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Abstract

In this paper, we define amicable complex orthogonal designs (ACOD)
and propose two systematic methods to construct higher-order ACODs
from lower-order ACODs. We found that the upper bound on the num-
ber of variables of an ACOD is the same as that of amicable orthogonal
designs (AOD). We also show that certain types of AOD that were pre-
viously shown to be non-existent or undecided, such as AODs of order
8 with type (1, 1, 1, 1; 2, 2, 2, 2) and (1, 2, 2, 2; 1, 2, 2, 2), can be
found from ACODs constructed using our proposed construction meth-
ods. Our proposed methods can also be used to systematically construct
new AODs that are of the same type as, but not equivalent to, those
previously found by Zhao, Wang and Seberry using computer search.
An interesting finding arising from this study is that an AOD or ACOD
can be constructed from a lower-order amicable family (AF) or amica-
ble complex family (ACF). This implies that the component matrices for
constructing a higher-order AOD/ACOD need not be disjoint.
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1 Introduction

A series of combinatorial designs called orthogonal designs (OD) [3], amicable or-
thogonal designs (AOD) [8] and complex orthogonal designs (COD) [2] have been
reported in the literature for many applications. For example, in [1,5,7,9] and the
references therein, an AOD is used to design space-time block codes for wireless
communications with multiple transmit antennas. Although Ganesan and Stoica
have discussed in [1] the complex version of AOD, or amicable complex orthogonal
designs (ACOD), they did not try to find applications for ACOD as they did not
expect ACOD to give any improvement in signal-to-noise ratio for space-time block
codes. In this paper, we shall show that an ACOD does have useful applications,
particularly in providing an approach to find new AODs not thought to be existent
before.

The existence of AODs of order 8 in quite a number of types were thought to
be non-existent or undecided in [6]. Although a few such AODs were found through
computer search recently [10], not all cases were addressed.

In this paper, we shall discuss the maximum number of variables that exists
in an ACOD and propose systematic methods to construct ACODs that achieve
the maximum number of variables. We show that some AODs that were deemed
to be non-existent or undecided in [6], including those found later in [10], can be
systematically constructed with our proposed methods by allowing complex number
as the entries of the code matrix.

Before we define an ACOD, we shall first review a COD and its related parame-
ters.

Definition 1 [2, Proposition 3]: A Complex Orthogonal Design (COD) of order n
and type (wy,...,w,) (w; positive integers, for 1 < j < r) on the real commuting
variables {z, ..., z.} is an n X n matrix Z with entries from {0, +z; or +iz;}, where
1 < j <r, satisfying

77" = (i: w]z]2> I, (1)

Here Z can be expressed as
-

7 = ZZ]'C]' (2)

where C; satisfies:

(0) C;*xC, =0 1<j#k<r
(i) C,C;+CiC; = 0 1<j#k<r

The operator  in (3)(0) represents Hadamard Product, and the superscript * rep-
resents complex conjugate transpose. The statement (3)(0) implies that the member
matrices of this design are pairwise disjoint.
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Definition 2 A complex family (CF) is a collection of matrices {Cy, ..., C,} satis-
fying (3)(i) and (3)(ii), but not (3)(0). This definition is analogous to the definition
of family associated with AOD in [4, Definition 2.16].

Lemma 1 [2, Theorem 4] Let 7(n) denote the mazimum number of variables in a
COD of order n. Then 7(n) = H(n), where H(n) =2a+2 if n = 2°b, b odd.

Next we define an ACOD, using the approach presented in [8] for defining an
AOD from a pair of OD.

Definition 3 Let the matrices X = 21A; 4+ -+ 2A; and Y = 1B + -+ +
1:B; be two CODs of the same order n, where X is of type (ui,...,us) on the
variables {x1,...,zs} and Y is of type (vy,...,v;) on the variables {y, ...,y }. Here
X and Y are said to be an Amicable Complex Orthogonal Design (ACOD) denoted
as (ug,...,us vy, ..., v) if the family of matrices {Ay, ..., As; By, ..., B¢} satisfies:

(0) AjxA; =0 1<j#1<s
B.xB,, = 0 1<k#m<t

(i)  A;AT+AA = 0 1<j#l<s
BB, + B,,B; 0 1<k#m<t
(i) A;B;—BiA; = 1<j<s, 1<k<t

|
o

where the entries of A; and By are 0, £1, or 4.

Definition 4 An amicable complex family (ACF) is a collection of matrices {Aq, ...,
A, By, ..., B,} satisfying (4)(i-ii), but not (4)(0). This definition is analogous to
the definition of an amicable family (AF) associated with AOD in [4, Definition 5.7].

Lemma 2 Let X be a COD of type (ui,...,us) on the variables {x1,..., x5}, and
X =21A1+ -+ x,Aq; then
(Z) X’ = .TlAl —+ e 4 .Ij,lA]‘,l + .Tj(Aj + Ak) + .Tj+1Aj+1 —+ - 4 .kalAkfl =+

Thp1 App1+- - +2A4 is a COD of type (ur, . .., wj—1, Uj+Up, Ujt1, - - Up—1, U1, - - -
us) on variables {x1,. .., i1, %), Tjy1, .- Tho1, Thp1, - -, Ts };

(i) X' = v1A1 + -+ z; 1A + 2511 A0 + -+ 2,A, is an COD of type
(U1, W1, UWjs1, - - ., Us) On variables {1, ..., Tj_1,Tjq1,. .., Ts}.

Lemma 3 Let X and Y be CODs with the same order, and let X' and X" be CODs
obtained from Lemma 2. If X, Y are amicable, so are X' and Y, and X" and Y.

PROOF of Lemmas 2 and 3:
Lemma 2 and Lemma 3 follow directly from Lemma 4.1 and Theorem 4.1 of [10],
except that we apply them on COD/ACOD instead of on OD/AOD. O
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2 Upper bound on number of variables in an ACOD

In this section, we shall derive an upper bound on the number of variables that exist

in an ACOD.

Theorem 1 The mazimum number of variables in an ACOD of order n is bounded
by H(n) =2a+2 if n= 2%, b odd.

Proor: If {A; 1 < j < §By,1 < k < t} is an ACOD, then {A;,1 < j <
$,iBg, 1 < k <t} is a CF with s+t variables; the result is immediate from Lemma 1.

O

We note from our results above that both an ACOD and an AOD have the
same bound on the maximum number of variables. Since ACOD includes AOD as a
special case, and an AOD that achieves its maximum number of variables exists [4,
Corollary 5.32], we can conclude that an ACOD that achieves the maximum number
of variables also exists. Despite this similarity in property, we will demonstrate
subsequently in this paper that some AODs thought to be non-existent or undecided
in [6] can actually be found via ACOD.

3 Construction of an ACOD

In this section, we propose two systematic ways to construct an ACOD; one is to
construct an ACOD of order 4n from an ACOD of order n, and another is to construct
an ACOD of order 2n from an ACOD of order n. Since an ACOD is a generalization
of an AOD, the following discussions and proposed construction methods also apply
to AOD.

Construction 1: If {A;,1 < j < 5By, 1 <k <t} is an ACOD of order n and type
(uq,...,us;vy,...,v;) on the s+t variables {x1,..., 25 y1,..., Y}, then

{B1®M;,B;@My,B; @ M3, A; ®1;, 2<j<s;
A; ®N;, A1 ® No, A1 ® N3, B, ® 1y, QSkSt}

is an ACOD of order 4n and type (v, vy, U1, Ug, .. ., Us; Ug, Uy, U, U, . .., V) ON the
s+t + 4 variables {x1,...,Zs, Tsi1, Tsr2; Y1, - - > Yis Y1, Yer2 ), Where ® represents
Kronecker Product and
0 1 0 O 0 01 O 0 0 01
-1 0 0 O 0 00 -1 0 0 10
M=t g 00 1 |™M=] 100 0| ™M= 0 —100]
0 0 -1 0 0 10 O -1 0 00
0 10 O 0 0 10 0 0 0 1
-1 00 O 0 0 01 0 0 -1 0
Ni=tog 00 1 ["™= | 1 000™ ] 01 0 0
0 01 0 0 -1 00 -1 0 0 O
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Construction 2: If {A;,1 < j < 5By, 1 <k <t} is an ACOD of order n and type
(u1,...,us;v1,...,v;) on the s + ¢ variables {1, ..., @s 41, ...,y }, then

{Bi®N,A;@L,1<j<s5Bi®Ny, By ®N3, B, ®1,2 < k <t}

is an ACOD of order 2n and type (v, u1, ug, . . ., Us; V1, V1, V2, ..., ;) o0 the s+t 42
variables {xh sy Ly Tst15 Y1y - -+ Yty yt+1}7 where

0 1 01 10
N[ o) [Vo e[ 5]

Theorem 2 The ACOD of order 4n constructed by Construction 1 and the ACOD
of order 2n constructed by Construction 2 have the mazimum number of variables
if each is constructed from an ACOD of order n having the mazimum number of
variables.

Proor: A new ACOD of order 4n or 2n constructed by Construction 1 or Con-
struction 2 has respectively 4 or 2 more variables than the lower order ACOD used
to construct it. Hence Theorem 2 is a result of Theorem 1. g

Ezample 1: An AOD of order 8 and type (2, 2, 2, 2; 2, 2, 2, 2)

From the AF -1 1},{1 ! ];[1 1],[ ! 1} of order 2 and type

1 1 1 -1 1 1 -1 1
(2, 2; 2, 2), the following AOD of order 8 and type (2, 2, 2, 2; 2, 2, 2, 2) is obtained
by Construction 1:

Ty Ty I —XT1 ) —XT2 I3 —I3

Ty —Ty4 T T T T I3 T3

—I T Ty Ty I3 —T3 —I9 T2

X — —T1 —I Ty —Ty4 I3 I3 —T2 —X9
- —XT9 T2 —I3 XT3 Ty Ty T —X1
—To —XTo —X3 —I3 Ty —XTy Al I

—I3 XT3 T2 —T9 —I T Ty Ty

L —T3 —I3 T2 T2 —r1 —I Ty —Xy i

Ya Yo —90 Y1 Y2 Y2 —Ys Y3
—Ys  Ya Y1 Y1 Y2 Y2 Y3 Y3
Y1 —%h  Ya Ya Ys  —Ys —Y2 Y2
v=| Y% Y% Ty Y Y Y Y2 2
Y2 —Y2 —Ys Y3 Ya Ya Yy~
—Y2 —Y2 Y3 Ys  —Ys Ys  —Y1 —N
Ys  —Ys Y2 —Y2 —U1 W1 Ya Ya
—Ys —Ys —Y2 —Y2 Y1 Y —Ys Y4
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Remarks:

e It should be noted that (5) is not equivalent to the AOD of order 8 and type
(2, 2,2,2; 2,2, 2, 2) obtained in [10]. Two designs are equivalent if one can
be obtained from the other by the following sequence of operations [10]:

— Multiply one row (one column) by —1.
— Swap two rows (columns).
— Rename or negate a variable throughout the design.

e Since (5) contains no zero entries, it has practical importance as it provides
power-balanced transmit diversity in wireless communication systems [7,9].

e By applying Lemmas 2 and 3, we can use (5) to construct new AODs that were
undecided in [6], such as the AOD of type (2,2,2,2; 2,2,2).

e The above example demonstrates that, by using our proposed Construction 1,
we can construct an AOD from an AF, instead of from an AOD.

e Clearly, Construction 1 can also be used to construct an ACOD from a smaller
order ACF.

Ezample 2: An AOD of order 8 and type (1, 2,2, 2; 1,1, 1, 2)

From the AF L0 ],[0 1];[ ! 1},{1 _1]}oforder2andtype

0 —1 10 -1 1 1 1
(1, 1; 2, 2), the following AOD of order 8 and type (1, 2, 2, 2; 1, 1, 1, 2) is obtained
by Construction 1:

0 x4 T T Ty Ty T3 T3
zy O —x| T —Xy g —T3 3
—Ty —I1 0 Ty I3 XT3 —Xy —XT9
T —I Ty 0 —T3 X3 T —XT2
X =
—T9 —X9 —T3 —I3 0 T4 T |
T2 —T9 I3 —XT3 Ty 0 —T1 X1
—r3 —I3 Ty Ty —x —I 0 x4
| T3 —13 —Ty o T T gy O ]
i ) (6)
Yo —ya yr O ya 0 ys3 0
Ya Y4 0 —y1 0 -y 0 —ys
vy 0y —ya —ys 0y O
v — 0 v ys W 0y 0 —u
-y 0 yz O Yo —ya -~y O
0 v 0 —y3 w1 U 0 wn
-y3 0 =y 0O y1 O Ya —Ya
L 0 ys 0 v 0 —-yi Yy Y2 |
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Although (6) is equivalent to the AOD obtained in [10], Examples 1 and 2 show
that our proposed Construction 1 is general and can be used to construct many AODs
systematically. Furthermore, we can apply Lemmas 2 and 3 on (6) to construct new
AODs thought to be non-existent or which were undecided in [6], such as AODs of
type (1,1,1,2; 1,2,2)2), (1,1,1,2; 1,2,4), (1,1,1,2; 2,2,2), (1,1,1,2; 2,2,3), (1,1,1,2; 2,4),
(1,1,1,2; 3,4), (1,1,1,2; 1,6), (1,1,1,2; 2,5), (1,1,1,2; 6), (1,1,1,2; 7), (1,1,1; 2,2,2),
(1,1,1; 2,2,3), (1,1,2; 1,2,4), (1,1,2; 2,2,3), (1,1,2; 2,5), (1,1; 2,2,3), (1,2; 2,2,3),
(1; 1,2,2,2), (25 1,2,2,2), (3; 1,2,2,2), (4; 1,2,2,2), (5; 1,2,2,2).

Ezample 3: An AOD of order 8 and type (1, 1,2, 2; 1, 1, 2, 2).

10 0 0 0 1.0 O 0 0 1 1
01 0 O -1 00 0 0 0 1 -1
o0 -1 0 |’'f 0O 00 -1("11 1 0 0|
100 0 -1 0 01 0] [1-10 0 |
From the AOD
0o o0 1 1 1 0 00] [0 10 01
0 0 1 -1 0 -1 00 -1 00 0
-1 -10 0 |0 O O1]|’ 0 01 0
| -1 1 0 0 00 10 [0 00 —1]

of order 4 and type (1, 1, 2; 2, 1, 1), the following AOD of order 8 and type
(1,1,2,2;1, 1, 2, 2) is obtained by Construction 2:

) I3 Ty Ty 0 0 T xTq
—XI3 T Ty — Ty 0 0 ry —X
Ty Ty —T2 —I3 —T1 —I 0 0
Ty —XTy I3 —XT2 —I | 0 0
X =
0 0 -1 -2 To T3 x4 Xy
0 0 —-r x —T3 T Ty —X4
xTq xTq 0 0 Ty Ty —X9 —X3
L rp —X1 0 0 Ty —Ty4 I3 —XT2 i
i ) (7)
Ys  Ya Y2 Y2 0 0 wn w0
—Ys —Ys Y2 —Y2 0 0 v —un
—Y2 —Y2 Ya Y3 -y —y1 0 0
v — —Yo Yo Y3 —Ya - oy 0 0
0 0 wm m Ys  Ys —Y2 —Ye
0 0 wm =i Y —ys —Y2 i
-y o~y 00 Yo Y2 Ya Y3
-t wn 0 0 Yo —Y2 Y3 —Ya |

Similarly, we can apply Lemmas 2 and 3 on (7) to construct new AODs that were
undecided in [6], such as that of type (1,1,2,2; 1,1,4).
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Ezample /: An ACOD of order 8 and type (1, 1, 1, 1; 2, 2, 2, 2).

T =i 1 0 0 1 1 1
FromtheACF{[Z. i}’[() _1],[1. 0},[_1 1]}oforder2andtype

(2, 1; 1, 2) (an AF of this type could not be found using exhaustive computer
search), the following ACOD of order 8 and type (1, 1, 1, 1; 2, 2, 2, 2) is obtained
by Construction 1:

i Ty 0 0 iiL'l 0 iiL'Q 0 iiL'g 1
0 —Xy i.Il 0 i.Ig 0 Z$3 0
0 —i.Il Ty 0 0 iiL'g 0 —iIEQ
X — *il’l 0 0 —Ty4 ixg 0 *il’g 0
0 *il’g 0 *’L’l’g T4 0 0 i$1
*il’g 0 *il’g 0 0 —T4 ixl 0
0 —ix3 0 iiL'Q 0 —iiL'l Ty 0
—i.Ig 0 i.Ig 0 —i.Il 0 0 —Xy
) (8)
Ya  Ya Wy —iy iy —iys iys —iy3
—Y1 Ya W i T iy 1ys
—iyr Ya  Ya —1Y3 Y3 W —iY2
v — *?yl f‘iyl Y Ya —iys —iy3 i?ﬁ iyz
—tY2 Y2 Ys —Ys3 Yo Ya —h W
—iY2  —iY2 1y3 Y3 —Y1 Ya —iy1 —i
—iYs Y3 —iY2 W iy~ Yr  Ya
—iys —iys  —iY2 —iYe W i —Ys Y4

To our knowledge, (8) is the first ACOD of type (1, 1, 1, 1; 2, 2, 2, 2) ever
reported. Furthermore, by applying Lemmas 2 and 3 on (8), we can now construct
new ACODs whose corresponding AODs of the same types were thought to be non-
existent or were undecided in [6], as shown in Table 1. This again demonstrates
that by allowing complex entries in the code matrix, more types of AODs become
possible.

Ezample 5: An ACOD of order 8 and type (1, 2, 2, 2; 1, 2, 2, 2)

T —1 1 0 1 1 0 ¢
FromtheACF{[Z. i}’[() _1],[_1 1}7[1. 0]}0forder2andtype

(2, 1; 2, 1), the following ACOD of order 8 and type (1, 2, 2, 2; 1, 2, 2, 2) is obtained
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by Construction 1:

Ty
0
—x
T
— 29
T2
—5
T3

0

g
—iy1
y=| W
—1Y2
—iYo
—iy3
—iy3

0
—1,

—7
-
—2y
—2y
— 23
—15

s
0
iy
—iy
Yo
—iYo
W3
—iy3

i
—x
Ty

0

—3
T3

T2

— 29

iy

iy
0

Y4

Y3
Y3

—1Yy2
—1Yy2

P T T2 T3 I3 i
i —T2 X9 —T3 I3

0 I3 T3 —T2 —X9

—Xy —x3 I3 ) —XT2

—x3 Ty 0 xTq T
—x3 0 —Xy —T1 I

) —Ty —I Ty 0

T T —I 0 —T4 i

=iy Y2 —iYo 1y3  —iY3

iy 1y Yo 1y3  1y3
m —iys Y3 1Y2  —1iY2
0 —iys —iys o 1Yo
—1ys3 0 2y —iy
Y3 iys 0 —iy1 i
Y2 i —ith 0 iy
—iyo iy iy iye O

119

To our knowledge, an ACOD of this type also has not been reported before. By
applying Lemmas 2 and 3 on (9), new ACODs whose corresponding AODs of the

same types were thought to be undecided in [6] are found, as shown in Table 2.

We wish to point out an interesting observation that although the ACFs of order
2 used in Example 5 and Ezample 4 are the same because they differ only in the
order of variables, they can be used to generate two totally different higher-order

ACODs.

The above examples demonstrate the generality of our proposed construction
method, and some basic differences between ACOD and AOD even though they have
the same maximum number of variables. New applications of high-order AODs or
ACODs, such as those with order greater than 8, are interesting areas to investigate.
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Legend for Tables 1 and 2

7?7 Undecided
x  Non-existent
V Existent

Table 1: ACOD of order 8 based on Example 4

Order 8 AOD ACOD

Type Type [6] This paper
1111 2222 X Ezample 4 in (10)
1111 224 X
1111 222 ? v
1111 44 X
1111 24 ?
1111 26 X Vv
1111 6 ?
1111 8 X

111 2222 X N
111 222 ?

111 224 X

111 8 X Vv
112 2222 X

11 2222 X

11 4 4 X

11 26 X

12 2222 X

1 2222 X

2222 ?

Table 2: ACOD of order 8 based on Fzample 5

Order 8 AOD ACOD
Type Type [6] This paper
1222 1222 ? Ezample 5 in (11)
1222 122 ?
1222 124 ?
1222 222 ?
1222 223 ?
1222 12 ?
1222 22 ?
1222 34 ?
1222 16 ?
1222 25 ?
1222 23 ? N
1222 1 ?
1222 2 ?
1222 3 ? N
1222 4 ?
1222 5 ?
1222 6 ? N
1222 7 ?
122 222 ?
124 222 ? N
222 223 ?
122 34 ?
122 16 ?
122 25 ?
222 34 ?
222 16 ?
222 25 ?
222 7 ?
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