 2k for any n > 2 and
any k > 2.
0l

Remark 3.1. Indeed, (i) for any n > 2 and k = 1, S(n,1) is isomorphic to Ki;
(ii) forn = 2 and k = 2, S(2,2) is a path of 3, it is clear that x24(5(2,2)) =
A(S(2,2)) = Xe(S(2,2)) = 3; (iii) forn =1 and any k > 2, S(1,k) = Kj. Since
Noa(K1) = X(Ki) = k and \(S(1,k)) = M(Ky) = 2k — 2 by Lemma 2.2, |p;'(i)| =
lon XD =1 ford,j € {1,...,k}. Thus A\(S(1,k)) =2k — 2 for any k > 2.
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