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Abstract

Baumert and Hall describe a Williamson array construction based on
quaternions. We extend by analogy this construction to larger arrays,
using the multiplication table of the Cayley-Dickson algebras of dimen-
sions 32 and 64. Then we use Grobner bases to obtain full orthogonal de-
signs of order 32 with 10 variables and of order 64 in 10 and 11 variables.
Finally we use OD(32;1,1,2,4,4,4,4,4,4,4) to search for inequivalent
Hadamard matrices of orders 96, 160, 224, 288. Such structured matrices
are needed in Statistics and Coding Theory applications. This algebraic
approach can be extended to larger orders, i.e. 2", n > 7, provided that
the structural properties of the corresponding polynomial ideals and their
Grobner bases are further investigated and understood.

1 Introduction

Definition Let xy, ..., ; be commuting indeterminates. An orthogonal design X of
order n and type (si,...,s;) denoted OD(n;si,...,s;), where sy, ..., s; are positive
integers, is a matrix X of order n with entries from {0, £x1, ..., £}, such that

t
XXt = (Z sm?) I,
i=1

where X! denotes the transpose of X and I, denotes the identity matrix of order
n. For applications of ODs to wireless communications see [18] and the references
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therein. For more details on orthogonal designs see the book [10] and the survey
paper [17].

This paper is organized as follows. First we give an account of the classical William-
son construction for Hadamard matrices, from the point of view of quaternions, fol-
lowing Baumert and Hall. Then we show how the application of the Cayley-Dickson
process on the algebra of sedenions, can be used to describe a full orthogonal design
of order 32 with 10 variables. We use Grébner bases [4] [5], [19] to locate a canon-
ical solution of a system of equations that gives the orthogonal design of order 32.
The multiplication table of the algebra of dimension 32 is used to construct right
multiplication matrices which are used to form orthogonal designs. Using the right
multiplication operator is a way to overcome the obstacle of non-associativity of the
algebra. Non-associativity is an obstacle, because it is incompatible with the exis-
tence of matrix representations, that we could use directly to construct orthogonal
designs. To circumvent this obstacle we use the right multiplication operator, as it
seems that left multiplication is not suitable for our purposes. We apply this method
to construct some full orthogonal designs of order 64 as well. In the last sections
of the paper, we use the full orthogonal design of order 32 with 10 variables, to
search for inequivalent Hadamard matrices of orders 96, 160, 224, 288. Inequivalent
Hadamard matrices with a certain structure, in this case coming from orthogonal
designs, are needed in Statistics and Coding Theory applications.

The Cayley-Dickson process in conjunction with Grobner bases, provides a unifying
algebraic framework for the construction of orthogonal designs of orders 32 and 64
with many variables. This approach can be extended to larger orders, i.e. 2",n > 7,
provided that the structural properties of the corresponding polynomial ideals and
their Grobner bases are better understood.

2 Orthogonal designs of order 32 and 64 via Cayley-Dickson
algebras

Baumert and Hall specify in [2, 3] how to construct the Williamson array via quater-
nions, see also [11].

The Cayley-Dickson process allows us to obtain an algebra of dimension 2n from
an algebra of dimension n, see [8, 13]. By applying the Cayley-Dickson process
successively to the real numbers, one obtains the algebras of quaternions, octonions
and sedenions.

The construction by Baumert and Hall can be repeated using octonions and
sedenions instead of quaternions. This has been done in [14]. The corresponding
orthogonal designs have been found to yield Hadamard matrices.

By applying the Cayley-Dickson process to the algebra of sedenions, one obtains
a Cayley-Dickson algebra of dimension 32 with basis ey = 1, €1, ...e3; whose multi-
plication table is omitted.

To associate a 32 x 32 matrix to each basis element, we use the right multiplication
operator, on the column vector

U:[]. € ... €31 ]t.
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Then the thirty-two right multiplications
vV-€y, V-€1, ... U-E€31,

give rise to thirty-two 32 x 32 matrices qp,...,q31. Let Aj,..., A3y be commuting
indeterminates. Then the sum A = Zfio Ai1¢; is equal to a 32 x 32 array with
the property that the diagonal elements of AA! are all equal to Zf’il A? but whose
other elements are not necessarily all zero. By requiring that all elements of AA’
(except the diagonal ones) are equal to zero, we obtain 252 equations in 30 variables
(all variables except A, A;7).

The reduced Grébuer basis (for a total degree reverse lexicographical ordering) of
these 252 equations has 290 elements. The computation was done in Magma V2.11-
2. Among the elements in the Grobner basis, we are interested in the 105 binomials,
which can be written concisely as:

Ao jAi — Ai_16As_ji=32—j+1,...,32,j=1,...,14. (1)

For each value of j, there are j binomials, which makes a total of 2]1-4:1 j = 105
binomials. For j = 1 the one binomial is equal to A543y — A16A431. For j = 2 the
two binomials are equal to Aj4 A3 — A15A30, A14Azs — A16A30.

Each solution of the 105 equations corresponding to the 105 binomials (1) can
be completed to a solution of all the 290 equations coming from the Grébner basis
and thus yield a 32 x 32 orthogonal design. The structure of these 105 binomials
equations points out to the following canonical solution:

A18 = A27A19 = A37A20 = A47A21 = A57A22 = A67A23 = A77A24 = A87A25 = A97
A26 = A107 A27 = A117A28 = A127A29 = A137 A30 = A147 A31 = A157A32 = A16
(2)

that can be completed to a solution of the 290 equations by requiring in addition
that:

AIO - AZyAll = A37A12 = A4aAl3 - A5aAl4 = AﬁaAl5 - A77A16 - AS' (3)

The solution of the 290 equations, comprised of (2) and (3) gives rise to the 10-
variable full orthogonal design OD(32;1,1,2,4,4,4,4,4,4,4) (where we have used
the change of variables A1 = A, A2 =B, A3=C,A4 =D, A5 =FE, A6 = F,
A7 =G, A8 =H, A9 = I, A17 = J to save space) given in the appendix.

Note that when we take the product of OD(32;1,1,2,4,4,4,4,4,4,4) with its trans-
pose, the result is:

(A +4B® +4C* 4+ 4D* + 4E® + AF? + 4G* + 4H* + 2I* + J*) I, (4)

A full orthogonal design OD(32;1,1,2,4,4,4,4,4,4.4) has been found in [10] by a
doubling construction on the full orthogonal design of order 16 OD(16;1,1,2,2,2,2,
2,2,2) in 9 variables.

The Radon number p(n) gives the maximum number of variables allowed in an
orthogonal design of order n ([10]). Since we have p(32) = 10, we conclude that the



42 ILIAS S. KOTSIREAS AND CHRISTOS KOUKOUVINOS

particular orthogonal design or order 32 that we found, has the maximum permissible
number of variables.

The algebraic framework that we present here, based on the Cayley-Dickson
process, is a systematic way of constructing Orthogonal Designs of order 2". A
usual, starting from an Orthogonal Design with many variables one can obtain many
other Orthogonal Designs by the Equating and Killing variables technique. The full
orthogonal design OD(32;1,1,2,4,4,4,4,4,4,4) is just one of the Orthogonal Designs
that can be constructed via particular solutions of the equations. To illustrate this
point further, we give two full orthogonal designs of order 64 (note that p(64) = 12)

e OD(64;1,3,4,8,8,8,8,8,8,8), with 10 variables
e OD(64;1,1,2,4,8,8,8,8,8,8,8) with 11 variables

in the web page http://www.cargo.wlu.ca/0D32ineq. These two full orthogonal
designs of order 64 been found by applying the Cayley-Dickson process and find-
ing particular solutions of the systems of polynomial equations that arise after the
Grobner bases calculations.

We note here that the orthogonal design OD(64;1,3,4,8,8,8,8,8,8,8) can be
8,8

8
constructed from the orthogonal design OD(64;1,1,2,4,8,8,8,8,8,8,8) by Equating
variables.

3 Hadamard matrices from the 10-variable full orthogonal
design OD(32;1,1,2,4,4,4,4,4,4,4)

In this section we use the OD(32;1,1,2,4,4,4,4,4,4,4), that we denote by Hjo, to
produce structured Hadamard matrices of orders 32n, where n is the order of the
block matrices A, B, C, D, E, F, G, H, I, J. Imitating the classical Williamson
construction, we take the ten matrices A, B, C, D, E, F, G, H, I, J to be symmetric
circulant matrices of order n each, defined via the matrix U:

010 . 0

0 01 0
v=|:

0 00 1

—_
o
o
o
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which has the property U™ = I,,. Take the ten matrices A, B, C, D, E, F, G, H, I,
J to be polynomials in U, so that they commute with each other:

A = al, + iU + + ap U"?
B = bl, + bU + + by Ut
C = clp + al + + Ut
D = dyI, + U + + dp UM
E = 6().[71 + elU + + en_lUn !
F = fol, + LU + +  fanUMH
G = g, + qU + +  Ga UM
H = hi, + MU + + hp UM
I = wl, + U + + g U
J = joln + HU + + Jaa U

Since UT = U1, the ten matrices A, B, C, D, E, F, G, H, I, J will be symmetric
if

Aty = g, by = by, Cpy = Cpy Ay, = dy, €4 = €y,

frt = fr> Gn-t = Gk P = Py Ty = Uk, Gk = Ji

fork=1,...,n— 1.
When n takes specific values, the requirement

HypHy, = (A +4B% +4C° + AD?* + 4E* + 4F? +4G* + 4H? + 21" + J*) @ Iy,

(where ® denotes the Kronecker product) can be translated into polynomial equa-
tions. Using these polynomial equations we conducted exhaustive and partial sear-
ches for the first four odd values of the parameter n.

Moreover, we need to take into account the diophantine equation

a® + 40% + 4% + 4d* + 4e* + Af* + 4g° + 47 + 217 + 57 = 32n (5)

where a,b,c,d,e, f,g,h,i,7 are the sums of the elements of the first rows of the
matrices A, B,C,D,E,F,G, H, I, J respectively.

We computed all solutions of equation (5) in positive integers, for n = 3,5,7,9.
For n = 3, there are 46 solutions. For n = 5, there are 344 solutions. For n = 7,
there are 1360 solutions. For n = 9, there are 3731 solutions.

Each solution of equation (5) furnishes additional linear constraints that can be
added into the system of polynomial equations we will derive below and thus restrict
the search space dramatically.

3.1 Exhaustive searches for n = 3,5,7 and partial search for n =9

In this subsection we report the results of our exhaustive searches for n = 3,5, 7 and
our partial search for n = 9.
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e For n = 3 we obtain the one equation

al-al+4-0-b14+4-c0-cl+4-d0-dl+4-e0-el+4-f0-f1
+4-90-g1+4-h0-h142-i0-i1450-51+16=0

This equation has exactly 28, 672 solutions when all 20 variables take £1 values.
These solutions give rise to Hadamard matrices of order 96;

e For n =5 we obtain the two equations

a0-al+al-a24+4-60-01+4-b1-02+4-c0-cl+4-cl-c2
+4.-d0-dl+4-dl-d2+4-e0-el+4-el-e24++4-f0-f1+4-f1-f2
+4-9g0-gl+4-gl-92+4-h0-hl1+4-h1-h2+2-i0-i1+2-41-42
4+j0-51+41-j2416=0

a0-a24+al-a2+4-00-02+4-01-02+4-c0-c2+4+4-cl-c2
+4.-d0-d2+4-dl-d2+4-e0-e2+4-el-e2++4- fO- f2
+4-f1-f24+4-90-g2+4-g1-g2+4-h0-h2]+4-hl-h2
+2-10-92+2-¢1-92+350-524+71-724+16=0

These two equations have exactly 1,576,960 solutions when all 30 variables
take £1 values. These solutions give rise to Hadamard matrices of order 160;

e For n = 7 we obtain the three equations in 40 variables. These three equations
have exactly 45, 158,400 solutions when all 40 variables take 1 values. These
solutions give rise to Hadamard matrices of order 224.

e For n = 9 we obtain four equations in 50 variables. We computed more than
51 million solutions of the system, with a serial C program. These solutions
give rise to Hadamard matrices of order 288.

We omit the equations for n = 7,9, as and their structure can be easily deduced
from the corresponding equations for n = 3, 5.

4 Inequivalent Hadamard matrices from the full orthogonal
design OD(32;1,1,2,4,4,4,4,4,4,4)

In this section we summarize the computational results on locating inequivalent
Hadamard matrices within the sets of Hadamard matrices computed in the previous
section. We analyzed the corresponding solution sets with Magma V2.11 to search
for inequivalent Hadamard matrices. We used the profile criterion to distinguish
between inequivalent Hadamard matrices. The profile criterion is a sufficient (but
not necessary) condition for Hadamard inequivalence. Hadamard matrices with un-
equal profiles are inequivalent. However, Hadamard matrices with equal profiles may
or may not be inequivalent. For n = 3, we located inequivalent matrices of order
323 =96. For n = 5, we located inequivalent matrices of order 32 -5 = 160. For
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n =7, we located inequivalent matrices of order 32 -7 = 224. For n = 9, we located
inequivalent matrices of order 32 -9 = 288.

The doubling method of [9] can be used to produce vast numbers of inequivalent
Hadamard matrices of all orders 8t. Nevertheless, it is important to have at our
disposal inequivalent Hadamard matrices that don’t come from doubling, for coding
theory investigations. More specifically, inequivalent Hadamard matrices constructed
by the doubling method are not too useful in constructing extremal self-dual codes,
see [1]. For this reason, although the lower bounds on the numbers of inequivalent
matrices for orders greater than 28 are astronomical, inequivalent Hadamard matri-
ces which are not constructed by a doubling method are greatly needed. Similar facts
are of importance in some statistical applications, where inequivalent Hadamard ma-
trices and orthogonal arrays are used as screening designs in some experiments and
the related classification problems are of considerable interest, see [12].

The theoretical results of Lam, Lam and Tonchev [15, 16] imply that the number of
inequivalent Hadamard matrices of order 96 is greater than or equal to 10*° and that
the number of inequivalent Hadamard matrices of order 160 is greater than or equal
to 101, Even though these lower bounds are astronomical, the actual numbers of
available inequivalent Hadamard matrices (needed for applications) for those orders,
are quite small. These theoretical results contain the most powerful lower bounds
on Hadamard designs and matrices known presently.

Our computations using the full orthogonal design OD(32;1,1,2,4,4,4,4,4,4,4)
yield many inequivalent Hadamard matrices of orders 96, 160, 224, 288. The re-
sults are summarized in the web page http://www.cargo.wlu.ca/0D32ineq

5 Discussion and Future Research

The method presented in this paper is more general than the doubling method,
because it can produce some orthogonal designs that cannot be constructed by dou-
bling. Such an example is the orthogonal design OD(16;1,1,7,7) presented in [14]
(see overleaf).

The orthogonal design OD(16;1,1,7,7) cannot be obtained from the orthogonal
design OD(16;1,1,2,2,2,2,2,2,2), or by doubling of an orthogonal design of order
8. The orthogonal design OD(16;1,1,7,7) can be constructed from simple Paley
matrices.

The orthogonal design OD(128;8¢) is given as conjecture 2.117 (page 295) in the
second edition of the Handbook of Combinatorial Designs [7]. We believe that it is
possible to construct OD(128; 8,5) with the method presented in this paper.
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