AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 39 (2007), Pages 207217

Maximal sets of hamilton cycles
in complete multipartite graphs II

SASHA LOGAN JARRELL

Department of Mathematics
Okaloosa- Walton College
100 College Boulevard
Niceville, FL 32578-1295
U.S.A.

jarrells@owc.edu

C.A. RODGER

Department of Mathematics and Statistics
221 Parker Hall
Auburn University
Auburn, Alabama, 36849
U.S.A.

rodgecl@auburn.edu

Abstract

A set S of edge-disjoint hamilton cycles in a graph T is said to be maximal
if the hamilton cycles in S form a subgraph of T such that T — E(S) has
no hamilton cycle. The set of integers m for which a graph 7' contains
a maximal set of m edge-disjoint hamilton cycles has previously been
determined whenever T is a complete graph, a complete bipartite graph,
and in many cases when 7' is a complete multipartite graph. In this
paper we solve all but one of the remaining cases when 7' is a complete
multipartite graph. The proof technique could also be used to simplify
the proofs of previous results.

1 Introduction

A hamilton cycle in a graph T is a spanning cycle of T'. If S is a set of edge-disjoint
hamilton cycles in 7" and if E(S) is the set of edges occurring in the hamilton cycles
in S, then S is said to be mazimal if T — E(S) has no hamilton cycle.

In 1993, Hoffman, Rodger, and Rosa [7] showed that there exists a maximal
set S of m edge-disjoint hamilton cycles in K, if and only if m € {|22], 23] +
1,...,|%%]}. Using amalgamation techniques, Bryant, El-Zanti, and Rodger [1]
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showed that there exists a maximal set of m edge-disjoint hamilton cycles in the
complete bipartite graph K, , if and only if n/4 < m < n/2. Later, Daven, Mac-
Dougall, and Rodger [2] extended the use of amalgamation techniques by showing
for n > 3 and p > 3, there exists a maximal set of /m hamilton cycles in the complete
multipartite graph K? (p parts, each of size n) if and only if [(n(p — 1))/4] < m <
l(n(p—1))/2], and m > (n(p—1))/4 if nis odd and p =1 (mod 4), except possibly
if n is odd and m < ((n +1)(p — 1) — 2)/4. Fu, Logan, and Rodger [5] later showed
that if [(p—1)/2] < m < p—1 then there exists a maximal set of m hamilton cycles
in T = K,, — F, where F is a 1-factor of Kj,.

In these results, if T = K, or T = K,,, then in every case the set S of m
hamilton cycles is maximal because T — E(S) is disconnected. However if T = KP?,
then the constructions usually result in 7' — E(S) being disconnected, but in some
cases it has edge-connectivity of 1.

These results together prove the following result (see [2, 5]).

Theorem 1.1 ([1, 2, 5, 7]) There exists a mazimal set of m hamilton cycles in K?
(p parts of size n) if and only if

1. f—"(pjl)] <m< L—"(pgl)J and
(=1
2. m > == if

(a) n is odd and p=1 (mod 4), or
(b)) p=2,n=1

except possibly for the undecided case when n > 3 is odd, p is odd, and
m < ((n+1)(p—1)-2)/4.

In this paper, we extend this result by removing all but one of the possible
exceptions when n > 3 is odd, p is odd, and m < w; the one case remaining
to be settled is when n = 3 and m is the lowest possible value. We will consider
the values n = 3 and n > 5 separately. In each case, the set S of hamilton cycles is
produced so that there exists a partition {V’, W'} of the vertex set of KP? such that
each edge joining a vertex in V' to one in W' occurs in a hamilton cycle in S; so
clearly S is maximal because K2 — E(S) is disconnected. Graphs will often contain
multiple edges, so we assume that all sets may in fact contain repeated elements (ie.
are multi-sets). So in particular |C'U D| = |C|U |D|.

In this paper we make use of the proof technique of amalgamations. The idea
behind the method, informally speaking, is as follows. An amalgamation of a graph T’
is the graph U defined by a homomorphism g : V(T') — V(U). Each vertex v in U can
be considered to “contain” f(u) = |g7(u)| vertices of T; f is called the amalgamation
function of (T,U). In the following section, we begin with a graph U together with
an associated function f that could conceivably be the amalgamation of (" = K2,U).
We then utilize a theorem in [2] that shows f is indeed this amalgamation function
and each vertex u could be disentangled into f(u) vertices one by one.
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2 Thecasen>5

Throughout this paper it will help to think of the vertices in each part as being
arranged in a vertical column. With this in mind, in this section, we will eventually
define a set S of hamilton cycles in such a way that K2 — E(S) has no edges joining
vertices in the “top half” of any part to vertices in the “bottom half” of any other part.
So KZ — E(S) is disconnected and thus S is maximal. More formally, throughout
this section we will assume the following. Let p > 3 be odd and n > 5 be odd. Let
M) < g < [EHREU2 | ) = 3 (mod 4) and M2 < g < @2 ) g
p =1 (mod4). Let oy = oy = [§] and a3 = a4 = [§]. Let V = A; U A3 and
W = Ay U Ay, where A; = {a;1,...,0:0,}. Let fi = fa=T[§] and f, = f3 = [§].

As will become clear in the proof of Theorem 2.4 we will define an amalgamation
G on 2p vertices in which for 1 < z < 4 there are «, vertices u € A, that each
have the amalgamation number f(u) = f,. In proving Theorem 2.4 we will require
Theorem 5.1 of [2], restricted for our purposes to the following result.

Theorem 2.1 Suppose there exists an m-edge-colored loopless multi-graph G on the
vertex set V- UW satisfying:

1. the number of edges joining a;p and ajy is 0 if (i,7) € {(1,2),(3,4)} and
1 <k < ay, and is at most f;f; otherwise, with

(a) equality if one vertex is in V' and the other is in W,
2. each vertex in A; is incident with 2f; edges of each color, and
3. each color class is connected.
Then there exists a mazimal set S of m hamilton cycles in KP.

In the notation above, it is shown in [2] that conditions (1-3) ensure that G is an
amalgamation of a subgraph of K? that has a hamilton decomposition. Condition
(la) ensures that the complement of G in the appropriate amalgamation of K2 is
disconnected; this means that if V' and W' are the sets of vertices in K2 that are
disentangled from the vertices in V and W respectively, and if v' and w' are vertices
in V" and W' respectively, then the edge {v',w'} occurs in a hamilton cycle in S.

The following result of Hilton [6] based on a notion developed by de Werra [3], can
be used to vastly simplify the proof technique used in [2]. A graph is Eulerian if it is
connected and if all vertices have even degree. An edge-coloring is evenly-equitable
[3] if it partitions E(G) into color classes K, Ky, ..., K,, such that
(1) k4(v) is even for each v € V(@) and each ¢, where 1 < i < m, and
(ii)|k;(v) — kj(v)| = 0 or 2 for each v € V(@) and each ¢,j with 1 <7< j <m,
where k;(v) denotes the number of edges of color ¢ incident with the vertex v.

Theorem 2.2 [6] For each m > 1, each finite Eulerian graph has an evenly-equitable
edge-coloring with m colors.

The following lemma is well known.
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Lemma 2.3 Let r,u,n > 1. There exists an r-reqular multi-graph G on n vertices
with multiplicity at most p iff

1. r < p(n—1), and
2. if n is odd then r is even.

Proof: If n is even then K, has a l-factorization, so form G with r of the 1-
factors, using each 1-factor at most p times. If n is odd then K, has a hamilton
decomposition, so form G with /2 hamilton cycles, using each hamilton cycle at
most p times. 1

Theorem 2.4 If p is odd, n > 5 is odd, and if f@] <m < LWJ, with
a strict inequality in lower bound on m when p = 1 (mod 4), then there evists a
mazimal set S of m hamilton cycles in T = KP.

Proof: Clearly we can assume that p > 3 since if p = 1 there are no values of m
to consider (and T has no edges anyway!). We prove the result by defining a graph
G which satisfies conditions (1-3) of Theorem 2.1. Recall that V' is the set A; U A
and W is the set Ay U Ay, where A; = {a;1,...,a;0,}. The edges of G are defined
as follows. There are no edges joining a;; to a;y for (4,7) € {(1,2),(3,4)} and
1 < k < ay; otherwise, if z € V and y € W, then join = and y by exactly f(z)f(y)
edges (recall that if u € A, then f(u) = f,). For each z satisfying 1 < z < 4, all
vertices in A, have the same degree in the graph G’ defined so far, namely if u € A,
then dg/(u) = D, where

Dy = fifa(15] = 1) + fufal 5],
Dy = fofi(15] = 1) + fof3[ 5],
Dy = fsfo 8] + fsfa([5] — 1), and
Dy = f4f1L§J + f4f3(f§1 —1).

In order to be able to satisfy condition (2) of Theorem 2.1, edges still need to
be added to G’ in order to boost each vertex degree in A, up to degree 2mf, for
1 < z < 4. Form the graph G from G’ as follows: for 1 < 2 < 4, place a graph G,
of multiplicity at most f2 and regular of degree 2mf, — D, on the vertices of A,.
To see this is possible, we will apply Lemma 2.3 with n = |A,|, r = 2mf, — D, and
p= f2for 1<z <4,soweneed to check that

1. 0<2mf, — D, < fX(

A,

—1), and
2. for 1 <z<4,if |A,] is odd then 2mf, — D, is even.

(1) Because n and p are both odd we can write n = 4w +2&; +1 where & € {0, 1}
and p = 4y + 2&, + 1 where & € {0,1}. Clearly # > 0 since n > 5 and y and &,
cannot both equal zero since p > 3. Then fy = fa =[3] =22+ & +1, o = f3 =
5] =224+ &, |[All = [As] =[] =2y + &, and A3 = |Au| =[] =2y + &2 + 1.
First we need to check the lower bounds on 2mf, — D,. We will check the cases
z=1,2,3 and 4 in turn.
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If 2=1 then 2mf; —

=2mf, — f1f2(L§J - 1) - f1f4f§]
= fiem = £([8] = 1) - £i[3) (1
=f2m—-Q2c+&)2y+E-1) -2+ &+ )2y + & +1))
(A2 — (204 £1)(2y) — (20 + £ +1)(2y + 2)),
ifp=3 (mod 4)
AREZE +1) - 20+ &)(2y — 1) — (2 + & + 1)(2y + 1)),
L ifp=1 (mod4)
(f1(2(4zy + 2z + 26y + & +y + 1) — (22 + &1)(2y)
-2z +&+1)(2y+2), ifp=3 (mod4)
HQ2Mzy + 26y +y+1) - 2e+&6)(2y — 1) — 2z + & +1)(2y + 1)),
ifp=1 (mod4)

{ ifp=3 (mod4)
> 0.

v

ifp=1 (mod4)

If 2=2 then 2mfs —

=2mfy — f2f1(L§J - 1) - f2f3f§]
= fa(2m — fl(L%”J -1) - fz[]ﬂ)
= fa2m — fo([5] = 1) = ful 5] = (15 = 1) + [5])
= f(2m = fo([5] = 1) = fa([5]) +2)
> 0 (compare to (1)).
If 2 =3 then 2mf; —
=2mfs — fsfo(15]) — ffa([5] = 1)
= f3(2m — f2(|.]§uJ) f4(fp] - 1))
= fs2m — f2([5] = 1) = fu([5]) + fa = f2) (2)
= fs2m — f2([5] = 1) — fu(T5]) + 1)
> 0 (compare to (1)).

If 2z=4 then 2mfy — Dy

2mfy — f4f1(|_]§uJ) - f4f3(f§1 - 1)

(2m — fi(L§]) — fs([5] — 1))

(2m = folp/2] = fu(lp/2] = 1) = |p/2] + (Ip/2] = 1))
E2m = fallp/2] = 1) = fu(lp/21))

compare to (2)).

S

AV | I |

Next, we will check the upper bounds on 2mf, — D,. Again, we will check the
cases z = 1,2,3 and 4 in turn.
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If z =1 then
fi(jAl = 1) = (2mfi — Dy)
> (1(E) -1 - @D ZD =2y 2y oy

No\orD
~(T51rED

L R R L (e T}

(21‘ + 51 + 1)(2y + 52 — 1) — ((827:!/ + 41‘82 + 4y51 + 25152 + 4y + 282 — 2)
—2z+ &) 20+ E -1 —2e+&E+1)2y+E+1))

2x52 + 2y52 + 41‘y + 5152 + 2 — (51 + 21‘)

0,

AV

since 2 > &1, and since 4zy > 2z if y > 0 and 22& > 2z if y = 0 (recall that y and
&, cannot both equal zero).

If 2 = 2 then
F(4:0 = 1) ~ (2m, — D)
> (L)L) -1 - D=2y ) )
~(15)*151)

> [5I08 -y - el =R gy -y - 13k

= (21‘ + 51)(2:!/ + & — 1) — ((Sl‘y + 4z + 4y51 + 2&E + 4y + 28y — 2)
e E A D)2y 4 E—1) — 20+ )2y + E + 1)
0,

AV

for the following reasons. If y = 0 then & # 0 so 2z&» > 2z, £1& > &, and 1 > &,.
If y > 0 then 4xy > 2z 4 2y, 22& > &, and 2y&; > & since x > 0.
If 2 = 3 then

f3(1As] = 1) — (2mfs — Ds)

(LBl -1 - e =D =2

n .o P n, Ny, .p
(L5 DP5) = LFIT3105 = 1)
n (n+1l)(p—-1)—2 n n
> 105 -1 - el )= GG - T35 - 1)
= (204 &)y + &) — ((8zy + 4x& + 4y&y + 2E:E + 4y + 2E — 2)
—2z+&) 20+ &) -2+ & +1)(2y + &)
4xy + 2xEy + 2y51 +&E +2 — (2y + 52)
0,

Y

AV
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since 2 > &, and since 4zy > 2y (recall that x > 0).
If z =4 then

Fi(|Asl = 1) = (2mfs — Dy)
Nqvg, D (n+1l)(p-1)—2, n
L R e ]
(L - TR - )

noy, D (n+1l)(p—-1)—-2 n,p n, D

S R e e T LT LI )

= (21‘ +& + 1)(2y + 52) — ((827:!/ + 4z&; + 4:!/81 +2E,E + 4y + 2Ey — 2)
20+ )2+ E) — (204 )2 +E))

= 4wy +20E + 2y& + E:E + 2

> 0.

(2) To see that (2) is satisfied, we will consider each value of z in turn.

Suppose z = 1. Let |Ai| = [£] = 2y + 1. Then r = 2m[§] — [§]15]([5] —
1) — ([2])*[%]. This is even because one of | %] and [%] must be even, and because
[] = 2y + 2 is even. Similarly, if 2 = 2 and if |Ay| = [§] = 2y + 1, then » =
2m|2] — |21T21(12] — 1) — (12))*[2]) is even. 1f = = 3 and if |As| = [£] = 2y + L,
then 7 — 2m[5] — (12))?(2] = [2]F21(7] = 1) is even since [£] — [£] =1 — 2y
is even. Finally, for the same reason, if 2 = 4 and |A4] = [§] = 2y + 1, then
r=2m[2] — ([2])?[2] — [2][%]([4] — 1) is even. Therefore, in each case, if |A.]
is odd then r is even as required. Clearly G is a connected graph with each vertex
having degree 2mf, for 1 < z < 4, so condition (1) of Theorem 2.1 is satisfied. We
now proceed by defining an m-edge-coloring of G that satisfies conditions (2-3) of
Theorem 2.1.

Let V and W also be named V = {vy,...,,v,} and W = {ws, ..., w,} with v; and
w; being in the same part. For 1 <z < m let

B(z) = {{vi, Wisare/(n/2)21-1}> {Vis Wigare/|n/2)21 10 < 4 < p}

reducing the subscripts modulo p. To see that UTL, B(x) is a subgraph of G, we check
that m < [%]%(p—1)/2. If n > b5 let n = 2z+1,50 [n/2|* = 2* > w41 = n+1/2 (note
that this is not true if # = 1, so the case n = 3 must be addressed separately); so using
the upper bound on m in Theorem 2.4 m < (n+1/2)(p—1/2)-1 < |n/2]%*(p—1/2).
Also B(z) induces a hamilton cycle in G. Now color each hamilton cycle B(z) with
color z; so regardless of how the remaining edges of G are colored, each color class
is connected already, thereby satisfying condition (3) of Theorem 2.1.

Let H be the subgraph of G induced by U™, B(x). It is important to notice that
every vertex in G — E(H) has even degree (2mf, — 2m) since every vertex in H
has degree 2m. We now apply Theorem 2.2 and give G — E(H) an evenly-equitable
m-edge-coloring. For 1 < z < m let C'(z) be the set of edges colored z in G — E(H);
then each color class induces a graph in which each vertex v € A, has degree 2f, —2 in
G — E(H) (it is easy to check that G — E(H) is connected, but in any case, Theorem
2.2 could be applied to each component). Let C'(z) = B(z) U C'(z) for 1 < & < m.
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So now each vertex in A, in G is incident with 2f, edges of each color and each
color class is connected since B(x) is connected, thus condition (2) of Theorem 2.1
is satisfied.

Because conditions (1-3) of Theorem 2.1 are satisfied, it follows that there exists
a maximal set of m hamilton cycles in K?. 1

3 The case n = 3, but m is not its smallest possible value

Compared to the approach in Section 2, we will now rotate our view ninety degrees.
That is, S is defined here so that K? — E(S) has no edges joining vertices in the
“first” | ] parts to vertices in the “last” [£] parts. Throughout this section, we will
assume the following. Let p be odd and n = 3. Let f@] +1<m< LWJ
ifp=3 (mod 4) and @—i—l <m < LWJ ifp=1 (mod 4). Let |[V| = | §]
and W] = [2].

As will become clear in the proof of Theorem 3.2 we will define an amalgamation
G on p vertices in which each vertex v in G has the amalgamation number f(u) = 3.
In proving Theorem 3.2 we will require Theorem 5.1 of [2], restricted yet again for
our purposes to the following result.

Theorem 3.1 Suppose there exists an m-edge-colored multi-graph G on the vertex
set VUW of size p satisfying:

1. the number of edges joining any two vertices is at most 9
(a) with equality if one vertex is in V and the other is in W,
2. each vertex is incident with 6 edges of each color, and
3. each color class is connected.
Then there exists a mazimal set S of m hamilton cycles in K¥.

As described in the previous section, conditions (1-3) ensure that G is an amal-
gamation of a subgraph of K? that has a hamilton decomposition into a set S of
hamilton cycles, and condition (1a) ensures that K? — E(S) is disconnected. We are
now ready for the main result of this section which addresses the value n = 3. The
parameter n is kept in the statement of the result to make clear how it relates to
Theorem 2.4.

Theorem 3.2 If p is odd, n = 3, f@] +1<m< LWJ when p = 3
(mod 4), and f@] +1<m< LWJ when p = 1 (mod 4), then there
exists a mazimal set S of m hamilton cycles in T = KP.

Proof: Clearly we can assume that p > 3 since if p = 1 there are no values of m to
consider (and K? has no edges anyway!). We prove the result by defining a graph G
which satisfies conditions (1-3) of Theorem 3.1. The edges of G are defined as follows.
If x € V and y € W, then join x and y by exactly 9 edges. All vertices have the same
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degree in the graph G’ defined so far, namely if z € V' then de (7) = D; = 9[4], and
if y € W then de:(y) = Dy = 9(%].

In order to be able to satisfy condition (2) of Theorem 3.1, edges still need to be
added to G’ in order to boost each vertex degree up to 6m. Form the graph G from
G’ as follows: for each z € {1,2}, place a graph G, of multiplicity at most 9 and
regular of degree 6m — D, on the vertices of G'. To see this is possible, we will apply
Lemma 2.3 with n = |A,|,r=6m — D, =6m — D, and p =9 for 1 <z < 2, so we
need to check that

1. 0<6m— D, <9(]A,

—1), and

2. if |A,

is odd then 6m — D, is even,

where A; =V and Ay = W.

(1) Because p is odd we can write p = 4z + 2€ + 1 where &£ € {0, 1}.
First, to see 6m — D, > 0, note that 6m — Dy > 6m — D;. Also, 6m — D,

> o2y 0 gy ol

- 6([@]—1—2—5)—9(29&4—5%—1)
— 63z +26+2-&)—182—9E 9

— 3643

> 0.

(Note that this lower bound is not met if m is the smallest value allowed in
Theorem 1.1 (ie. less than the lower bound on rn in this theorem))

Next, we check the cases z =1 and z = 2 in turn. Clearly  and £ cannot both
equal 0 since p > 3. Recall that [V| = |8] =22+ &, and |W|=[8] =22+ & + 1.
If 2 =1 then

O(1V] ~ 1) - (6m - D)

p 4p-1) -2 p
> 98] - 1) - (6| =] - 9141
= 92z+&-1) —GLWJ +92r+€+1)

= 18249 —-9-6(4x+2E-1)+18z+9E+9
= 122 +6E+6
> 0.



216 SASHA LOGAN JARRELL AND C.A. RODGER

If 2 = 2 then

O(W| - 1) = (6m — Dy)

> o2 - 1) - o =022 o))

= 9(%+5)—6L%J+9(2x+5)
= 18249 —6(4x +2€ — 1)+ 18z +9¢&

= 120 +6E+6

> 0.

(2) To see that (2) is satisfied, we will consider each value of z in turn.

Suppose z = 1. Let |V]| = [§] = 2y + 1. Then r = 6m — 9[4]. This is even
because [£] = 2y + 2 is even. Similarly, if z = 2 and if [W| = [Z] = 2y + 1, then
r =6m — 9| %] is even since |§] = 2y + 2 is even. Therefore, in each case, if |A;| is
odd then r is even as required.

Clearly G is a connected graph with each vertex having degree 6m, so condition
(1) of Theorem 3.1 is satisfied. We now complete the proof by defining an m-edge-
coloring of G that satisfies conditions (2-3) of Theorem 3.1.

Since G satisfies (1a) of Theorem 3.2, by ignoring one vertex w in W, it is easy to
see that SKL%J,L%J is a subgraph of G. By [9], SKL%J,L%J has a hamilton decomposition
into 8|%]/2 hamilton cycles. Notice that 8[£]/2 > m since 4|5 — LWJ =
48] — (p—2) =4[22] — (2y+1)+2 =2y +1 > 0 (recall that p is odd). Therefore
we can select m of these hamilton cycles, say Hy, ..., H,,, then color the edges of H;
with color i for 1 < ¢ < m.

Let H be the subgraph of G induced by U™, E(H;). It is important to notice that
every vertex in G — E(H) has even degree since every vertex in H has degree 2m
(specifically each vertex in G — E(H) has degree 6m — 2m = 4m except for w which
has degree 6m). We now apply Theorem 2.2 and give G — E(H) an evenly-equitable
m-edge-coloring (it is easy to check that G — E(H) is connected, but in any case,
Theorem 2.2 could be applied to each component). If z € VU W — {w} then it
is incident with 4m/m = 4 edges of each color in G — E(H), and is incident with
2m/m = 2 edges of each color in H. So, since w is incident with 6m/m = 6 edges
of each color in G — E(H), each vertex in G is incident with 6 edges of each color,
thus condition (2) of Theorem 3.1 is satisfied. Each color class in G is also connected
since for 1 < ¢ < m, w is incident with an edge colored i (in fact 6 such edges) that
join it to H;, and H; is a spanning connected subgraph of G — {w}.

So condition (3) of Theorem 3.1 is satisfied. Because conditions (1-3) of Theorem
3.1 are satisfied, it follows that there exists a maximal set of m hamilton cycles in
KP.
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