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Abstract

We determine the set of all positive integers n for which the complete
graph of order n decomposes into three factors of given finite diameters
d; < dy < dj in the case when d; is equal to 3 or 4.

1 Introduction

Let u,v be two vertices of maximum distance in a graph G. Then any path between
u and v is called a diameter path of G. A factor of a graph G is a subgraph of G
containing all the vertices of G. We say that G has a factorization (a decomposition
into factors) if there exists a collection Fi, Fy, ..., Fy, of factors such that each edge
of G belongs to exactly one of the factors. Graph factorizations have been extensively
studied for many years. The study of decompositions of complete graphs into factors
with given diameters was initiated by Bosdk, Rosa and Znam [2] who proved the
following fundamental result: If the complete graph K, is decomposable into m fac-
tors F, Fy, ..., Fy,, with prescribed diameters dy, dy, . .., d,,, then for every n' > n the
complete graph K, is also decomposable into such factors. Therefore there exists the
smallest positive integer F(dy,ds, . .., dy,) such that for any n > F(dy,ds, ..., d,) the
complete graph K, admits a decomposition into m factors with prescribed diameters
For information about the rich literature on the subject we recommend [1-3].

In what follows we focus on the special case of decomposition into three factors. Let
us assume that the diameters dy, ds, d3 satisfy d; < ds < d3 < 0o. A construction of
Bosék, Rosa and Zndm [2] of decompositions of Ky, 1d,+d,—s into three factors with
the smallest diameter d; > 5 yields

F(d17d2ad3) S dl + d2 + d3 — 8.
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Substantial progress was achieved by Hrnciar [4] who proved that for d; > 65 the
graph Ky, 1 4,+45—9 1S not decomposable into three factors, which gives

F(dy,dy,ds) = dy + dy +d3 — 8.

Bosdk, Rosa and Zndm also began investigating decompositions of complete graphs
into three factors with the smallest diameter d; = 2. In [2] they derived a solution of
this problem except for the value of F(2,2,2) for which they proved the inequality
12 < F(2,2,2) < 13. The exact value was found by Stacho and Urland with the help
of a computer search. In [7] they proved that K5 cannot be decomposed into three
factors with diameters equal to 2, and therefore F'(2,2,2) = 13.

In this paper we present a complete solution to the problem of decomposing a com-
plete graph into three factors with the smallest diameter equal to 3 or 4.

2 An auxiliary result

We state an auxiliary result about the number of common neighbours of a pair of
vertices under certain hypotheses. In the proof we will use the following Lemma A,
proved in [2].

Lemma A Let G be a graph with n vertices and diameter d (1 < d < n). Then the
degree of every vertex in G is at most n —d + 1.

Lemma 1 Let n and d be integers satisfying n > 5 and 2 < d < n — 3, and let
u and v be two distinct vertices in a graph G with n vertices and diameter d. Let
deg(u) = a and deg(v) = b, and let A; be a fized diameter path of G. Suppose that
a+b>n—d+3 and that there are t vertices not in Ay which are adjacent to neither
u norv in G.

L If w € E(G), then there exist at least (a +b) — (n — d + 3) + t vertices adjacent
to both v and v in G.

II. If uwv ¢ E(G), then there exist at least (a +b) — (n — d + 2) + t vertices adjacent
to both w and v in G.

Proof Let a+b=mn—d+ 4+ k where k£ is a nonnegative integer. The set of all
vertices adjacent to the vertex u (v) will be denoted by A (B). Note that the number
of vertices in the fixed diameter path A; is d + 1 and the number of vertices not in
Ajisn —d— 1. If an arbitrary vertex not in A; is adjacent to three vertices in A,
then one of these vertices must be adjacent in A; to both of the others. Suppose
that y1,9s, ...,y 0 <t <n—d— 3, are the vertices not in A; adjacent neither to u
nor to v in G.

I. Let uv € E(G). We first prove that |[AU B| < (n — d + 3) — t. We consider three
cases:

a) Let u, v € A;. Each of u and v can be adjacent to at most two vertices in A; and

there are at most (n — d — 1) — ¢ vertices not in A; which are adjacent to u or v.
Thus |[AUB| <242+ (n—-d—-1)—t=(n—d+3)—t.
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b) Let u € A;, v ¢ A;. Except for u, the vertex v is adjacent to at most two
vertices vy,v2 € A; (possibly v; = vs). The vertex u is adjacent to at most two
vertices uj,uz € A;. If v # vy (as wv € E(G)), at least one of these vertices
coincides with some vertex u;, @ € {1,2}. Therefore there exist at most four vertices
in A; and (n —d — 1) — ¢ vertices not in A; contained in AU B. It follows that
|[AUB| < (n—d+3)—t.

c) Let u ¢ A;, v ¢ A;. The vertex u (v) is adjacent to at most three vertices
u;,1 < i <3 (v;,1 <j<3),in A;. Again, we prove that there exist at most four
distinct vertices in A; contained in A U B. If there exist at least five such vertices
in A;, then there would exist vertices u;, vj, where ¢,j € {1,2,3} such that in A
we have p(u;,v;) = 4. On the other hand, we have the path w;uvv; of length 3 in G,
which contradicts the equality p(u;,v;) = 4.

From the fact that |AUB| < (n—d+3)—t it follows that |ANB| = |A|+|B|—|AUB| >
(@a+b)—(n—d+3)+t.

II. Let uv ¢ E(G). We first prove that [AUB| < (n—d+2)—t. Again, we distinguish
three cases:

a) Let u, v € A;. Denote by u;,1 < i < 2 (v;,1 < j < 2), the vertices in A,
adjacent to u (v). Since a+b = n —d+ 4 + k, there are at least n — d edges in
G joining u or v with the vertices not in A;. Because the number of vertices not
in A; adjacent to w or v is at least (n —d — 1) — ¢, obviously there exists at least
one vertex ¢ A; adjacent to both u and v in G. Then we have p(u,v) = 2 in A4,
and hence there exists an ¢ € {1,2} and a j € {1, 2} such that u; = v;. Therefore
|JAUB| <34+ (n—-d-1)—t=(n—-d+2)—t

b) Let u € A;, v ¢ A;. The vertex u is adjacent to at most two vertices u; in A;
(1 <4 < 2) and the vertex v is adjacent to at most three vertices v; in 4; (1 < j < 3).
Since a +b =n —d+ 4 + k, the graph G contains at least n —d — 1 edges joining u
or v with the vertices not in A;. Except for the vertex v, there are n — d — 2 vertices
not in A, therefore there exists at least one vertex = ¢ A; adjacent to both u and
v in G. Suppose that the vertices uy,us, vy, v9, vs are distinct. Then p(u,v;) > 2 for
all j € {1,2,3} and hence there exists the vertex v; such that p(u,v;) = 4. At the
same time, we have the path uavv; of length 3 in G, a contradiction. Consequently,
|[AUB| <44+ (n—d—-2)—t=(n—-d+2)—t.

c) Let u ¢ Ay, v ¢ A;. The vertex u (v) is adjacent to at most three vertices
u;,1 <1<3(vj,1<j<3), from A;. Since a +b=n —d+4+ k, there are at least
n —d — 2 edges in G joining w or v with the vertices not in A;. Except for u and v,
the number of the vertices not in A; is n — d — 3 and analogously as in II b) it can
be easily shown that it is not possible to have six distinct vertices uy, us, us, v1, V2, U3
in A;y. It follows that [AUB| <5+ (n—d—-3)—t=(n—d+2)—t.

Since |[AUB| < (n—d+2)—t, we get |ANB| = |A|+|B|—|AUB| > (a+b)—(n—d+2)+t.
This concludes the proof. O

We note that Lemma 1 has been presented in a more general form than actually
needed. In particular, in most cases we will use it in situations where we do not
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assume the existence of some vertices adjacent neither to u nor to v in G.

3 Results: the case d; =3

For dy < 8 and any ds > d» the exact values of the function F(3, d, d3) were presented
by Palumbiny [5]. Further, for dy > 9 he proved that

F(3,dy,d3) < dy+ds — 6. (1)

Motivated by this result, we started with attempts to determine the values of F'(3, da,
ds) for any dy and d3. Our investigation was successful, because we showed that the
complete graph of order dy + d3 — 7 is not decomposable into three factors with
diameters 3, ds and ds.

Theorem 1 Let dy > 9. Then F(3,ds,d3) = ds + d3 — 6.

A part of the following proof was published in a lesser known journal [8]. To make
this paper self-contained, we give a full proof here.

Proof By (1), F(3,ds,ds) < dy + ds — 6. We have to show that the graph Kg,44,-7
is not decomposable into three factors Fy, Fs, F3, with diameters 3, dy and ds. Let
us prove this by contradiction and assume that such a decomposition exists. Denote
by A; = uipqus a fixed diameter path of the factor F;. Invoking Lemma A it follows
that the degree of every vertex in Fy (F3) is at most (da +d3 —7) —ds+1=d; — 6
((dy +d3 —7) —d3 + 1 = dy — 6), thus every vertex of F; has degree greater than or
equal to (dy+ds —8) — (d2 —6) — (ds — 6) = 4. Let us denote the degree of the vertex
uy (ug) in Fy by deg(u;) = a (deg(uz) =b). Herea > 4,b> 4 and a+b < dp+d; -9,
because the number of vertices not in A; is dy + d3 — 11. Since there are no vertices
adjacent to both u; and uy in Fij, we have (dy + d3 — 9) — (a + b) vertices adjacent
neither to u; nor to us in Fj.

Without loss of generality we may suppose that the edge ujus € E(Fy). We denote
the degree of w;,i = 1,2, in Fy by deg(u;) = ¢ and deg(uz) = d. The degree of any
vertex in Fj is at most dy — 6 and the degree of u; (u2) in Fy is a (b), hence in Fy we
have (dy+d3—8)—(d2—6)—a=d3—2—a<c<d3—6 ((do+d3—8)—(ds—6)—b =
d3 —2-b<d<d3—6). lfc+d>d;—4=(dy+ds—7)—dy+ 3, then by part
I of Lemma 1 there exist at least ¢ + d — (d3 — 4) vertices adjacent to both u; and
ug in Fy. If c+d < ds — 4, then c+d — (d3 —4) < 0 so trivially there exist at least
¢+ d— (ds — 4) vertices adjacent to both u; and us in F.

Observe that the lower bound ¢ + d — (d3 — 4) on the number of vertices adjacent
to both u; and us in Fy must be less than or equal to the number dy + d3 — 9 —
(a4 b) of vertices adjacent neither to u; nor to uy in Fy. Let us denote the quantity
d2+d3—9—(a+b)—(c+d—d3+4) = d2+2d3—13—a—b—c—dby k,
clearly k£ > 0. We show that the number of vertices adjacent to both u; and us in Fj3
exceeds k, which will give a contradiction. In Fs, deg(u;) =d2 +d3 —8 —a — ¢ and
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deg(uz) = da+d3—8—b—d. Note that in F3 we must have deg(u;)+deg(usz) > da—4
for otherwise we would get 2(dy + ds —8) —a —b—c¢—d < d» — 4 and, consequently,
dy+2d3—12—a—-b—c—d=k+1<0.

It follows that deg(u;) + deg(us) > d2 — 4 = (dy + ds — 7) — d3 + 3 and by part
IT of Lemma 1, the number of vertices adjacent to both u; and us in F3 is at least
(dy+d3—8—a—c)+(dy+d;3—8—b—d)—(dy—5) = dy+2d3—11—a—b—c—d = k+2,
a contradiction. O

4  Results: the case d; =4

We also studied the problem of decomposition into three factors with the smallest
diameter 4. An early attempt to solve this problem is due to Rihova [6]. For d,
equal to 4 and 5 she found the values of F(4,ds,ds3) and for ds > 6 she established
the inequality

F(4,dy,d3) < dy +d3 — 4. (2)

We improve the upper bound (2) by constructing of decomposition of the graph
Ky, +4,—5 into such three factors, proving thereby the following result.

Theorem 2 Let dy > 6. Then F(4,dy,ds) < d2 +d3 — 5.

Proof It suffices to decompose the graph K, 4,5 into three factors Fy, Fy, F3 with
the diameters d(Fy) = 4, d(F2) = dy and d(F3) = d3. Let us denote the vertices of
Kd2+d3—5 by U, U2, ..., U7, V1, ...,Vdy—6,W1, ... 7wd3—6-

We first decompose K7 with vertices uy,us,...,ur into the factors Fy, F;, Fj with
the diameters d(F]) = 4, d(F3) = 6 and d(Fj;) = 6. Define the sets of edges of F], F,
and Fj as follows:

N

E(Fl) = {ulusausuhU7u3,U3U27ueul,ufﬂts,u6u77u4u3,u4u2}7
N

E(F2) = {U7U4,U4U17U1U2,U2U67U6U3,U3U5}7

E(F3) = {usuy, uyuy, urtz, Usts, Us g, Ul }.

Ug Ug

! !
e o e o o o o

Fi F,
U7 Ug U Uz Ug UF Us

!
[

Fy
Uy Us U U3 U2 U3 U U7 Uz U5 Ug Us

Figure 1
As the next step, we define the sets:

Xy =0 if ds = 6,
{urws, wow;, i =1,...,d3 — 6} if ds > 7;
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Yy = 0 if dy = 6,
{U/]Ul}, if d2 = 7,

{urvr, v10, ..., Vay—7v4,6}, if dy > 8;

Xs =0 if dy = 6,
{u3w1} if d3 = 7,

{uswy, wiws, . .., we;_rwa,—6} if d3 > 8;

Ya=0ifdy =6,
{urvi, ugvi, 0 = 1,2, ... dy — 6} if dp > 7;

Xl = {uivjvuiwkvvjwkvvzvsvawtv 1= 374757677; jvsvx = 1727 i '7d2 - 67
where « # s; k,t,y = 1,2,...,d3 — 6, where y # t} — (Y2 U X3).

Then the sets of edges of the factors Fi, Fy, F3 of decomposition of Ky, 4,5 are:
E(F) = E(F])U Xy,

E(Fy) = E(F))UX,UYs,

E(F3) = E(F3) U X3U Y3,

It is easy to check that d(F3) = d» and d(F3) = d3. It remains to show that d(F;) = 4.
In Fi, the vertex w; is adjacent only to us and ug; and the vertex us is adjacent only to
uz and us. Note that no edge from the set {uzus, usug, usus, usug} belongs to E(F),

therefore d(F;) > 4. Since every vertex v;, j = 1,2,...,ds — 6, and every vertex wy,
kE=1,2,...,d3 — 6, is adjacent to the vertices u4, us, ug, we have d(F;) = 4. a

Finally, we show that for dy > 6 the graph Ky, 4,_¢ can not be decomposed into
three factors.

Theorem 3 Let dy > 6. Then F(4,ds,d3) = ds + d3 — 5.

Proof By Theorem 2, we have F'(4,ds,ds) < do+d3;—5. If dy = 6, then F(4,6,d;3) <
ds + 1. Tt is evident that F(4,6,d;) > ds, hence F(4,6,d;) = d3 + 1.

Assume that dy > 7. We prove that the graph Kg,44,—6 cannot be decomposed
into three factors F, F» and F3 with diameters 4, dy and d;. Suppose the contrary
and let Ky,44,-¢ be decomposable into such factors. Let A; = wypgrus be a fixed
diameter path of Fj. According to Lemma A, the degree of each vertex in Fy (F3)
is at most d3 — 5 (dy — 5), therefore the degree of each vertex in F is at least
(dy+d3 —7) = (dy — 5) — (ds — 5) = 3.

Denote the degree of u;,i = 1,2, in F} by deg(u;) = a and deg(uz) = b, where a, b > 3.
Since the number of vertices not in A; is dy +d3z — 11, we have a + b < ds + d3 — 9.
There are dy + d3 — 8 — (a + b) vertices adjacent neither to u; nor to uy in Fj.

We may assume without loss of generality that ujus € E(F3). Let us denote the

degree of u; and uy in Fy by deg(u;) = ¢ and deg(us) = d. Because every vertex
of Fy has degree at most d» — 5 and uy (ug) is of degree a (b) in Fy, obviously
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(d2+d3—7)—(d2—5)—a:d3—2—a§c§d3—5 ((d2+d3—7)—(d2—5)—b:
d3—2—-b<d<d3—5)in Fp. lf c+d>ds—3=(dy+ds —6) —dy + 3, then by
part I of Lemma 1 there exist at least ¢+ d — (d3 — 3) vertices adjacent to both u;
and ug in Fy. If c+d < d3 — 3, then ¢+ d — (d3 — 3) < 0 so trivially there exist at
least ¢ + d — (d3 — 3) vertices adjacent to both u; and us in Fp. It is evident that
¢+ d— (ds — 3) has to be < dy +ds — 8 — (a + b). We distinguish two cases:

a) Let c+d— (ds —3) < dy+ds —8— (a+b). Denote the number dy + d3 — 8 —
(a+b)—(c+d—d3+3)=dy+2d3—11 —a—b—c—d by k, where k > 0. In
F; we have deg(u;) = do+ds — 7 —a — c and deg(us) = do+ds —7—b—d. If
deg(uy) + deg(ug) < dy — 3, then 2(de +d3 —7) —a—b—c—d < dy — 3 and
consequently, dy +2d3 — 11 —a —b—c—d = k < 0. On the other hand, if
deg(uy) + deg(ug) > dy — 3 = (d2 + d3 — 6) — ds + 3, by part II of Lemma 1
it follows that the number of vertices adjacent to both w; and wy in Fj is at least
(dy+dz—T—a—c)+(dy+d3—T—b—d)—(dy—4) = dy+2d3—10—a—b—c—d = k+1,
which gives a contradiction.

b) Let c+d— (d3 —3) = da+ds —8 — (a+b). It is easy to see that the vertices
adjacent to both u; and wuy in F3 are the same as the vertices distinct from u; and
us which are adjacent neither to u; nor to us in Fj. Denote by A, a fixed diameter
path of Fy.

bl) Assume that the degrees of both end-vertices of A, are greater than 1. If each
end-vertex has distance < 2 from wu; or distance < 2 from us, then the diameter of
F, cannot be dy, because ujus € E(F).

If at least one end-vertex of A, has distance greater than 2 from both u; and us,
then there exists the vertex y ¢ A, adjacent to some end-vertex of A,, but adjacent
neither to u; nor to up in Fy. Since c+d — (d3 —3) =dy+d3s —8—(a+b) > 1,
and thus ¢+ d > d3 — 3 = (d» + d3 — 6) — dy + 3, invoking part I of Lemma 1
it follows that the number of vertices adjacent to both w; and wy in Fy is at least
c+d—((dy+d3—6)—d2+3)+1 = c+d—(d3—4). This is more than dy+d3 —8—(a+b),
a contradiction.

b2) Suppose that the degree of some end-vertex of A, is equal to 1. We denote such
a vertex by x. Note that there is at least one vertex adjacent to both w; and wus
(since dy + ds — 8 — (a +b) > 1) and wyuy € E(F}), therefore © ¢ {u;,us}. Now we
prove that in spite of the fact that x is in F5 adjacent to at most one vertex u;, i = 1
or 2, the vertex z belongs to ds + d3 — 8 — (a + b) vertices adjacent neither to u; nor
to ue in Fy, which will give a final contradiction. Let a = deg(u;) < deg(uz) = b in
Fi. (The case deg(u;) > deg(uz) can be handled similarly.)

A If deg(z) < a in Fj, then deg(x) > dy +ds — 7 — a in Fy, which means that in
Fi, the vertex x is not adjacent to at most a vertices. But observe that any vertex
adjacent to us (u;) cannot be adjacent to the a + 1 vertices (to the b+ 1 vertices) of
distance < 1 from uy (us) in Fj.

B. Let us assume that in F3, deg(z) = a — 1 + z, where z € N. Then in F}
we have deg(z) = (dy +d3 —7)—1—-(a—1+2) =dy+ds —7—a— 2 Since
(a—1+2z2)+(d2+ds—7T—a—c) > dy—3 = (d2+d3—6) —ds+3, by part II of Lemma
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1, there exist at least (a—1+2)+(do+d3—7—a—c)—[(d2+d3—6)—d3+2] = d3—4—c+=z
vertices adjacent to both u; and x in F3. Since ¢ < d3 — 5, there are at least z + 1
such vertices. Suppose that « is adjacent to uy (u1) in Fy. Then & cannot be adjacent
to the a + 1 vertices (to the b+ 1 vertices) of distance < 1 from u; (us) and to z +1
vertices adjacent to both u; and z in F3. Because b > a and deg(z) = da+ds—7T—a—=z
in Fi, we get a contradiction. This completes the proof. O

The problem of decomposing a complete graph into three factors with the smallest
diameter d; equal to 3 or 4 is therefore solved. In view of [4], for a complete deter-
mination of the values of F(dy,ds,ds) for d; < ds < d3 < 0o it remains to determine
the exact values for 5 < d; < 65.
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