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Abstract

For a nontrivial connected graph G, let ¢ : V(G) — N be a vertex col-
oring of G' where adjacent vertices may be colored the same and let
Vi, Vo, ..., Vi be the resulting color classes. For a vertex v of G, the
metric color code of v is the k-vector

code(v) = (d(v,V1),d(v,Va),--- ,d(v, Vi),

where d(v, V;) is the minimum distance between v and a vertex in V. If
code(u) # code(v) for every two adjacent vertices u and v of G, then cis a
metric coloring of G. The minimum k£ for which G has a metric k-coloring
is called the metric chromatic number of G and is denoted by p(G). The
metric chromatic numbers of some well-known graphs are determined and
characterizations of connected graphs of order n having metric chromatic
number 2 and n — 1 are established. We present several bounds for the
metric chromatic number of a graph in terms of other graphical parame-
ters and study the relationship between the metric chromatic number of
a graph and its chromatic number.
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1 Introduction

The primary goal of vertex colorings of a graph G is to distinguish the two vertices
in each pair of adjacent vertices of G by using as few colors as possible. Of course,
this can be accomplished by proper colorings, where adjacent vertices are required
to be assigned distinct colors. The minimum number of colors in a proper coloring
of G is then the chromatic number x(G) of G. There are other methods, however,
that can be used to distinguish every two adjacent vertices in G by means of vertex
colorings and which may require using fewer than x(G) colors.

The distance d(u,v) between two vertices v and v in a connected graph G is the
length of a shortest u— v path. For a set S C V(@) and a vertex v of G, the distance
d(v,S) between v and S is defined as

d(v,S) =min{d(v,z): z € S}.

Then 0 < d(v,S) < diam(G), where d(v,S) = 0 if and only if v € S. Suppose
that ¢: V(G) — {1,2,...,k} is a k-coloring of G for some positive integer k where
adjacent vertices may be colored the same and let Vi, V4, ..., Vi be the resulting color
classes. With each vertex v, we can associate a k-vector

code(v) = (ay,ag, - ,ar) = aras - - a

called the metric color code of v, where for each i with 1 < i <k, a; = d(v,V;). If
code(u) # code(v) for every two adjacent vertices u and v of G, then c¢ is called a
metric coloring of G. The minimum k& for which G has a metric k-coloring is called
the metric chromatic number of G and is denoted by u(G). Clearly, u(G) is defined
for every connected graph G and p(G) > 2 for every nontrivial connected graph G.

Let ¢ be a proper k-coloring of a nontrivial connected graph G with resulting
color classes V1, V5, ..., Vi and let u and v be two adjacent vertices of G. Then
uw € V; and v € V; for some 4,5 € {1,2,...,k} with ¢ # j. Suppose that code(u) =
(a1, ag,...,a;) and code(v) = (b1,ba,...,b;). Then a; = b; = 0 and a; = b; = 1.
Thus code(u) # code(v) and c¢ is also a metric coloring of G. Thus p(G) < x(G).
Consequently,

2 < u(G) < x(G) < n W

for every nontrivial connected graph G of order n.

To illustrate these concepts, consider the graph G = C7 + K (the wheel of order
8). The chromatic number of G is x(G) = 4. We show that its metric chromatic
number is u(G) = 3. Since the 3-coloring shown in Figure 1 is a metric coloring, it
follows that p(G) < 3. It remains to show that p(G) > 3. Assume, to the contrary,
that 11(G) = 2. Then there exists a metric 2-coloring ¢ of G using the colors 1 and 2.
Necessarily, two adjacent vertices x and y of G are colored differently, say c¢(x) = 1
and c¢(y) = 2. These vertices belong to a common triangle 7. Let z be the third
vertex of T'. We may assume that c¢(z) = 1. However then code(x) = code(z) = (0, 1),
which is a contradiction.
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Figure 1: A metric 3-coloring of a graph

The partition dimension of a connected graph G was introduced in [2, 3] and
defined as the minimum % for which G has a k-coloring such that code(u) # code(v)
for each pair u,v of distinct vertices of G. This concept has also been studied in
[1], [5], and [6], among other papers. While the partition dimension deals with
vertex-distinguishing colorings of G (in which every two vertices of G have distinct
color-induced labels), a metric coloring is a neighbor-distinguishing coloring of G
(in which every two adjacent vertices of G have distinct color-induced labels). The
following observations will be useful to us.

Observation 1.1 To show that a given coloring ¢ is a metric coloring, it suffices
to show that code(u) # code(v) for adjacent vertices u and v with c(u) = ¢(v).

Observation 1.2 Let ¢ be a metric coloring of a connected graph G and wv € E(G).
If d(u,w) = d(v,w) for allw € V(G) — {u,v}, then c(u) # c(v).

It is convenient to introduce some notation. For a coloring ¢ of a graph G and a
set S C V(G), the set ¢(S) of colors of S is defined by

c(S) ={c(v): ve St
For each positive integer k, let
N, ={1,2,...,k}.

We refer to the book [4] for graph theory notation and terminology not described in
this paper.

2 On Graphs with Prescribed Order and Metric Chromatic
Number

We noted in (1) that 2 < u(G) < n for every nontrivial connected graph G of order n.
It is obvious that a connected graph G of order n has metric chromatic number n if
and only if G = K,,. We now characterize connected graphs having metric chromatic
number 2.
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Proposition 2.1 A nontrivial connected graph G has metric chromatic number 2
if and only if G is bipartite.

Proof. If G is bipartite, then x(G) = 2 and so the result follows by (1). For the
converse, suppose that there is a connected graph G with metric chromatic number 2
that is not bipartite. Let C : vy, v9,...,vp,v,41 = v1 be an odd cycle in G and let ¢
be a metric 2-coloring of G. Consider the (cyclic) color sequence

st c(vr),c(va), ..., c(ve), c(veyr) = c(vr).

By a block of s, we mean a maximal subsequence of s consisting of terms of the
same color. We claim that each block of s must be of odd length. Suppose, to the
contrary, that there is a block of even length, say c(v1),c(v2),. .., c(ve) for some
positive integer k where 2k < ¢. We may assume that ¢(v;) = 1 for 1 < ¢ < 2k and
50 ¢(vg) = ¢(vagy1) = 2. Thus code(v;) = (0,d;), where d; is the distance between v;
and the nearest vertex colored 2. Since code(v;) = (0, 1) and code(v;) # code(v;+1)
for 1 <14 <2k —1, it follows that |d; — d;41| = 1. Consequently, d; is odd if and only
if i is odd for 1 <4 < 2k —1. However, code(vy) = (0, 1), producing a contradiction.
Thus, as claimed, every block of s has odd length. Hence we may assume that either
(i) s consists of a single block in which ¢(v;) = 1 for 1 < ¢ < £ or (ii) s contains
an even number of blocks, each having an odd number of terms. If (i) occurs, then
code(v;) = (0,d;) for some d; > 1 and |d; — d;q| = 1 for 1 <4 < ¢, which implies
that dy, ds, ..., dy, d; alternate between even and odd integers, which is impossible
since £ is odd. If (ii) occurs, then £ is even, which contradicts our assumption. L]

As immediate consequences of Proposition 2.1, we have the following,.
Corollary 2.2 Let G be a connected graph. If x(G) = 3, then u(G) = 3.

Corollary 2.3 For each integer n > 3,

2 ifn is even
3 ifn is odd.

By Proposition 2.1, if G is a complete bipartite graph, then u(G) = x(G) = 2;
while by Corollary 2.2, if G is a complete 3-partite graph, then u(G) = x(G) = 3.
This fact can be extended to all complete multipartite graphs, as we show next.

Proposition 2.4 For every complete k-partite graph G where k > 2, u(G) = k.

Proof. We proceed by induction on k£ > 2. For k = 2, the result follows by
Proposition 2.1. Suppose that the metric chromatic number of every complete (k—1)-
partite graph is k — 1 for some integer k > 3. Let G be a complete k-partite graph
with partite sets Uy, Us,...,Us. Certainly, the metric chromatic number of G is
at most k. Assume, to the contrary, that u(G) < k — 1. Let there be given a
metric (k — 1)-coloring ¢ of G using the colors in Ny_;. We claim that for each
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partite set U; (1 < i < k), the coloring ¢; that is the restriction of ¢ to V(G) — U;
in the complete (k — 1)-partite graph G — Uj; is a metric coloring. To see this, let
u and v be two adjacent vertices in G — U;. Then code.(u) # code.(v). Since
d(u,z) = d(v,z) = 1 for all z € U,, it follows that code,,(u) # code,(v). This
implies that ¢; is a metric coloring of G — U;. Since u(G — U;) = k — 1 by the
induction hypothesis, it follows that ¢(V(G) — U;) = Ni_; for every partite set U; of
G. Because ¢(V(G)) = Ni_1, there are vertices z and y in G belonging to different
partite sets of G such that c(x) = ¢(y), say c(z) = ¢(y) = 1. We may assume that
z € Uy and y € Us. Since ¢(V(G) —Uy) = ¢(V(G) — Uz) = Ng_yq, it follows that
code(z) = code(y) = (0,1,1,--- ,1), a contradiction. ]

Since the metric chromatic number of the complete k-partite graph K11 n——1)
of order n is k, the following result is a consequence of Proposition 2.4.

Corollary 2.5 For each pair k,n of integers with 2 < k < n, there is a connected
graph G of order n with u(G) = k.

We next determine those connected graphs of order n > 3 having metric chro-
matic number n — 1.

Theorem 2.6 A connected graph G of order n > 3 has metric chromatic number
n—1ifand only if G = Ko+ Ky or G = (K,,_2 UK;) + K;.

Proof. It iseasy tosee that u(G) =n—1if G = K, s+ Ky or G = (K, sUK;)+K;.
For the converse, assume that G is a connected graph of order n > 3 with u(G) =
n—1. Thus G # K, and x(G) = n—1. Then the clique number of G is w(G) = n—1.
Let H = K, _; be a clique of order n — 1 in G with V(H) = {vy,vs,...,v,_1} and
let V(G) — V(H) = {v}. If v is adjacent to exactly n — 2 vertices of H, then
G = K, o + K,; while if v is adjacent to exactly one vertex of H, then G =
(Kn—2 U K7) + K;. Thus we may assume that v is adjacent to vy, vs,...,v; in
G where 2 < k < n — 3. Define a coloring ¢ of G by c¢(v;) =i for 1 < i <n — 3,
c(n—a) =1, ¢(vp_1) = 2, and ¢(v) = n—2. Since v; and v, are adjacent to v and v,_»
and v,_; are not, it follows that code(v;) # code(v,_3) and code(vy) # code(v,_1).
By Observation 1.1, ¢ is a metric (n — 2)-coloring of G and so p(G) < n — 2, which
contradicts our assumption. ]

3 Bounds for the Metric Chromatic Number of a Graph

We have already noted that if G is a nontrivial connected graph of order n, then
2 < (@) < x(G) < n. With the aid of other graphical parameters, we present in
this section improved lower and upper bounds for u(G).

The clique number w(G) of a graph G is the largest order of a clique (complete
subgraph) in G. It is well known that x(G) > w(G) for every graph G. It need not
occur that p(G) > w(G) however. For the graph G of Figure 2, x(G) = w(G) = 4.
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Figure 2: A graph G with p(G) =3 and w(G) =4

Since the 3-coloring of G shown in Figure 2 is a metric coloring, it follows that
pu(G) < 3 and so u(G) = 3 by Proposition 2.1.

There is a lower bound for the metric chromatic number of a graph in terms of
its clique number, however. This bound is presented next.

Theorem 3.1 For every nontrivial connected graph G,
1(G) = 1+ [logy w(G)]. 2)

Proof. Let H be a clique of order w = w(G) in G with V(H) = {vq,v2,...,0,}.
Suppose that p(G) = k and ¢ is a metric k-coloring of G using colors in the set Ny.
Suppose that |c¢(V(H))| =r, say ¢(V(H)) =N,, where 1 <r <k.

Let v € V(H) with code(v) = (a1, as,--- ,ax). Observe that a; € {0,1} for
1 < i < r and exactly one of ay,as,...,a, is 0. Thus there are r possibilities for
the r-tuple (a1, aq,...,a,). For each j with r +1 < j < k, let d; be the minimum
distance between a vertex colored j in V(G)—V(H) and a vertex in V(H). Then a; €
{d;,d; + 1} and so there are two choices for each coordinate a; when r+1 < j < k.
Thus there are 25" possibilities for the (k — r)-tuple (@41, @rq9, - . ., ax). Therefore,
there are r - 2¥~" possible metric color codes for the vertices of H and so w < r-2F 7.
Since 7 < 27! for each positive integer r, it follows that w < 27! . 28" = 2k=1 and
so k — 1 > logyw. Therefore, k = u(G) > 1+ log, w, producing the desired result. m

The lower bound for the metric chromatic number of a graph in Theorem 3.1
is sharp. To see this, we construct a connected graph G with w(G) = 2¥~! and
w(G) = k for each integer k > 2. We start with the complete graph H = Koyr1
of order 2871 where V(H) = {v1,v,...,v9-1}. Let S1,Ss,...,Sm1 be the 2871
subsets of Ny_;, where S; = ). For each integer i with 2 < i < 2F7! we add ||
pendant edges at the vertex v;, obtaining the connected graph G with w(G) = 2+ 1.
The graph G shown in Figure 2 is constructed in this way for k& = 3. It remains
to show that p(G) = k. By Theorem 3.1, u(G) > k. Define a k-coloring of G by
assigning (i) the color k to each vertex of H and (ii) the colors in S; to the |S;]
end-vertices adjacent to v; for 2 < 4 < 271, Since c is a metric k-coloring of G, it
follows that u(G) = k.

For a connected graph G, the diameter diam(G) of G is the greatest distance

between two vertices of G. If G is a connected graph with diam(G) = d and p(G) = k,
then for a metric k-coloring of G and a vertex v of G, exactly one coordinate of
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code(v) is 0, while each of the remaining coordinates of code(v) is an element of
the set {1,2,...,d}, resulting in at most k - d*~! distinct metric color codes for the
vertices of G. Note that each metric k-coloring ¢ of a graph G provides a proper
coloring ¢* of G, where ¢*(v) = code(v) for each v € V(G). Since ¢* uses at most
k- d*=! different colors, x(G) < k - d*~*. This observation is stated below.

Observation 3.2 If G is a connected graph of order n, diameter d, and metric
chromatic number k, then
X(G) < k-d1.

By the well-known inequality x(G) < n —d + 1 for every connected graph G
of order n and diameter d (see [7]), we obtain the following result that presents an
upper bound for the metric chromatic number of a graph in terms of its order and
diameter.

Proposition 3.3 If G is a nontrivial connected graph of order n and diameter d,
then
w(G)<n-—d+1.

The upper bound in Proposition 3.3 is sharp. To see this, we construct a con-
nected graph G of order n and diameter d such that pu(G) =n — d + 1 for each pair
n,d of integers with 1 < d < mn — 1. Let G be the graph obtained from the graph
K, _q11 and the path Py : vy,vg,...,v4 by identifying a vertex of K, 4,1 and the
vertex vy of P; and denoting the identified vertex by v;. Then the order of G is n and
the diameter of G is d. It remains to show that ;(G) = n—d+1. By Proposition 3.3,
#(G) < n—d+1. By Observation 1.2, the n—d vertices in V (K, _q41) — {v1 } must be
assigned different colors in every metric coloring of G and so u(G) > n —d. Assume,
to the contrary, that there is a metric (n — d)-coloring ¢ of G. Then c¢(v;) = ¢(x) for
some = € V(K,—4+1) — {v1}. However then code(v;) = code(z), which is impossible.
Thus p(G) =n — d+ 1, as claimed.

4 On the Chromatic Number and Metric Chromatic Num-
ber of a Graph

It is well known that if v is a vertex of a nontrivial graph G, then either (G —v) =
X(G) or x(G—v) = x(G)—1. This, however, is not the case for the metric chromatic
number. In fact, it is possible for a graph G to contain a vertex v such that the metric
chromatic number of G — v is greater than the metric chromatic number of G. On
the other hand, ;(G — v) can never exceed p(G) by more than degwv. For a vertex
v, let N[v] = N(v) U {v} denote the closed neighborhood of v.

Theorem 4.1 Ifv is a vertex that is not a cut-vertex of a connected graph G, then

(G —v) < p(G) + deg.
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Proof. Suppose that u(G) = k, degv = d, and N(v) = {v1,vs,...,v4}. Let
¢ : V(G) — Ny be a metric k-coloring of G and let Vi, V3, ..., Vi be the resulting
color classes. First, we assume that V; € N[v] for all ¢ with 1 < i < k. Now let
c : V(G = v) = Niyq be the coloring defined by

() = { c(xz) ifx ¢ N(v)

kE+i ifz=v (1<i<d),

where V{,V3,..., V], are the color classes resulting from ¢. Therefore, V/ C V;
for 1 < i< kand|V/,|=1forl<i<d Weshow that ¢ is a metric (k + d)-
coloring of G — v. For u € V(G — v), observe that dg(u,w) < dg_,(u,w) for each
w € V(G — v) — {u}. Hence for every ¢ with 1 <4 < k for which V/ # 0,

dg(u7 V;) < dG—v(ua V;/)

Let  and y be two adjacent vertices in G — v. Then x and y are adjacent in G
and code.(z) # code.(y). We show that codey(x) # codey(y). By Observation 1.1,
we may assume that ¢/(x) = ¢(y). Hence z,y € V(G —v) — N(v) = V(G) — N[v].
Suppose, without loss of generality, that z,y € V/ and so ¢(x) = ¢/(y) = 1. Since
c(x) = c(y) =1 as well, we may write

( ) (O7a2,~~«7ak)

(x) (0, a3, @y Ay, Arg)
codec(y) = (0,bg,--,by)

() (

/ AT /
07b27 e 7bk7bk+17 e 7bk+d)'

If dg_o(z,v;) # dg—o(y,v;) for some j with 1 < j < d, then a;,; # b, ; and
so codes(x) # codeys(y), as desired. Hence we may assume that dg_,(z,v;) =
dg_y(y,v;) for all ¢ with 1 <7 < d. We claim that

da(z,u) = dg(y,u) for every u € N[v]. (3)

We consider two cases.

Case 1. u = v. We may assume, without loss of generality, that
a’:dG(IaU) SdG(yav)' (4)

Let P : 2z = wg,ws, ..., w, = v be an x —v path of length a in G. Then dg_,(x, w,_1)
= a— 1. Since w,_; € N(v), it follows that dg_,(y,ws—1) = a — 1. Let P’ be a
y — w,e_1 path of length @ — 1 in G — v. Then P’ followed v = w, is a y — v walk of
length a in G and so dg(y, v) < a. It then follows by (4) that dg(z,v) = da(y, v) = a.

Case 2. w € N(v). Then dg_,(z,u) = dg—o(y,u). Assume, to the contrary, that
dg(z,u) # da(y,u), say b = dg(z,u) < dg(y,uw). Since b = dg(z,u) < da(y,u) <

dg_o(y,u) = dg_(z,u), every x — u path of length b in G contains v, say @ : © =
Ty X1, ..., Tp_1 = V,u 1S an & — u geodesic in G. Hence dg(z,v) = da(y,v) =b—1
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by Case 1. Since a y — v path of length b — 1 in G followed by u is a y — u walk in
G of length b, it follows that b = dg(z,u) < dg(y,u) < b, which is impossible.

Therefore, as claimed, dg(z,u) = dg(y, w) for every u € Nv]. Since ¢ is a metric
coloring of G, it follows that a; # b; for some i with 2 < ¢ < k, say as < by. Let
z € V(G —v)— N(v) =V(G) — Nv] such that ¢(z) = /(z) = 2 and

dg(z, 2) = dg(z, Vo) = as.

Since dg(y, V2) = by > as, it follows that by = a + 1 and by (3) no = — z path of
length as can contain a vertex in N[v], implying that dg_,(z,2) = dg(z,z) = as.
Then

alg < d(;,U(LL',Z) =ay <by= da(lh ‘/2) < dev(yv VQI) = b,2

Hence afy, # b, and so codey(z) # codey(y). Therefore, ¢ is a metric coloring of
G — v and we obtain (G —v) <k +d = pu(GQ) + dego.

If it should occur that V; C N[v] for one or more integers ¢ with 1 < ¢ < k, then
we need not recolor the vertices belonging to each such set V;. Suppose that there
are j*(> 1) such sets, say V; C Nv] for 1 <i < j* and V; € Nv] for j*+1<i<d
(if j* < d). Then the coloring ¢’ of G — v defined by

) = k+i if 7* <dand z = vjoy; (1 <i < d—j%)
)| clx) otherwise

is a metric (k +d — j*)-coloring. Therefore, u(G —v) < k+d — j* < u(G) + degv. m

We now show that the upper bound for (G — v) in Theorem 4.1 is sharp.
For a given positive integer d and an integer kK > d + 2, let H = Ky, 5, where
V(H) = UUW with U = {ug,us,...,ur_1} and W = {wy,wa,...,we_1}. The
graph G is constructed from H by adding two new vertices v; and v9 and joining v;
to wy, wy, ..., wyg and joining vy to way1, Weta, - .., Wg—_1. Figure 3 shows the graph
G for d =3 and k = 5. Hence degv; = d and degvy =k — 1 —d > 1. We show that
w(G) =k and p(G —vy) =k +d.

U2 u3
Uy Uy U
w1 Wy w
w3 w3
L
U1 U2

Figure 3: A graph G with u(G) =5 and p(G —v1) = 8
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The k-coloring ¢; : V(G) — N defined by

() i ifre{u,w}forl<i<k-—1
a(z) =
! k if x € {v, 09}

is a metric coloring and so u(G) < k. Furthermore, the (k + d)-coloring ¢y : V(G —
v1) — Nyiq given by

7 fex=uyforl <i<k-1
k+i—1 ifzx=wforl1<i<d

o) = . . .
7 foe=wford+1<i<k-1
k+d if £ = v,y

is also a metric coloring and so u(G — v;) < k + d. It remains to verify that
w(G) > k and p(G —vq) > k +d. By Observation 1.2, the vertices of U must be
assigned distinct colors in any metric coloring of G. Hence u(G) > |U| = k — 1.
If u(G) = k — 1, then some vertex of W is assigned the same color as a vertex
in U by a metric (k — 1)-coloring ¢ of G, say c¢(u;) = c¢(w;) = 1. However then,
code(u1) = code.(w;), which is impossible. Thus p(G) = k. Similarly, the vertices

of X = U U {wy,ws,...,wg} must be assigned distinct colors in any metric coloring
of G—wvy and so pu(G —vy) > | X|=k+d—1. If o(G—v1) =k+d— 1, then some
vertex in {wgy1, Wayo, ..., wg_1} is assigned the same color as a vertex in X by a

metric (k + d — 1)-coloring of G. However then, these two vertices have the same
metric color code, which is impossible. Hence pu(G — vy) = u(G) + degoy.

For a nontrivial connected graph G and a vertex v of G, it can occur that u(G —
v) = pu(G) or u(G —v) = u(G) — 1. For example, for the graph G of Figure 1 and
the vertex v of degree 7 in G, we have u(G —v) = u(G) = 3. If G = K, + uv,
where s +t > 3 and uw and v are nonadjacent vertices in K ;, then u(G) = 3 and
w(G —v) = 2. Thus u(G —v) = pu(G) —1 in this case. In fact, the deletion of a vertex
from a graph can decrease the metric chromatic number by 2. We now illustrate this
fact. Consider the graph G of Figure 4 and the vertex v of G, where v is adjacent to
all other vertices of G.

Since G — v is not bipartite and there is a metric 3-coloring of G — v (as shown in
Figure 4), it follows that u(G —v) = 3. It remains to show that u(G) = 5. A metric
(and proper) 5-coloring of G is shown in Figure 4 and so u(G) < 5. Assume, to the
contrary, that there exists a metric 4-coloring ¢ : V(G) — Ny. Suppose, without loss
of generality, that c¢(v) = 4 and so code(v) = (1,1,1,0). Let X = {ug, us, wa, ws}.
By Observation 1.2,

c(u;) # c(w;) for 1 <i<4 (5)

and so |¢(X)| > 2. On the other hand, |¢(X)| # 4; for otherwise, if ¢(X) = {1, 2, 3,4},
then the vertex in X colored 4 has the color code (1,1,1,0) = code(v), a contradic-
tion. Thus 2 < |¢(X)| < 3 and there are two vertices in X colored the same. By (5)
no three vertices in X can be assigned the same color by ¢. We consider two cases,
according to the number of vertices in X that are colored 4.
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1 2 1 2
uq Uz us Uy
1 5
w1 wa w3 Wy
3 4 3 4

1 1 1 1
2 2 2 2
Figure 4: A graph G with p(G) =5 and u(G —v) =3

Case 1. At most one vertex in X is assigned the color 4. Assume, without loss
of generality, that c(us) = ¢(usz) = 1. First, suppose that c(wp) = 2. Then c(ws) €
{2,3,4}. If c(ws) = 2, then {code(uy), code(us)} = {(0,1,1,1),(0,1,2,1)}. Suppose
first that code(uz) = (0,1,1,1). Thus ¢(u;) = 3 or ¢(w;) = 3, say c¢(u;) = 3. How-
ever then, regardless of the color of wy, code(w;) € {code(u),code(us), code(ws),
code(v)}, which is impossible. A contradiction arises in a similar way if code(usz) =
(0,1,1,1). If e(ws) = 3, then code(uy) = code(us) = (0,1,1,1), a contradiction. If
c(ws) = 4, then 3 ¢ {c(uy), c(wy)}, for otherwise, code(ws) = (1,1,1,0) = code(v),
a contradiction. Hence code(us) = (0,1,2,1) and code(us) = (0,1,1,1). Thus
c(uy) = 3 or ¢(wy) = 3, say the former. However then, regardless of the color of wy,
code(w;) € {code(uy),code(usy), code(ws), code(v)}, which is impossible. A similar
argument produces a contradiction if c(ws) = 2.

Case 2. Ezactly two vertices in X are colored 4, say c(uz) = c(ug) = 4. Suppose,
without loss of generality, that c(ws) = 1. Then c(ws) € {1,2,3}. If ¢(w;3) = 1, then
since code(v) = (1,1,1,0), it follows that

{code(uz), code(us)} C {(1,1,2,0),(1,2,1,0),(1,2,2,0)}.

Thus, we may assume that code(us) = (1,2, as,0), where a3 € {1,2}. This implies
that 2 ¢ {c(u1),c(wy)}. I 1 € {c(ur),c(w)}, say c(u;) = 1, then code(u;) =
code(wy), regardless of the color assigned to w;. Similarly, if 4 € {c(u1), c(wy)}, say
c(u) = 4, then code(u;) = code(uz), regardless of the color assigned to w;. However
then, c¢(u;) = c(w;) = 3, which is also impossible. If ¢(ws) = 2 or ¢(ws) = 3, say the
former, then

{code(us), code(us), code(v)} C {(1,1,1,0),(1,1,2,0)},

which is a contradiction.

Therefore, as claimed, p(G) = 5. Hence pu(G — v) = pu(G) — 2 for the graph G
of Figure 4 and the vertex v in G. Whether there exists a connected graph G and a
vertex v of G for which (G —v) < u(G) — 2 is not known.
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We have seen in (1) that if G is a nontrivial connected graph with u(G) = a
and x(G) = b, then 2 < a < b. We now investigate those pairs a,b of integers with
2 < a < b that are realizable as the metric chromatic number and chromatic number,
respectively, of some connected graph. In the proof given for the following theorem,
the notation [«, 5] denotes the closed interval from « to 3, that is, [o, 5] = {z € R :
a<zx< S}

Theorem 4.2 For each pair a,b of integers with 2 < a < b < 2971, there exists a
connected graph G with p(G) = a and x(G) =b.

Proof. If a =b, then u(Ky) = x(K;) = b. Hence we may assume that 3 <a <b <
2071 Consider the function f, : [0,a — 2] — [a,2%71] defined by f,(z) = 2%(a — z).
Note that f, is strictly increasing on [0, a — 2]. Consequently, there exists an integer
p € [1,a — 2] such that

a=1a0) < fulp—1) <b < fulp) < fala —2) =207,

Also, observe that

pea < EED [0 ]y
a—p

Let ¢ = [ﬁ—‘ Then p+1 < ¢ < 2P and

b=(¢—D(a—p)+r, (6)

where 1 <r <a—p.

Let H = K}, where V(H) can be partitioned into ¢ subsets X1, X»,..., X, such
that |[X;| =a—pfor 1 <i<g—1and |X,| =r Write X; = {z,;:1<j<|X;|}
for 1 <4 < gq. Also, let Sy, S5, ...,S% be the 2P subsets of N,,, where |.S;| < |Sy| <
-+ < |Sa|. (Hence S; =0, |S;|=1for2<i<p+1,and Se» = N,.) Let Y be a set
of 37 (") vertices disjoint from V/(H) such that Y can be partitioned into 27 — 1
subsets Y, Y, ..., Yo for which |Y;| = |S;| for 2 < i < 2P. A graph G is constructed
from H by

(i) adding the vertices in UL,Y; to H and
(i) joining each vertex in Y; to every vertex in X; for 2 <i <g.

Figure 5 shows the graphs G in the case when (a,b) = (7,30) and (a,b) = (10, 30).
Since x(G) = b, it remains to show p(G) = a. The coloring ¢; : V(G) — N,
defined by

ca(z;;) = p+j forl<i<g—landl1<j<a-—p
ci(zg;) = p+j for1<j<r
aly;) = S for2<i<g
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Yz 6
1 123
0000[|ddo0[4ES6[EEE5STHE & EDE
45674567 |4567[456°7 456745674
Xl X2 X3 X4 XS X(, X7 Xg
a="7andb=230
YV? YVS Y4
1 2 1 2
00000000|8d3dbbd o/cfd 5 b\o HEEIN D
345678910[345678910{3 4567 8910(3456738
X1 X X3 X4

a =10 and b = 30

Figure 5: Graphs in the proof of Theorem 4.2 for a € {7,10} and b = 30

is a metric a-coloring of G and so p(G) < a. Assume, to the contrary, that u(G) < a.
Then there exists a metric (a — 1)-coloring of G. Permuting the colors 1,2,...,a—1,
if necessary, we obtain an (a—1)-coloring ¢ : V(G) — N,_; of G such that ¢(X) = Ny,
where then ¢ < a —1 and X = V(H). By Observation 1.2, the a — p vertices in X
must be colored differently by c. Therefore, a —p < ¢ < a— 1. Observe that the first
¢ coordinates of the code of each vertex in X are all 1 except one coordinate is 0.
Furthermore, each of the remaining a — 1 — ¢ coordinates is either 1 or 2. Therefore,

b<2ot =201 (270 )

1

hl2,00) and 5 1 5 <2< a—p,

The function g(z) = 27%-x defined on R is decreasing on (
implying that

<20t (270 0) <207 270 (g — p)] = 22 H(a — p).
However then,
X Na—p+1)=fup—1)<b< 2P (a—p),

which is a contradiction. Therefore, we conclude that (G) = a. u

It is not known whether there is a graph G with u(G) = a and x(G) = b where a >
3 and b > 29!, However, if such a graph G exists, then it follows by Proposition 3.1
that w(G) < b. In particular, it is not known if there is a 5-chromatic graph whose
metric chromatic number is 3.



286 G. CHARTRAND, F. OKAMOTO AND P. ZHANG

Acknowledgments

We are grateful to the referee whose valuable suggestions resulted in an improved
paper.

References

[1] G.G. Chappell, J. Gimbel and C. Hartman, Bounds on the metric and partition
dimensions of a graph, Ars Combin. (to appear).

[2] G. Chartrand, E. Salehi and P. Zhang, On the partition dimension of a graph,
Congr. Numer. 131 (1998), 55-66.

[3] G. Chartrand, E. Salehi and P. Zhang, The partition dimension of a graph,
Aequationes Math. 59 (2000), 45-54.

[4] G. Chartrand and P. Zhang, Introduction to Graph Theory, McGraw-Hill, Boston
(2005).

[5] V. Saenpholphat and P. Zhang, Connected partition dimensions of graphs. Dis-
cuss. Math. Graph Theory 22 (2002), 305-323.

[6] I. Tomescu, I. Javaid and Slamin, On the partition dimension and connected
partition dimension of wheels, Ars Combin. 84 (2007), 311-317.

[7] V. Chvdtal, Some relations among invariants of graphs. Czech. Math. J. 21
(1971), 366-368.

(Received 29 Apr 2008; revised 18 June 2008)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /OK
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


