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Abstract

The enumeration of Dyck paths according to various statistics has been
studied in several papers. This paper deals with the statistics “number of
7’8" for several strings 7. More precisely, the strings (aza@)?, (a2a)a and
a‘aa’, where z is a fixed Dyck path, are considered and several known
results, as well as many new ones, are derived.

1 Introduction

A Dyck path of semilength n is a lattice path of N’ running from (0,0) to (2n,0),
whose allowed steps are the up diagonal step (1,1) and the down diagonal step
(1,—1). These steps are called rise and fall respectively.

It is clear that every Dyck path of semilength n is coded by a word u = wjus - - - Uy, €
{a,a}*, called Dyck word, so that every rise (respectively fall) corresponds to the

letter a (respectively a).

Throughout this paper we denote with D the set of all Dyck paths (or equivalently
Dyck words). Furthermore the subset of D that contains all the paths u of semilength
I(u) = n is denoted with D,. It is well-known that |Dy,| = Cy, where Cj, = == (*")
is the n-th Catalan number (A000108 of [11]), with generating function C(x) which
satisfies the relation

2C*(z) = C(z) +1=0.

Furthermore, the powers of C'(z) are given (see [3]) by the following relation:

e = 5 (),

:2n+s n

for (n,s) # (0,0).
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The Catalan numbers are closely related to the Motzkin numbers M, (A001006 of
[11]) according to the following well-known identities ([4], [1]):

A word 7 € {a,a}*, called in this context string, occurs in a Dyck path v if u = wrwv,
where w,v € {a,a}*. If a string 7 does not occur in u, we say that v avoids 7.

The statistic “number of occurrences of 7”7 (or simply “number of 7’s”) has been
studied for various strings 7. This statistic has been studied for strings of length 2
in [3] and it has been shown that it follows the Narayana distribution (A001263 of
[11]). Generalizations for strings of length 2 in k-colored Motzkin paths are given in
[9]-

The strings of length 3 have also been studied extensively. For instance, if 7 = aaa
the corresponding statistic follows the Touchard distribution (see [3]), whereas if
7 = ada it follows the Donaghey distribution (see [8, 12]). Some interesting bijective
proofs for the above results are given in [2].

Finally, in [10] a systematic study of the statistic “number of 7’s” for every string 7
of length up to 4 is given.

We say that a string 7 occurs at height j in a Dyck path, where 7 € N, if the
minimum height of the points of 7 in this occurrence is equal to j. An occurrence of
a string 7 at height equal to (respectively greater than) 0 is usually referred to as a
low (respectively high) occurrence of 7.

The statistic “number of 7’s at height j” has been first considered in [6] for 7 = ud
and 7 = du, and it is has been proved that the corresponding generating function can
be expressed via Chebyshev polynomials and the Catalan generating function. In the
same direction, in [10] it has been proved that for an arbitrary string 7 the generating
function corresponding to the statistic “number of 7’s at height 77 is evaluated with
the aid of the generating function corresponding to the statistic “number of low 7’s”.

Recently, the statistics “number of 7’s”, “number of low 7’s” and “number of high

7’s” have been studied in [6] for the strings 7 = (a@)’a and 7 = a’aa, where j € N*.
In this paper we study the above statistics for strings of a more general form.

In Section 2 we study the strings (az@)’ and (az@)’a, where z is a fixed Dyck path.
This is accomplished with the use of multivariable generating functions which in

addition allow us to obtain the corresponding statistics for the string (a@)’a®.

Finally, in Section 3 we deal with the string a‘@a’, showing bijectively that the
statistics “number of a’@a’’s” and “number of a/a@a’’s” are equidistributed. For the
study of this string we use again multivariable generating functions which in addition

allow us to obtain the corresponding statistics for the string a‘aa’a.
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2 The strings (aza)’ and (aza)'a

Throughout this section we denote with z a fixed Dyck path of semilength r, and we
deal with the statistics “number of 7’s”, “number of low 7’s” and “number of high

1.7

7’s”, where 7 is either of the strings (aza)’ or (aza)’a, for j € N*.

2.1 The statistics “number of (a2a)’’s” and “number of (aza)/a’s”

For every j € N* and u € D, we denote with v;(u) (respectively d;(u)) the number
of (aza)’’s (respectively (aza)’a’s) in u.

We consider the generating function of the set of Dyck paths according to the
semilength and to the above parameters:

xst ZI u)H WJu)Htfs(u

u€D j>1 j>1

where s = (s;) and t = (¢;), for j € N*.
We have the following result.

Proposition 2.1 The generating function F = F(z;s,t) satisfies the equation

00 i+1 0 i+1
T (Z gr+1i H ) ]“) (1 + "t Z 2T H(s]-tj)ij+1> F+
=0

i=0 j=1

o) i+1 i+1
(1+IT+IZI(T+1)iHSt 2]+1Hs)_0 1
i=0 j=1

Proof. We consider the partition {B;};en of D defined by

By = {e} U{awav : w € D\ {z},v € D}

and

B; = {(aza)'v : v € By},

for i > 1; (see Fig. la and 1b respectively).

Let u = awav, where w,v € D and w # z; since for every j € N we have
75 (u) = 7;(w) +7;(v) and 6;(u) = 6;(w) + ;(v),

we deduce easily that the generating function By = By(x;s, t) of the set By is given
by
By =1+ aF(F —a"). (2)
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SN

Figure la : The non-empty elements of By
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; i times ——— |
Figure 1b : The elements of B;

Furthermore, for every v € By and 7,j € N* we have

. ;(v), ifi<yj
i\aza)v) =
75((aza)v) {7j(”)+i_j+1’ if j <i

and
5]'(11), ifi<j
§;((aza)v) =S i —j, ifj<iandv=ce
di(v)+i—j+1, ifj<iandv#e.

Hence, we obtain that the generating functions B; = B;(x;s,t) of the sets B;, for
1 > 1, are given by the relations

B; = Zgy (aza)*)+1( U)HS’YJ aza)' Ht (aza)*v)

vEBy j>1 j>1
i+1 i+1
— g rD)i Z I(v) st (v) Hté 5 (v) Hsz J+1 th J+1
vEBo\{e} Jj21 j>1

i+1
+Hsz ]+1th ])
i+1 i+1
I(r+1)iH i— ]+1(B _1 th ]+1+th ])
j=1

Using relation (2), we have

F = > B
o0 i+1 i+1
- 14 2 F? — TR + Zz(r+1)iH5§j+l((xF2 r+1F th j+1 + th ])
i=1 j=1

giving the required result. O
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Remark From relation (1) it is clear that the generating function F depends only
on the semilength of the Dyck path z and not on z itself.

To illustrate this, consider another Dyck path z* with I(z) = I(2*) and let v}, d7,
where j € N*| be the corresponding parameters. Then, with the aid of a simple invo-
lution h of D defined inductively, it is shown that the parameters ~;, 7; (respectively
d;, 0%) are equidistributed for every j € N*.

Jr7g
Indeed, if we set h(e) = € and for a non-empty Dyck path v = awav we define
ah(w)ah(v), ifw #z,z*
h(u) = < az*ah(v), fw=z
azah(v), ifw=2z*

we can easily show by induction on the semilength of the path w, that h is an
involution of D, v} (h(u)) = v;(u) and 67 (h(u)) = 0;(u), for every u € D, j € N*.

In the sequel we deal with the statistic “number of (aa) a?’s”.

Corollary 2.2 The generating function E = E(x;t) which counts the Dyck paths of
prescribed semilength according to the statistics “number of (a@)?a®’s”, where j € N*,
satisfies the equation

- ) (1+ixiﬁtj) E?—(1—-1) (1+x (1+ixiﬁtj)) E+1=0. (3)

Proof. We can easily check that the number of all (a@)’a®’s in u is equal to 6;(u) —
vj+1(u) for every j € N and v € D.

Thus, for r =0, s; = 1 and s; = tj_f1 for j > 2, we obtain that
E(x;t) = F(x;s,t)
so that, by equation (1), we deduce (3). O

For fixed k € N*, let Ej, = Ei(z;t) be the generating function of D according to the
semilength and to the number of (a@)*a®’s; if we apply equation (3) for ¢; = t and
t; = 1 for every j # k, we obtain that

21— (1-t)2")E — (1 - (1 -t)a"E  + 1 =0.

Furthermore, using a version of the Lagrange inversion formula (see [3]) we obtain
the following relation:

o 5] m]*i (i+_j) (nf@iifj)) (Zni(ZkI%)-E—H;j—H‘#il)
I _ i\ i+j n—k(i+j)+p nk
El( xt—l—i—ZZ (-1) T "t (4)

for every p € N*. In particular, we have the following result.
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Corollary 2.3 The number of all Dyck paths of semilength n with j (a@)*a®’s is

equal to

o= 3 R (V)R ()

We now come to study the statistics 7; and §; separately.

For this, we apply equation (1) twice, for ¢; = 1 for every j € N*, and for s; = 1 for
every j € N*. It follows that the corresponding generating functions

le(u st(u and A(z;t) Z “)Ht

uweD j>1 ueD j>1
satisfy the equations
zA(z;s)[?(z;8) — (14 2" A(z;8))D(2;8) + A(z;8) = 0

and

TA(z;6)A%(z;t) — (L+ 2" Az t) Az t) + (1 + 2" A(z;8)) =0

respectively, where
i+1

2 :xr+1)2H z ]+1

j=1

Then, we can easily deduce the following result.

Proposition 2.4 The generating functions I'(z;s) and A(z;s) are given by the for-
mulas ,
A(x;s) A(w;s)
F . == i —
(2;5) 14 o+t A(xz;s) ¢ (I (1 + 2"t A s)

e - 0 (s ),

We note that the second formula of the above Proposition has been proved in [7] for
r=0.

and

Example Let 7, § be the parameters on D defined by

[e°] oo

y(w) = (=1 yi(u) and (u) =Y (=1)"5i(w).

i=1 i=1
Then, for sy;_; = s and sy; = s~ ! for every ¢ > 1, Proposition 2.4 gives

1 + Szr+l
1 — sx2(r+1)

Alx;s) =
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and hence

14 sz™! 1+ szrtl 2

_ w) gv(u) —

Ple,s) =D 25" = 1+xT+lc<x<1+zr+l
uweD

and

r+1
Az, s) = le(“)s‘s(”) =C < HL) .

x
1 pr+l
u€D +

It follows easily that the numbers of all v € D, with y(u) = j and 6(u) = j
respectively, are given by the formulas

[2n+21(—T(f1;r3)j ]

[I"sj]F _ Z (_ 1)i (2n—2(r+1]_)(i+j)+1) (2n7(2r+11i72(r+1)j) On—(7'+l)(i+j)
i=0

for0<j < [%],and

(=52

T+1

[InSj]A _ Z (_1)i(n—(r+jl)(i+j)) (n—(r—o—lgj—ri—l) Cnf(r+1)(i+j)
i=0

for 0 < j < [7%4]

In particular for » = 1 and 7 = 0 we obtain the sequence 1, 1, 1, 2, 5, 13, 35, 97,
275, 794, 2327, 6905, 20705, ... (A082582 of [11]) (respectively 1, 1, 2, 4, 10, 28, 82,
248, 770, 2440, 7858, 25644, ...) which counts the number of all u € D such that
the total number of (aa@a)?~'’s (respectively (aaaa)*~'a’s) in u is equal to the total
number of (aaa@a)*’s (respectively (aa@@)*a’s) in u, for i € N*.

In the sequel, consider a fixed k € N* and let I'y(x, s) and Ag(z, s) be the generating
functions that we obtain by setting s, = s and s; = 1 for every j # k, in I'(z;s) and
A(w;s) respectively.

In this case we have

k—1 00
A(I; s) _ Z I(r+l)i + Z x(r+1)isi—k+l
=0 i=k

1 — gtk gp(r+Dk
1 — gr+l + 1 — gprt+l
1— gzl — (1 _ S)x(r—o—l)k
(1 — xr—o—l)(l — er+1)

Then, applying Proposition 2.4, we obtain the following result.

Corollary 2.5 The generating functions T'y(x, s) and Ag(x,s) are given by

1— g+l — (1= (r+1)k 1— g™t — (1 = (r+1)k 2
Py, ) s (1—s)z ol ( sw (1-s)z ))

T 1 sartl— (1 — s)zr+Dk+1) 1 —szrtl — (1 — §)g(rtD(k+1
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and

1 — gl — (1 _ S)x(7‘+l)k
Aulz,s) =C <x1 — szt — (1 - s)x(7‘+1)(k‘+l)> :

We note that the formula for A has been proved in [7] for r = 0.

Examples
1. For k =1 we obtain that
1 z
Iy(z,s) = C 5
e ren (evrerre) )
and
Arlys) = O —= (6)
W8 = 1+ (1—s)ztl )’

Using the above relations we can easily show that the number of all v € D,, with
j aza’s and the number of all v € D,, with j azaa’s are given respectively by the
formulas

e 3 RS ()G () o
for 0 < j < [-2], and
. [::Xj;j(—l)i (w; j> <n - li—+r§i + j)) Cotrenisn, ®)

: —1
for 0 <j <[]
Applying formulas (7) and (8) for certain values of r, we obtain some well known
results, as well as some new results.

For instance, for r = 0 we obtain the number of all v € D,, with j aa’s (see [3] and
A001263 of [11]) and the number of all u € D,, with j a@a’s (see [12, 8] and A091869
of [11]).

Indeed, using relations 3.49 in [5] we have
n—j . .
i, = 1+ n 2n — (1 +j)
[2"’] ; ( i+i)\ n-1
_1fn — ] 2n — (i + )
n\J :O n—1
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and

n—1-j . .
W fr+i\[(n—-1
w2 ( j )(Hj)c"*“*”

n— n n—l—j
-("7) e (T e
‘7 =0

For r = 1 we find the following triangles whose elements, read by rows, count the
number of all w € D, with j aaaa’s (see A098978 of [11]) and the number of all
u € D, with j aaaaa’s (see A114848 of [11]) respectively:

1;1;1,1; 2, 3; 5, 8, 1; 13, 23, 6; 35, 69, 27, 1; 97, 212, 110, 10; ... and

1; 15 2; 4, 1; 10, 4; 28, 13, 1; 82, 44, 6; 248, 153, 27, 1; 770, 536, 116, 8; ...

2. A straightforward application of Corollary 2.5 for k = 2, r = 0 and s = 0 gives
the following formulas:

zn:nz:l <2n—2j —z) <2n—2j{'j—i+1>cn_i_j

=0 j=0

and

n—1

=3 (” - ) My i

The first formula gives the sequence 1, 1, 1, 3, 7, 19, 53, 153, 453, 1367, 4191, 13015

.., which counts the number of all v € D, that avoid aadaa (A078481 of [11]),
whereas the second gives the sequence 1, 1, 2, 4, 11, 31, 92, 283, 893, 2875, ...,
which counts the number of all v € D,, that avoid aaaaa.

Jrg» g

2.2 The statistics “number of low (aza) and “number of low (aza)’a’s

For every j € N and u € D, we denote with 7}(u) (respectively d(u)) the number
of low (az@)?’s (respectively low (az@)?a’s) in u.

We consider the generating function of the set of Dyck paths according to the
semilength and to the above parameters:

x,s,t le(u H vj(u Hté (u)
u€D j>1 j>1
where s = (s;) and t = (¢;), for j € N*.
Let {B;}ien be the partition of D used in the proof of Proposition 2.1 and B] =

Bj(7;s,t) the generating function of B; according to the parameters [, v; and 97, for
every j € N*.
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Using similar arguments as in the proof of Proposition 2.1, we deduce the following
relations:
By =1+aF'(C(z) —a")

and

. i+1 o i+1 o i o
By = gt T st ((B{, -7+ Ht;a) 7
J=1 j=1

J=1

for ¢ > 1, from which we easily deduce the following result.

Proposition 2.6 The generating function F' = F'(x;s,t) is given by the formula
0 Ci+l o i+1
L am1 3 20 T (558,41 I s,
i=0 j=1 j=1
00 i+1 : (9)
L= (Cle) = a7) 3 a0 ] s+

F'=

=0 j=1

If we consider the generating function F' for r = 0, s; = 1 and s; = tj_f1 for j > 2, we
obtain that the generating function E' = E'(z;t), which counts the number of Dyck
paths of prescribed semilength according to the statistics “number of low (aa)’a®’s”,

with j € N*, is given by the formula

1

(1) (1 —e(Clx) - 1) (1 + ij‘ix]]_ql @-))

For fixed k € N, if we apply the above formula for ¢, = ¢t and t; = 1 for every

j # k, we obtain the generating function of D according to the semilength and to

the number of low (aa)*a®’s :

E' =

Cfz)

Bilet) = 1 (1= 0)ak+2C3(z)

Furthermore, using some simple manipulations we obtain the following result.

Corollary 2.7 The number of all Dyck paths of semilength n with j low (a@)*a?’s
18 equal to

. _[k%]—f(_ S 3(i+ ) + 1 <i+j> <2n— (2k +1)(i + 5) +1>
k= o — (2k+1)(i+j)+1\ j n—(k=1(G+4)+1 )

~
I
<)
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We now come to study the statistics 7;- and 6;- separately. For this, we apply equation
(9) twice, for t; = 1 for every j € N*, and for s; = 1 for every j € N*. For the
corresponding generating functions

s) :Zzl(”)HS? and A'(z;t) le(u Ht’
ueD i1 ueD i>1
we have the following result.

Proposition 2.8 The generating functions I" = I (x;s) and A" = A'(x;s) are given
by the formulas
A 1+arttA

V=T —ea ™A T T e oA

where
41

l
2 :x 7"+1)2HSZ Jj+

For fixed k£ € N, using an argument similar to that of Corollary 2.5, we obtain the
following result.

Corollary 2.9 The generating functions '), = T (z, s) and A}, = Al (z,s) are given
by

1— S.TT_H _ (1 _ S)x(’r+1)k

/o
Ly = 1—z(r D+ — (1= g0+DR)C () — szt (1—z Dk — (1 —z(+DG-1)C ()
and
A 1— x(r+1)(k+1) _ 5x7"+1(1_x(7"+1)k)

=

1— 20D = (1= DR C(z) — sz (1— 2tk — g(1— 200 (z))”
We note that the second of the above formulas has been proved in [7] for r = 0.

Example
For k£ = 1 we obtain that

, C(x) oy (L= s)a™) Ca)
N@ss) = Trg o 4 M @8) = ST oerion) -

Using the above relations we can easily show that the number of all u € D, with j
low aza’s and the number of all uw € D,, with j low azaa’s are given respectively by
the formulas

[l S i+ (2n—(2r4+1)(i+j)+1
i 1 i(l + J + ]‘) (lj])( " n(+7;.—'r)((zl-l—]])) )

") = Y (- 2n—(2r+ 1)@ +5)+1

(10)
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for 0 < j < [5], and

nollj . . i+5\ (2n—(2r+1)(i+5)—1
roa = 3 (RO ) (1)
1 % n+1l—(i+j)r ’

for 0 < j < [2=1].

Notice that for » = 0, relation (10) (respectively (11)) gives that the number of all
u € D, with j low peaks (respectively low aaa’s) is equal to

nej R n—j-1 ) "
B 5 () (), rspectivly 25 1= ) 07)

i= i=

thus obtaining a formula equivalent to (6.16) of [3] (respectively to that of Theorem
3.1 in [12]).

For r = 1, we find the following triangles whose elements, read by rows, count the
number of all v € D,, with j low aaaa’s (see 114486 of [11]) and the number of all
u € D,, with j low aaaaa’s respectively:

1;1;1,1; 3,2 10, 3, 1; 31, 8, 3; 98, 27, 6, 1; 321, 88, 16, 4; ... and

1;1;2; 4, 1; 11, 3; 34, 7, 1; 108, 20, 4; 352, 65, 11, 1; 1176, 216, 33, 5; . ..

e

2.3 The statistics “number of high (¢2a)?’s” and “number of high (aza)/a’s
For every j € N* and u € D, we denote with 7/ (u) (respectively 07(u)) the number
of high (aza)?’s (respectively high (aza)’a’s) in u.

We consider the generating function of the set of Dyck paths according to the
semilength and to the above parameters:

F'(z;s,t) = Zx ”)st’(u Htéu(u

u€D j>1 j>1

where s = (s;) and t = (¢;), for j € N*.

Using the first return decomposition of a non-empty Dyck path u = awav, where
w,v € D, it is easy to see that

75 (W) = 35 (w) + 7 (v) and 65 (u) = 6;(w) + &5 (v)-
It follows that
F'(z;s,t) =1+ xF(z;s,t)F"(z;s,t)

and thus we have the following result.

Proposition 2.10 The generating function F" = F"(z;s,t) is given by

1
1—zF

FII —

where F satisfies equation (1).
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Using this result, we deduce that the generating function E}/(z,t) which counts the
Dyck paths of prescribed semilength according to the statistics “number of high
(aa)*a®s” is given by

1

Ei(x,1) = 1—xE(z,t)’

(12)
Thus, using relation (12) we can expand Ej}(z,t) to a geometric series so that by
relation (4) we obtain the following result.

Corollary 2.11 The number of all Dyck paths of semilength n with j high (aa@)*a?’
1$ equal to

S

. & ey (0 =D () (M) ()
("B = b0+ 3 Z (=™ i ’

m=j i=(k+1)m+1

where do; 15 the Kronecker symbol.

We note that for £ = 1 and j = 0 we obtain the sequence A086581 of [11], which
counts the Dyck paths that avoid aaa® at high level.

For fixed k € N*, let ['}(z, s) and Aj(z, s) be the generating functions that count the
Dyck paths of prescribed semilength according to the statistics v} and 0}, respectively.
Then, by Proposition 2.10 we deduce that the generating functions I'} = I'"(x, s) and
A} = AJ(z, s) are given by the relations

1 1
M ——  and Al = —— 13
T T, SR T T A, (13)

where 'y and Ay are given in Corollary 2.5.

Examples

1. For k = 1 and r = 0, using relations (5) and (6) we deduce that

[L*l

[z"s/ T = i (=)™ (m\ (n—rm -1\ (2n—(2r+1)m
! mzjn—rm-i—l J m n—1rm

and
2] n—2—(r+1)m m\ (i +m
[2"s7]AY = do; + Z Z (=™ <j) ( m )Bn—(r+l)m—l,i+lv
where By = ’”kﬁ (Hl) stands for the well-known double sequence of ballot numbers.
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Using formula 3.49 of [5], the first of the above formulas, for r = 0 gives that

o E e () ()
:1;+1<n )(?iD
:E@(jil)'

Thus, we obtain the well-known result (e.g. see [3]) that the number of high peaks
is counted by the Narayana numbers.

The second of the above formulas has been proved in [12] for r = 0.
2. For k=2, r =0 and s = 0, we obtain the sequences 1, 1, 2, 4, 10, 26, 72, 206,

606, 1820, 5558, 17206, ... and 1, 1, 2, 5, 13, 37, 110, 338, 1066, 3430, ..., which
count the number of all u € D,, that avoid high aaaa and high aaaaa respectively.

3 The string a'aa’

Throughout this section we deal with the string 7 = a’aa’, where i,j € N*.

3.1 The statistic “number of a‘aa’’s”

For every i,j € N, let p;;(u) denote the number of a‘@a’’s in u, and let the corre-
sponding generating function

ZI (w) H qp”(u ’

ueD 3,7>1

where q—= (Qij)i,jeN* .
We have the following result.

Proposition 3.1 The generating function G satisfies the formula
G(z;q) = G(z;q"),
where q = (g;;) and qf = (gji)-
Proof. It is enough to define an involution ¢ of D such that
1(#(u)) = U(u) and pi;(6(w)) = pji(u),

for every i,7 € N* and u € D.
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For this, we consider the set P of all paths with no double falls, that start and end
with a rise. Every element of P can be written uniquely in the form

p — a&laa&a{ - afp—laafp7

where & € N*, p € N*.
We first define an involution ¢ of P, by setting

U(p) = a*aa-1a---a*2aa.
Clearly, every Dyck path u can be uniquely decomposed in the form
U = p1U1P2V2 = * * PtUt,

where p; € P, v; € {a}*\ {€} and v; has length at least 2 for every i # t.
We define ¢(e) = €, and for a non-empty Dyck path u = pyv1pavs - - - Doy,

P(u) = Y(pL)vi(p2)ve - - Y (pe)vy.-

It is easy to check that ¢ is an involution satisfying the required properties. a

Remark From the above Proposition, it follows that the statistics “number of

PRI

a‘aa’’s” and “number of a’aa’’s” are equidistributed, for every i, j € N*.

We now come to evaluate the generating function G = G(z;q). For this, we consider
the partition (A,),en of D, where Ay = {e}, A, is the set of all Dyck paths with
length of the first ascent equal to v (for ¥ > 1), and the generating function A, =
A, (z;q) of the sets A, according to the parameters [ and p;;, for every 7,j € N*.

Obviously,

G=) A, (14)

For every v € N* and p € N we define the function f,, = f,,(q) with

fl/,u = H iz,

1<i<v
13530

where q—= (qij)i,j€N~
Clearly f,o =1, for every v € N*.
We then have the following result.

Proposition 3.2 The generating function A, = A,(x;q), where v € N, satisfies
the following relation

Ay =2"G"Y fuuAp. (15)

pn=0
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Vi

s

Figure 2 : The elements of A, ,

Proof. Every set A, is decomposed into the sets

A, ={a"aviavea - - v,_jav, 1 vy € A,,v; € D for i € [2,v]}, where p € N,

(see Fig. 2).
Hence,
o0
_ 2 § u) H qu](u
”,0 uEA, 4,21
_E : E : L) (v2) 4 (o) +v qm](vl)ﬂ’” (v2)++++pij(vy) H 0
0 vi€A i>1 1<ikv
H epia vz 13530
o0
== E H qiijGV_lA”
=0 1<i<v
=0 1<5<p
[o.¢]
-1
=2"'G" E fouA
p=0
Examples
1. If we set

1, >
B = qi, 1f]:1a

we obtain the equation of Theorem 2.1 in [7], satisfied by the generating function of
D according to the statistics “number of a’aa’s”, where i € N*.

Indeed, in this case we have

14
" ZHqi, for every v, u € N*,

i=1
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Hence, by relations (14) and (15) it follows that
G=1+ Zx”G"_l (1 - H%(l - G))
B v+l
—Zx"G” (1+z(1-G Zx”G”xqul—

v=0
v+1
_Zx”G"<1+x (1-G (1—qu>>.
v=0

2. For fixed k, A € N*, we denote with Ty = Ty \(z, ¢) the generating function that
counts the Dyck paths of prescribed semilength according to the statistic “number
of akaa)\ S

It is clear that T \(z,q) = G(w;q) for gy\ = ¢, gray1 = ¢~ * and g¢;; = 1 otherwise.
In this case we have that f,, = ¢ for v > k and p = X, and f,, =1 otherwise.
Furthermore, by Proposition 3.2 we obtain that

A, =a2"Ty,, forv <k (16)

and
A, =a2"T\ — (1 - q)x"T,:’,;lA)\, for v > k. (17)

It follows that

o0 o0
Tia=>_ 2'T¢\ — (1= )A\ Y 2Ty

v=~k
1 (1- q)A)\ka,f,;l
N 1_51)'Tk,)\ B ].—ka,)\
and hence
Tipn =1+ aTp, — (1 — ) A" T (18)
We consider two cases:
For A < k, from relation (16) we have that
A)\ = I)\T,?:)\,
so that relation (18) gives
Tpn = 1+ 213, — (1 — 2" LA (19)

For A >k, from relation (17) we easily obtain that
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ATA
2 T

Ay = ,
A +(1- q)xATk):;l

so that relation (18) gives

, xk+)‘T]ﬁ;\—)‘_1
Tk,)\ =1+ ka,)\ - (1 — q)

. 20
14 (1 — gz 5! (20)

For k =2 and A =1 (respectively £ = 1 and A = 2) relation (19) (respectively (20))
gives the triangle, read by rows,

1; 1; 2; 4, 1; 10, 4; 27, 15; 78, 52 2; 234, 180, 15; 722, 624, 84; 2274, 2178, 405, 5; . ..
(respectively 1; 1; 2; 4, 1; 10, 4; 28, 13, 1; 83, 42, 7; 254, 141, 33, 1; 795, 489, 135,
11;...),

which counts the number of a’daa’s (respectively aaa?a’s). Thus, we realize that
the statistics “number of a*@a*@’s” and “number of a*@a*a’s” are not in general
equidistributed, as opposed to the statistics “number of a*@e*’s” and “number of
a*aak’s”.

In the following, we consider the statistic “number of af@a*’s” for fixed k, A\ € N*.
Clearly, it is enough to restrict ourselves to the case where k > .

Proposition 3.3 The generating function Gy = Gia(x,q) that counts the Dyck
paths according to the semilength and to the number of a*aa™’s, for fived k > X,
satisfies the equation

. 1— "G}
Gin=1+2Gh, — (1 - q)d*Gi3! (G,M - 7’“> .

1-— IGk,)\

Proof. If we set

then Gk,)\(:v, q) = G(xy q) and

fou = q, ifv>kand pu>AX
o 1, otherwise.
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Hence, by relations (14) and (15), it follows that
k=1 00 00 A-1 8]
Giea =14 2"Gyit (Z A,L> +) e Gl (Z Aut+a) A,L>
v=1 1=0 v=~k #=0 L=\
k—1 oS A-1
=1+ ny kAt Zf/GZ,_AI (Gm -(1-9) (Gk,)\ - ZAu))
v=1 v=Fk n=0
0 00 A-1
= a'Gl - (1-q) > oGy (Gm - ZA,L> .
v=0 v=~k #=0

Since k > A, then

A-1 A-1 1 _'xA(;QA
- ZE::EHC;KA - 1 G =
s Py — TG a
giving the required result. O

For example, if & = A\ = 2, by the above Proposition we obtain that the generating
function of D according to the statistic “number of a?aa?’s” satisfies the equation

2(1+ (1 —q)z(z —1))G* = (1 — (1 — ¢)2*)G +1=0. (21)
The first terms of the corresponding triangle, read by rows, are: 1; 1; 2; 5; 13, 1; 36,

6; 105, 26, 1; 317, 104, 8; 982, 402, 45, 1.

3.2 The statistic “number of low a‘aa’’s”

For every i,j € N, let pj;(u) denote the number of low a‘@a’’s in u, and let the
corresponding generating function

le(u H qp”

ueD ij>1

For every v € N* and p € N we define the function g, , = g,,,(q) with

H QVj-

1<j<n
Clearly, g,0 = 1, for every v € N*.
We have the following result.
Proposition 3.4 The generating function G' = G'(x; q) is given by the formula
14+ 2(1—qu)

1—xzqn — Z Z Gup(@(gry — quu) + D)arrreCrre—2(x)
v=2 pn=0

G'(z;q) =
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Proof. For every v € N* and u € A,, such that v = a”av,av, - - - av, we have that

i1

’ pii(v), ifi£Avoruv € L—JOA‘L

Pi]‘(u) = "o

p,i(v,)+1, ifi=vand v € UV.AM.
p=j

Using the above relations, we will find the generating functions A/, = A/ (x,q) of the
sets A, according to the parameters [ and pj;, for every i,j € N*.

Indeed,

x—l—i Z g+ H quf(“) H q1j

v=111€A, 3,j2>1 1<j<v

[5S)
—ovaY g,
v=1

A

o0
=z +aqmA +a Z g4,
v=2
and hence,

0
&€ + € Z gl,VAZ/

A= — =2 22
1 1_$q]_]_ ( )

Furthermore, for v > 2 we have

AL:i Z )+ (w2) () +v H qgj(vu) H @i

H=0 ey ig>1 1<5<n
Ui 2

[o¢]
:x”C”_2(x)G'Zgy,ﬂ Z 21
©=0

v1EA,
=2"C" *(2)G z"“: G p C* (). (23)
[1=0
Finally, since .
G=1+> A,
v=1
from relations (22) and (23) we obtain the required result. ]

Example

For fixed k,\ € N*, we denote with T} , = T} \(,q) the generating function that
counts the Dyck paths of prescribed semilength according to the statistic “number

of low a*aata’s”.



SOME STRINGS IN DYCK PATHS 69

It is clear that T} ,(z,q) = G'(z;q) for gra = ¢, @ A1 = ¢! and g;; = 1 otherwise.
In this case we have g,, = ¢ for v = k and p = A, and g,,, = 1 otherwise.

Furthermore, using Proposition 3.4 we evaluate the generating function 7} ,, consid-
ering the following cases:

For £ > 2,
Tl’c,)\ - 0 00 !
1l—2z—-> > zu+u0u+u—2(gc) + (1 — q)x’““‘Ok“‘?(x)
v=2 p=0
B 1
11— —22C%(z) + (1 — q)ah A CHA-2(g)
_ C(z)
T 14 (1 = gz O (1)
For k=1and A > 2,
T{,)\ = 0 ! >
l—z— Y (2(q1, — 1)+ D)avCv2(z) > g, 2tCH(x)
v=2 n=0
_ 1
1—z— > (2(g1p — 1) + DavCr(x)
v=2
- 1
1—z— Y avC" ) — x(q — 1)arCA1(x)
v=2
_ Clz)
14 (1= g)MCMz)’
Finally, for k =\ =1,
1+ z(l—gq)

! J—
T1,1 =

1—2q—(2(1—q)+1)22C%(x)

In the following, we consider the statistic “number of low a*a@a*’s” for fixed k, A € N,
with generating function G} \ = G} \(7,q).

A simple application of Proposition 3.4 for ¢;; = ¢ and ¢;; = 1 otherwise, gives

zC(x)

G0 =14 A e

which has also been proved in [12].
For k > 2 and A = 1 the generating function G} ; has been evaluated in [7].
In the following result we evaluate G, , for (k,\) # (1,1).
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Proposition 3.5 The generating function of D according to the semilength and to
the number of low a*aa*’s, for (k,\) # (1,1), is given by the formula

C(z)
71— q)@C@)F™

(A
Gk,)\ -

Proof. We first consider the case where & > 2 and A > 1; in this case, applying
Proposition 3.4 for gy = g and ¢;; = 1 otherwise, we have that g, , = ¢ if v =k and
u > A, and gy, = 1 otherwise.

Thus we have

, 1
kA = 00 o0
L=a= 3 3 guatCr(a)
v=2 p=0
N 1
L= = 35 55 o Crim2(a) + (1= q) 3 ahCH=2(a)
v=2 p=0 ITEN
_ 1
11—z —22C%x) + (1 — @)z ACFA-1(g)
_ C(z)
14+ (1 — @)k Ok ()
The case k=1 and X > 2 is treated similarly. O

Furthermore, after some simple manipulations we obtain the following result.

Corollary 3.6 The number of all Dyck paths of semilength n with j low a*aa’

for (k,\) # (1,1), is equal to

75’

» %,A:[%j(—l)i G+ D)(k+N)+1 (j—i—i) <2n+1—(j+i)(k+)\))7

2n+1—-(G+0)(E+ X))\ i n+1

=0

where 0 < 7 < [HL)\]

3.3 The statistic “number of high a’aa’’s”

For every i,j € N, let pf;(u) denote the number of high a‘@a’’s in u, and let the
corresponding generating function

5 (u)
G'(w;q) =Y &' g

u€D 5,21
Using the first return decomposition u = awav, where w,v € D, it is easy to see that

pi(u) = pij(w) + pi;(v).
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It follows that
G"(z;q) = 1 + 2G(x;9)G"(z; q).

Thus, we have the following result.

Proposition 3.7 The generating function G" = G"(x;q) is given by

1

"o
¢ T 1—2G

where G satisfies relations (14) and (15).

Example

Using the above Proposition and relation (21), we obtain that the generating function
G" = G"(z,q) of D, according to the statistic “number of high a?aa®s” satisfies
equation

(qr + 2% — 2qx2)G"2—(1 — 27 +2qr +32° - 3¢2°)G" +1 -z + qv + 2° — qz*= 0.

The first terms of the corresponding triangle, read by rows, are: 1; 1; 2; 5; 14; 41, 1;
124, 8; 385, 43, 1; 1220, 200, 10; 3929, 866, 66, 1.
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