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The existence of (v, 4, λ) disjoint difference families
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Abstract

A (v, k, λ) difference family ((v, k, λ)-DF in short) over an abelian group
G of order v is a collection F = {Bi | i ∈ I} of k-subsets of G, called
base blocks, such that each nonzero element of G can be represented in
precisely λ ways as a difference of two elements lying in some base blocks
in F . A disjoint (v, k, λ)-DF is a difference family with disjoint blocks.
In this paper, it is proved that there exists a (v, 4, 1)-DDF for each prime
power v ≡ 1 (mod 12) and v ≥ 13. It is also proved that there exists a
(v, 4, 2)-DDF for each prime power v ≡ 1 (mod 6) and v ≥ 7.
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1 Introduction

Let G be an abelian group of order v, let k be an integer satisfying 2 ≤ k < v, and
λ a positive integer. A (v, k, λ) difference family is a collection F = {Bi | i ∈ I}
of k-subsets of G which are called base blocks, such that each nonzero element of
G can be represented in precisely λ ways as a difference of two elements lying in
some base blocks in F . The number of base blocks of a (v, k, λ)-DF is obviously
λ(v − 1)/k(k − 1). So the necessary condition for the existence of a (v, k, λ)-DF is
that λ(v−1) ≡ 0 (mod k(k−1)). If G = Zv, it is said to be cyclic and is denoted by
cyclic (v, k, λ)-DF or (v, k, λ)-CDF. Cyclic (v, k, 1)-DFs can be used to construct
optimal optical orthogonal codes (see [8]).

If the base blocks of a (v, k, λ)-DF are mutually disjoint, then the (v, k, λ)-DF is
called a disjoint (v, k, λ) difference family ((v, k, λ)-DDF in short). Obviously, the
necessary conditions for the existence of a (v, k, λ)-DDF are λ(v−1) ≡ 0 (mod k(k−
1)) and λ ≤ k − 1.

The existence of (v, k, λ)-DFs has been studied extensively when k = 3, 4, 5, 6, 7
(see [1–6]).

It is not difficult to see that the necessary conditions for the existence of (v, 3, λ)-
DDFs are λ = 1, 2, and v ≡ 1 (mod 6) if λ = 1; v ≡ 1 (mod 3) if λ = 2.

The existence of (v, 3, 1)-DDFs is completely solved and partial results for the
existence of (v, 3, 2)-DDFs have also been obtained. We state the results below.

Lemma 1.1 ([7]) There exists a (v, 3, 1)-DDF for all v ≡ 1 (mod 6) and v ≥ 7.

Lemma 1.2 ([11]) There exists a (v, 3, 2)-DDF for each prime power v ≡ 1 (mod 3)
and v ≥ 4.

The necessary conditions for the existence of a (v, 4, λ)-DDF are 1 ≤ λ ≤ 3, and
v ≡ 1 (mod 12) if λ = 1; v ≡ 1 (mod 6) if λ = 2; v ≡ 1 (mod 4) if λ = 3.

The following result was stated in [10].

Lemma 1.3 Let v − 1 = el, where v is a power of an odd prime; then there exists a
(v, (v − 1)/e, (v − 1 − e)/e)-DDF.

Take l = 4 in Lemma 1.3; noting that v = 4e + 1 is odd, we have the following
result.

Lemma 1.4 Let v − 1 = 4e, where v is a prime power; then there exists a (v, 4, 3)-
DDF.

The following result was stated in [11].

Lemma 1.5 There exists a (pn, 4, 1)-DDF whenever p ≡ 1 (mod 12) is a prime
number and p ≥ 13.
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In this paper, we extend Lemma 1.5 to the case when v ≡ 1 (mod 12) is a prime
power. The following result is obtained.

Theorem 1.6 There exists a (v, 4, 1)-DDF for each prime power v ≡ 1 (mod 12),
and v ≥ 13.

The following result is also obtained.

Theorem 1.7 There exists a (v, 4, 2)-DDF for each prime power v ≡ 1 (mod 6),
and v ≥ 7.

2 Proof of Theorem 1.6

Suppose that v = 12t+1 is a prime power, and ξ is a primitive element of a finite
field Fv of order v. Let H be the multiplicative subgroup of order 2t in F ∗

v = Fv \{0},
H i = ξiH, 0 ≤ i ≤ 5. Let gj(x) = xj − 1, hj−1(x) = gj(x)/(x − 1), 1 ≤ j ≤ 3.

The following two results were stated in [11].

Lemma 2.1 There exists a (v, 4, 1)-DDF for each prime power v ≡ 1 (mod 12), and
v ≥ 256 036.

Lemma 2.2 Suppose that v = 12t + 1 is a prime power, and M = {1, w, w2, w3}. If
w, h1(w), h2(w) satisfy the following conditions:

(C1) w ∈ H1, h1(w) ∈ H4, h2(w) ∈ H3,

then there exists a (v, 4, 1)-DDF.

In order to prove Theorem 1.6, we shall treat the prime powers of v = pn ≡
1 (mod 12), where p �≡ 1 (mod 12) is a prime number, v ∈ (13, 256 036).

The following result was stated in [11].

Lemma 2.3 If there exists a (q, k, λ)-DDF in Fq, then there exists a (qn, k, λ)-DDF
in Fqn, where n ≥ 1 is an integer.

It is not difficult to see that v = pn ≡ 1 (mod 12) is a prime power, p �≡ 1 (mod 12),
if and only if p ≡ 5, 7, 11 (mod 12) and 2|n.

Let

P1 = {pn : p ≡ 5 (mod 12) is a prime number, and pn ∈ (13, 256 036)},
P2 = {pn : p ≡ 7 (mod 12) is a prime number, and pn ∈ (13, 256 036)},
P3 = {pn : p ≡ 11 (mod 12) is a prime number, and pn ∈ (13, 256 036)}.
In what follows, let f be an irreducible polynomial of degree two over the finite

field Fp and g a primitive element of the finite field Fp2.
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Lemma 2.4 For each v ∈ P1, there exists a (v, 4, 1)-DDF.

Proof Let P11 = {p2 : p ≡ 5 (mod 12) is a prime number, and p ≤ 461}, P12 =
{54, 56, 174}. Then it is clear that P1 = P11 ∪ P12. For each v ∈ P11, with the
aid of a computer, we have found an element w satisfying condition (C1) stated in
Lemma 2.2. So, there exists a (v, 4, 1)-DDF. Here we list (v, f, g, w) for p < 140
in Table 1. For other values of v, we omit (v, f, g, w) in order to save space; the
interested reader may contact the first author to obtain a copy.

v f g w
52 x2 + 2 [x + 1] [3x + 3]
172 x2 + 3 [x + 2] [11x + 13]
292 x2 + 2 [x + 1] [9x + 3]
412 x2 + 3 [x + 2] [37x + 2]
532 x2 + 2 [x + 1] [42x + 42]
892 x2 + 3 [x + 2] [61x + 20]
1012 x2 + 2 [x + 1] [41x + 8]
1132 x2 + 3 [x + 4] [97x + 90]
1372 x2 + 3 [x + 8] [6x + 51]

Table 1

For v ∈ P12, the result comes from Lemma 2.3 and the existence of (52, 4, 1)-DDF
and (172, 4, 1)-DDF.

Lemma 2.5 For each v ∈ P2, there exists a (v, 4, 1)-DDF.

Proof Let P21 = {p2 : p ≡ 7 (mod 12) is a prime number, and p ≤ 499}, P22 =
{74, 194}. Then P2 = P21 ∪ P22. For each v ∈ P21, with the aid of a computer, we
have found an element w satisfying condition (C1) in Lemma 2.2. So, there exists a
(v, 4, 1)-DDF. Here we list (v, f, g, w) in Table 2 for p < 140 in Table 2.

v f g w
72 x2 + 1 [x + 2] [6x + 5]
192 x2 + 1 [x + 3] [16x + 14]
312 x2 + 1 [x + 4] [21x + 6]
432 x2 + 1 [x + 2] [19x + 34]
672 x2 + 1 [x + 7] [36x + 62]
792 x2 + 1 [x + 6] [26x + 12]
1032 x2 + 1 [x + 2] [68x + 49]
1272 x2 + 1 [x + 8] [79x + 66]
1392 x2 + 1 [x + 4] [78x + 44]

Table 2

For v ∈ P22, the result comes from Lemma 2.3 and the existence of (72, 4, 1)-DDF
and (192, 4, 1)-DDF.
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Lemma 2.6 For each v ∈ P3, there exists a (v, 4, 1)-DDF.

Proof Let P31 = {p2 : p ≡ 11 (mod 12) is a prime number, and p ≤ 503}. Then
P3 = P31 ∪ {114}. For each v ∈ P31, with the aid of a computer, we have found an
element w satisfying condition (C1) in Lemma 2.2. So, there exists a (v, 4, 1)-DDF.
Here we list (v, f, g, w) in Table 3 for p < 150.

v f g w
112 x2 + 1 [x + 4] [x + 4]
232 x2 + 1 [x + 2] [5x + 10]
472 x2 + 1 [x + 2] [6x + 9]
592 x2 + 1 [x + 3] [46x + 24]
712 x2 + 1 [x + 8] [36x + 4]
832 x2 + 1 [x + 10] [35x + 11]
1072 x2 + 1 [x + 2] [68x + 101]
1312 x2 + 1 [x + 3] [33x + 102]

Table 3

The existence of an (114, 4, 1)-DDF comes from Lemma 2.3 and the existence of an
(112, 4, 1)-DDF.

So we have the following result.

Lemma 2.7 If v = pn ≡ 1 (mod 12) is a prime power, p �≡ 1 (mod 12) is a prime
number, and v ∈ (13, 256 036), then there exists a (v, 4, 1)-DDF.

We are now in a position to prove Theorem 1.6.

Proof of Theorem 1.6 Lemma 2.1 takes care of all large values of v ≥ 256 036;
the remaining prime powers come from Lemma 1.5 and Lemma 2.7.

3 Proof of Theorem 1.7

Suppose that G is an abelian group, and B ⊆ G, and let ΔB = {a − b | a, b ∈
B, a �= b}. Suppose that B = {B1, B2, . . . ,Bt}, and let ΔB =

t⋃

i=0

ΔBi.

Suppose that v = 6t+1 is a prime power, and ξ is a primitive element of the finite
field Fv of order v. Let H be the multiplicative subgroup of order t in F ∗

v = Fv \ {0},
H i = ξiH, 0 ≤ i ≤ 5. Let gj(w) = wj − 1, hj−1(w) = gj(w)/(w − 1). 1 ≤ j ≤ 3. The
following result is obtained.

Lemma 3.1 Suppose that v = 6t + 1 is a prime power, and M = {1, w, w2, w3}. If
w, h1(w), h2(w) satisfy one of the following conditions:

(1) w ∈ H1, h1(w) ∈ H3, h2(w) ∈ H5; (2) w ∈ H1, h1(w) ∈ H4, h2(w) ∈ H3;

then there exists a (v, 4, 2)-DDF.
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Proof ΔM = ±(w − 1){1, w, w2, h1(w), wh1(w), h2(w)}. Let B = {M, ξ6M, . . . ,
ξ6(t−1)M}. If one of the conditions is satisfied, it is clear that M, ξ6M, . . . , ξ6(t−1)M
are mutually disjoint, and ΔB = 2(Fv\{0}). So B is a (v, 4, 2)-DDF.

Let f0(w) = ξ−1w, f1(w) = ξ−3h1(w), f2(w) = ξ−5h2(w); then condition (1)
stated in Lemma 3.1 can be derived if there exists an element w satisfying the
following condition:

(a) fi(w) ∈ H0, 0 ≤ i ≤ 2.

One can apply Weil’s theorem (see [9]) as done in [3, 11] to prove that there
exists an element w satisfying condition (a) for each prime power v = 6t + 1, and
v ≥ 256 036. So we have the following result.

Lemma 3.2 Suppose that v = 6t + 1 is a prime power. If v ≥ 256 036, then there
exists a (v, 4, 2)-DDF.

In order to prove Theorem 1.7, we shall treat the remaining prime powers.

Let E = A ∪ B ∪ C, where A = {7, 37, 73, 139, 223, 241, 307, 313, 367, 439, 499,
619, 787, 859, 1123}, B = {181, 331, 379, 463, 487}, C = {13, 19, 31, 43, 61, 79, 103,
109, 127}.

Lemma 3.3 Suppose that v = 6t + 1 is a prime number, v ∈ [7, 256 036), and
v �∈ B ∪ C; then there exists a (v, 4, 2)-DDF.

Proof For each prime number v ∈ [7, 256 036), and v �∈ E, with the aid of a
computer, we have found an element w satisfying condition (1) stated in Lemma 3.1.
Here we only list (v, ξ, w) in Table 4 for v ≤ 373. Other values of v are omitted to
save space; the interested reader may contact the first author to obtain a copy.

v ξ w v ξ w v ξ w v ξ w v ξ w
67 2 2 97 5 41 151 6 130 157 5 6 163 2 109
193 5 70 199 3 75 211 2 131 229 6 140 271 6 172
277 5 72 283 3 166 337 10 65 349 2 215 373 2 349

Table 4

For each v ∈ A, with the aid of a computer, we have found an element w satisfying
condition (2) in Lemma 3.1. We list (v, ξ, w) in Table 5. This completes the proof.

v ξ w v ξ w v ξ w v ξ w v ξ w
7 3 3 37 2 20 73 5 68 139 2 119 223 3 198
241 7 230 307 5 263 313 10 10 367 6 239 439 15 404
499 7 19 619 2 578 787 2 62 859 2 843 1123 2 315

Table 5
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Lemma 3.4 Suppose that v = 6t+1 is a prime power, and ξ is a primitive elememt
of Fv. Let H be the multiplicative subgroup of order 2t in F ∗

v =Fv \ {0}, H i = ξiH,
0 ≤ i ≤ 2. Let M = {1, w, w2,−1}, B={sM | s ∈ S}, where S = {1, ξ3, . . . , ξ3(t−1)}.
If there exists an element w satisfying the following conditions:

(C2) 2 ∈ H1, w ∈ H1, w − 1 ∈ H0, w2 + 1 ∈ H0, w + 1 ∈ H2,

then B is a (v, 4, 2)-DDF.

Proof It is clear that H0 = S ∪ (−S), and ΔM = ±{2, w − 1, w2 + 1, w + 1, w(w −
1), (w+1)(w−1)}. If condition (C2) is satisfied, then 1, w, w2 lie in different cosets of
H0. Since H0 = S ∪ (−S), then the elements in B are mutually disjoint. From H0 =
S ∪ (−S), we can also see that if condition (C2) is satisfied, then ΔB = 2(Fv\{0}).
So B is a (v, 4, 2)-DDF.

Lemma 3.5 There exists a (v, 4, 2)-DDF for each v ∈ B.

Proof For each v ∈ B, with the aid of a computer, we have found an element
w satisfying condition (C2) in Lemma 3.4. So there exists a (v, 4, 2)-DDF. We list
(v, ξ, w) in Table 6.

v ξ w v ξ w v ξ w v ξ w v ξ w
181 2 2 331 3 227 379 2 2 463 3 335 487 3 239

Table 6

Lemma 3.6 There exists a (v, 4, 2)-DDF for each v ∈ C.

Proof For each v ∈ C, with the aid of a computer, we have found (v, 4, 2)-DDF.
Here we only list v = 13, 19. For other values, see Appendix A.

v = 13
{0, 1, 3, 9}, {2, 4, 7, 8}.

v = 19
{0, 1, 2, 8}, {3, 10, 13, 18}, {5, 9, 11, 14}.

From Lemmas 2.3, 3.3, 3.5 and 3.6, we have the following result.

Lemma 3.7 There exists a (v, 4, 2)-DDF for each prime power v = pn ≡ 1 (mod 6),
p ≡ 1 (mod 6) is a prime number, and v ∈ [7, 256 036).

Now we treat the case when v = pn ≡ 1 (mod 6) is a prime power, p �≡ 1 (mod 6)
is a prime number, and v ∈ (7, 256 036). We know that v = pn ≡ 1 (mod 6) is a
prime power and p �≡ 1 (mod 6) if and only if p ≡ 5 (mod 6) and n is even.
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Lemma 3.8 For each prime power v = pn ≡ 1 (mod 6), where p ≡ 5 (mod 6) is a
prime number, and v ∈ (7, 256 036), there exists a (v, 4, 2)-DDF.

Proof From Lemma 2.3, one needs only to consider the case of n = 2. If v = p2 ≡
1 (mod 6), p ≡ 5 (mod 6), v < 256 036, then p ≤ 503. For each v, with the aid
of a computer, we have found an element w satisfying condition (2) in Lemma 3.1.
So, there exists a (v, 4, 2)-DDF. Here we list (v, f, g, w) in Table 7 for p < 140. For
other values of v, in order to save space, we omit (v, f, g, w); the interested reader
may contact the first author to obtain a copy.

v f g w
52 x2 + 3x + 3 [4x + 2] [2x + 1]
112 x2 + 2x + 10 [x + 3] [4x + 8]
172 x2 + 2x + 12 [3x + 13] [4x]
232 x2 + 16x + 20 [8x + 7] [18x]
292 x2 + 22x + 20 [26x + 12] [11x + 8]
412 x2 + 20x + 6 [13x + 13] [23x + 23]
472 x2 + 25x + 35 [15x + 39] [21x + 40]
532 x2 + 11x + 9 [36x + 9] [51x + 39]
592 x2 + 5x + 40 [13x + 39] [22x + 20]
712 x2 + 3x + 36 [45x + 63] [35x + 10]
832 x2 + 40x + 69 [21x + 74] [35x + 47]
892 x2 + 27x + 41 [53x + 1] [19x + 86]
1012 x2 + 7x + 14 [11x + 23] [36x + 73]
1072 x2 + 67x + 33 [89x + 70] [41x + 18]
1132 x2 + 18x + 6 [49x + 45] [8x + 93]
1312 x2 + 117x + 32 [5x + 42] [123x + 79]
1372 x2 + 94x + 83 [119x + 131] [84x + 21]

Table 7

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7 Lemma 3.2 takes care of all large values of v ≥ 256 036;
the remaining prime powers come from Lemmas 3.7–3.8. This completes the proof.

Appendix A

v = 31
{1, 15, 17, 21}, {2, 28, 29, 30}, {3, 13, 19, 27}, {5, 14, 23, 26}, {4, 11, 16, 24}.

v = 43
{0, 20, 30, 28}, {1, 12, 19, 29}, {2, 7, 41, 42}, {3, 9, 21, 40}, {5, 6, 10, 32},
{11, 14, 25, 38}, {13, 27, 34, 36}.
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v = 61
{0, 7, 26, 44}, {1, 21, 35, 60}, {2, 33, 37, 42}, {4, 14, 50, 53}, {6, 17, 20, 54},
{10, 25, 41, 48}, {11, 16, 24, 56}, {19, 38, 39, 47}, {22, 28, 32, 34},
{29, 40, 57, 58}.

v = 79
{0, 27, 56, 77}, {3, 37, 51, 78}, {4, 12, 13, 76}, {5, 22, 44, 65}, {6, 39, 45, 69},
{8, 33, 38, 52}, {9, 21, 34, 47}, {14, 50, 61, 67}, {15, 20, 35, 57}, {23, 24, 68, 70},
{30, 40, 48, 58}, {31, 55, 59, 62}, {43, 54, 63, 66}.

v = 103
{0, 18, 31, 80}, {3, 29, 51, 81}, {4, 42, 57, 89}, {5, 41, 74, 82}, {6, 7, 49, 95},
{9, 13, 14, 16}, {10, 20, 76, 96}, {12, 34, 36, 69}, {19, 55, 61, 85},
{24, 27, 43, 72}, {25, 54, 63, 79}, {26, 33, 38, 78}, {32, 60, 71, 92},
{44, 50, 84, 94}, {48, 59, 67, 87}, {53, 66, 70, 97}, {56, 68, 77, 91}.

v = 109
{0, 7, 50, 81}, {4, 56, 76, 96}, {5, 26, 37, 83}, {6, 36, 51, 61}, {9, 21, 69, 80},
{10, 74, 75, 92}, {13, 43, 62, 85}, {14, 24, 65, 90}, {15, 27, 29, 63},
{16, 42, 55, 71}, {17, 33, 39, 41}, {22, 31, 35, 58}, {25, 34, 72, 101},
{28, 46, 49, 102}, {40, 64, 79, 105}, {44, 78, 84, 106}, {57, 89, 103, 108},
{99, 100, 104, 107}.

v = 127
{1, 54, 84, 104}, {2, 61, 68, 90}, {3, 39, 92, 110}, {4, 17, 67, 86}, {5, 75, 80, 124},
{6, 18, 52, 107}, {10, 37, 43, 91}, {15, 103, 113, 121}, {16, 95, 106, 109},
{21, 25, 26, 120}, {23, 33, 48, 108}, {24, 82, 89, 114}, {27, 46, 62, 93},
{29, 69 78, 105}, {30, 72, 81, 112}, {31, 53, 94, 96}, {34, 49, 60, 77},
{40, 64, 70, 87}, {41, 44, 57, 98}, {50, 51, 118, 122}, {76, 97, 99, 111}.
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