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Abstract

The Erddés-Sés conjecture says that any graph G on n vertices with
e(G) > %1n contains every tree of k edges. In J. Graph Theory 21 (1996),
229-234, Wozniak proved that the conjecture is true for spiders of diam-
eter at most 4. In Discrete Math. (2007) (in press), Fan and Sun proved
that the conjecture is true for spiders with no leg of length more than 4.
In this paper, we prove that the conjecture is true for spiders of diameter
at most 9, which strengthens both results mentioned above.

1 Introduction

The graphs considered in this paper are finite, undirected, and simple (no loops or
multiple edges). The sets of vertices and edges of a graph G are denoted by V(G)
and E(G), respectively. For S C V(G), G — S denotes the graph obtained from G
by deleting all the vertices of S together with all the edges with at least one end in
S. When S = {z}, we simplify this notation to G — . If zy € E(G), we say that x
is joined to y and that y is a neighbor of x. For a subgraph H of G, Ng(x) is the set
of the neighbors of @ which are in H, and dg(x) = |Ng(z)| is the degree of « in H.
When no confusion can occur, we shall write N(z) and d(z), instead of Ng(z) and
dg(z). For A,B C V(G), E(A, B) denotes the set, and e(A, B) the number, of edges
with one end in A and the other end in B. For simplicity, we write e(A) for e(A, A)
and e(G) for e(V(G),V(G)) (=|E(G)|). When A = {a}, we simplify the notation to
e(a, B) (= dg(a)).

A spideris a tree with at most one vertex of degree more than 2, called the center of
the spider (if no vertex of degree more than two, then any vertex can be the center).
A leg of a spider is a path from the center to a vertex of degree 1. Thus, a star with
k edges is a spider of k legs, each of length 1, and a path is a spider of 1 or 2 legs.
A k-edge spider is a spider with k edges.
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A caterpillar is a tree in which the non-leaf vertices and the edges with two non-leaf
endpoints constitute a path.

A classical result on extremal graph theory is the Erdés-Gallai theorem: every
graph G with e(G) > @H/(GN contains a path of k edges. Motivated by the
result, Erdds and S6s made the following conjecture (see [2]):

Erdé8s-Sés Conjecture: If G is a graph on n vertices with e(G) > ’“Z;In, then G
contains every tree of k edges.

The conjecture seems to be very difficult. There are only a few partial results known,
mainly in two directions. One is to pose conditions on the graph G, such as graphs
of girth 5 by Brandt and Dobson [1], and then this was improved to graphs with
no cycle of length 4 by Saclé and Wozniak [7]. The other is to pose conditions on
the tree, such as trees with a vertex joined to at least % vertices of degree 1 by
Sidorenko [8], spiders of diameter at most 4 by Wozniak [9] and spiders with no leg
of length more than 4 by Fan and Sun [4]. In this paper we prove that the conjecture
is true for spiders of diameter 9, which strengthens both the result of Wozniak and

the result of Fan and Sun mentioned above.

2 Spiders of Diameter 9

Theorem 2.1 [6] If G is a graph on n vertices with e(G) > £2n, then G contains
every k-edge caterpillar.

Theorem 2.2 [4] If G is a graph on n vertices with e(G) > 552n, then G contains
every k-edge spider of three legs.

Theorem 2.3 [4] If G is a graph on n vertices with e(G) > 552n, then G contains
every k-edge spider that has no leg of length more than 4.

Before we prove the main theorem, we first prove an important lemma, from which
the reader may see the main idea of our proof.
Lemma 2.4 If G is a graph on n vertices with e(G) > Y1n, and T is a k-edge

2
spider with the longest leg of length at most kzﬁ and other legs of lengths at most 3,
then G contains a copy of T'.

Proof. Let T be a k-edge spider with the longest leg of length at most (k + 2)/2
and other legs of lengths at most 3. Consider a minimal subgraph G’ of G such that
e(G') > BELV(G)|. Cleartly, if G' contains T, then so does G. For simplicity, we
may just assume that G is the minimal graph with e(G) > ’”'2;171. For any complete
subgraph K, C G,

(G — K) > EZU (5™ g0 - e(k,));

2
vEK,,
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it Y d(v) <3 (k+m—2), then

vEK,,

da—m@>@;2¥;ﬁl

contradicting the minimality of G. Therefore we have:

(2.1) for each K,, C G, > d(v)> F(k+m—2).

VEKm

Let = be the center of 7. We prove the result by induction on the degree of x in
T. If dr(xz) = k, that is, T is a star with &k edges, then clearly G has a copy of T
centered at any vertex of degree at least k in G (the existence of such a vertex is
guaranteed by e(G) > £1n). Suppose therefore that dy(z) < k and the result holds
for all k-edge spiders with the longest leg of length at most ££2 and other legs of

2
lengths at most 3 and whose centers have degree more than dy(z).

Since T is not a star, T has a leg of length at least 2. Let R = zvjvs-- vy be a
longest leg of T', by theorem 2.3, we have that ¢ > 4. Let 7" =T — y + {xzy}. Then
dr(z) = dr(z) + 1, and by the induction hypothesis, G' contains a copy 17" of T".
For simplicity, we use the same notations for the vertices of 7" and 7", and so T"
has legs xvivy - - - vy and zy. Set

Po = V1V " * - U¢.
Consider a longest path L in G — V(T" — y), starting at y, say
L =wuyuz - us,

where u; = y. We may assume that s < ¢, for otherwise replacing Py by a segment
of L with length ¢ 4 1 yields a copy of T in G.

In what follows, we suppose, to the contrary, that G does not contain a copy of T,
and shall arrive at a contradiction to the degree sum d(us) + d(v).

By the maximality of L, N(u,) C V(I")U V(L). Also, N(v;) C V(T" — y), for
otherwise a copy of T is obtained by extending P, at v, and in particular, e(v;, L) = 0.
We note that usv; ¢ E(G), for otherwise replacing Py by @u; - -+ w010 - - 41
gives a copy of T in G. Furthermore, if v;v; € E(G), then vy us ¢ E(G), for
otherwise xvy -+ » vV V1 -+ - Vi1 Us 1S & leg of length ¢+ 1 and a copy of T is obtained.
In particular, v,u; ¢ E(G). Therefore, we have that

(2.2) e(us, By) + e(v, By) < |V(FR)| — 1, with equality only if v;y1u, € E(G)
whenever vv; ¢ E(G) for each i, 1 <i <t — L.

Let Py, P, ..., P, be the vertex-disjoint paths of 7" — (V(Fy) U {z,y}). We see that
|[V(P)] <3,1<i<{ Forany P € {P,Ps,..., P}, weshall prove a little stronger
result which will be used in later proof. (Note: this result has been proved in [4],
but we repeat the proof for the completeness of the proof of the theorem.)
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(2.3)  e(us, P) +e(u, P) < [V(P)| it [V(P)] < 4.

Let P = ajas---a,. If p < s, then e(v;, P) = 0, for otherwise, suppose that v;a €
E(G) for some a € V(P), then zvv; - - - va and zujuy - - - u, are legs of lengths ¢ + 1
and p, respectively, which yields a copy of T" in G. Thus, e(v;, P) + e(us, P) =
e(us, P) < p, as required by (2.3). In what follows, we assume that p > s. Noting
that p < 4, we have the following three cases.

(i) p=s+1. Ife(us,P) > 0, say usa € E(G) for some a € V(P), then L + usa
is a path of the same length as P, which means that u; and v; cannot be joined to
two distinct vertices of P, and hence either e(us, P) + e(v;, P) < 2 < p or e(us, P) +
e(v, P) = e(us, P) < p. Otherwise, e(us, P) = 0 and so e(us, P) + e(v, P) =
e(v, P) < p.

(i) p=s+2. If wa € E(G), then e(us, P — a;) = 0, for otherwise, Lusasas, or
Lusay_1a,, or Lusaya,— is a path of the same length as P; similarly, if v;a, € E(G),
then e(us, P — ap) = 0. Thus, if e(v, {a1,a,}) = 2, then e(us, P) = 0 and so
e(us, P) + e(v, P) < p. If e(vy, {a1,a,}) = 1, then e(u,s, P) < 1, and so e(us, P) +
e(v,P) < 1+ (p—1) = p. Suppose therefore that e(v;, {a1,a,}) = 0. Then,
e(vy, P—ay—a,) > 0, for otherwise, e(v;, P) = 0 and we have that e(us, P)+e(v;, P) <
p. For p =3, e(v;, P — a; — a,) > 0 implies that v,a; € E(G), which means that
us cannot be joined to both a; and aj, for otherwise ajusaz is a path of the same
length as P, and therefore e(u,, P) + e(v, P) < 2+ 1 = p. For p = 4, as seen above,
if viay € E(G), then e(us, {as, as}) = 0; and if v,a3 € E(G), then e(u,, {a1,a2}) = 0.
Thus, e(us, P) + e(v, P) < 3 < p.

(iii) p = s+ 3. Then, p = 4 and s = 1. We note that if usa; € E(G)
(usaz € E(G)), then usajasas (usazazay) is a path of the same length as P. Thus,
if was € E(G), then e(us,{ai,az}) = 0. Moreover, if e(us, {a1,a3}) = 2, then
vas ¢ E(G), for otherwise, ajusazas is a path of the same length as P. This gives
that e(uy, {a1,as}) + e(vy, {az, as}) < 2. Similarly, noting that if e(us, {as, as}) =2,
then ajasusay is a path of the same length as P, which means that via3 ¢ E(G), and
thus e(us, {as, as}) + e(vy, {a1,a3}) < 2. Consequently, e(us, P) +e(v;, P) <4 =p
This completes the proof of (2.3).

By (2.2) and (2.3), we have that d(u,)+d(v) < |V(T" —y—z)| — 1+e({us, v}, z) +
e(us, L), that is,

(2.4)  d(us) +d(ve) < k—2+ e({us,v},z) + e(us, L), with equality only if all
equalities hold in (2.2) and (2.3).

By (2.1) with m = 1, we have that
(2.5)  d(us) > % and  d(v;) > %
Let T* be the spider in G with legs zP;, 0 < i < ¢, and xL. From the proof above,

consider spiders having ¢ + 2 legs ©Q;, 0 < i < ¢, and «L', where |V(Q;)| = |V (F;)],
0 <i < and |[V(L)| = |V(L)|. We may suppose that T has been chosen such
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that d(us) + d(v;) is maximum over all such spiders in G.

For a path P € {P,,P,,..., P}, we say that P is usable at us if the subgraph
induced by V(P) U {us} has a path of length [V(P)| (a hamiltonian path of the
induced subgraph), starting at us. Thus, if us is joined to an end of P, then P is
usable at us. If each P;, 1 < ¢ < ¢, is usable at ug, then we have a copy of T centered
at us, in which each P; together with u, gives a leg of length |V(P;)|, 1 <i < ¢, and
UsUs_1 - UITV1Vs - - - Vy_s41 15 @ leg of length ¢ + 1. Therefore, there must be some
Q € {P, P,,..., P} such that @ is not usable at u;. Let

Q =biby---b,.

Since Q) is not usable at us, we have that
(2.6)  e(us, {b1,b,}) = 0.

For any P € {P, P,..., P}, suppose |V(P)| <s. Let P = ayas---a, and p < s.
Suppose that there exists a vertex a € V(P) with v,a € E(G), then zv vs - - - v,a and
TUUs - - Uy, are legs with length ¢ 4+ 1 and p, which implies that G contains a copy
of T. So we have:

(2.7) for any P € {Py, P»,..., P}, if |V(P)| < s, then e(v;, P) = 0.

Now we consider the case s > 3.

Since [V(P;)| <€ 3,1 < i</, for any P € {P1, Py,..., P}, we have that |V(P)| <
s. By (2.7), we have that e(v;, P) = 0. Since t + 1 < "2 we have d(v;) <
t < % By (2.5), we have d(v;) = %, then N(v) = {x,v1,vs,...,v_1}. The leg
VU2 - - - Vp_gVpUp—y implies that d(vi—1) < d(v:), and applying (2.1) to d(vi—1)+d(ve),
we have d(v;) > £, a contradiction.

The rest of the proof is divided into two cases, according to the values of s.

Case 1. s =1.
Then e(u,, L) = 0, by (2.4) and (2.5), we have that

k
ne € E(G), d(us) =d(v) = 3
Moreover, the equalities in (2.2) and (2.3) hold.
If v;_yv; € E(G), we replace £ Py by xvivs - - - vy_avpvy_1; then a copy of T* is obtained,
in which v;_; plays the same role as v;. By the choice of T* (d(u,)+d(v¢) is maximum),
we have d(v;—1) < d(v;). By (2.1) with m = 2, d(vi—1) +d(v;) > k, then d(v;) > k/2,
a contradiction. So v;_ov, ¢ E(G). Since the equality of (2.2) holds, we have
usvi—1 € E(G). It is clear that usu_n ¢ E(G), for otherwise replacing «Py by
TUVy - - VUV 10 Yields a copy of T'. Therefore we have v;_zv; € E(G). Similarly,
we have v_sv; ¢ E(G), vi_sv; € E(G),---.
If t is even, then we have v;v; € E(G). With zvv—g -+ - vy in place of Py, we obtain
a copy of T*, in which v; and v; play the same role. By the choice of T* (d(us)+d(v¢)
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is maximum), we have d(v;) < d(v;). By (2.1) with m = 2, d(v;) + d(v;) > k, so
d(v) > k/2, a contradiction.

If t is odd, then vy, € E(G), vsvy € E(G), vovy € E(G), and viv, ¢ E(G).

Now we consider Q. Since |V(Q)| < 3 and the equality of (2.3) holds, by (2.6), we
have e(v, Q) = |[V(Q)]- By (2.7), we have ¢ > s, s0 ¢ =2 or 3.

If ¢ = 2, replacing @ by zv v, and Py by xbibyviv_y - - - v3 gives a copy of T™. The
leg wbibyvvy_1 - - - v implies that d(vs) < d(v;) = £. By (2.5) we have d(vs) = & =
d(v;), which means that there is no difference between v; and v;3. We repeat the same
arguments to wbyb,uv_1 - - - vs; then we have zvs € E(G). Replacing @ by zvivs
and w Py by xvsvy - - - vbiby yields a copy of T*. The leg wvsvy - - - vib1 by implies that
d(by) < d(v;). Applying (2.1) to d(b,) + d(v;), we have d(v;) > %, a contradiction.

If ¢ = 3, then replacing @ by zvivevs and xPy by bibabyvivi_1 - - - vy gives a copy
of T*. The leg wbibsbyvpvy_y - - - vs implies that d(vs) < d(v;). Applying (2.1) to
d(vs) + d(v¢), we have d(vy) > £, a contradiction.

Case 2. s = 2. Then e(us, L) = 1.
If the equality of (2.2) does not hold, rewriting (2.4) we have

d(us) + d(vy) <k — 2+ e({us,v: }, z).

By (2.5), we have u,z,vz € E(G) and d(u,) = d(v;) = k/2. Replacing zuju, by
zusu; yields a copy of T*; as above, d(u;) < d(us), and applying (2.1) to d(uy)+d(us),
we have d(u,) > k/2, contradiction.

So the equality of (2.2) holds. By (2.5) and (2.4), we have e({us,v;},2) > 1.

If e({us, v}, 2) = 1, then d(u,) = d(v;) = &, usz € E(G) or vz € E(G).

2
If uyz € E(G), as above, we have d(uy) > k/2, a contradiction.
Otherwise we have vz € E(G). We have usvy ¢ E(G), for otherwise with
TuusUavs - - - vy in place of © Py, a copy of T is obtained. Since the equality of (2.2)
holds, we have viv; € E(G). Then the leg wvv;_q - - - vy implies that d(v;) > k/2, a
contradiction.
So e({us, v}, x) = 2, then u,z,vx € E(G). Replacing zujus by zusu; gives a
copy of T*, as above, d(u;) < d(us), applying (2.1) to d(u1) + d(us), we have that
d(us) > % Furthermore, from above, we have that viv; € E(G), then the leg
TVve—y - - - vy implies that d(vy) < d(vy).
If vu; € E(G), then the leg avivv_1 - - - v implies that d(v,) < d(v;). Applying (2.1)
to d(v1) + d(vs) + d(v;), we have that d(v;) > %L, Then we have that &2 4 &L <
d(us) + d(v;) < k — 2+ 2+ 1, contradiction.
Otherwise vov, € E(G). Since the equality of (2.2) holds, we have that vsu, € E(G).
TUIVUy_1 - - - V3w in place of z Py, we obtain a copy of T'. This completes the proof
of Lemma 2.4. B

Proposition 2.5 If G is a graph on n vertices with e(G) > ’”'2;171, and T is a k-edge
spider with k < 11, then G contains a copy of T.
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Proof. By the Erdés-Gallai theorem, we may assume that 7" is not a path, i.e., T
has at least three legs.

Since k < 11, if the length of the longest leg R of T is more than %, then T'— E(R)
has at most 4 edges. Otherwise 42 > e(T' — E(R)) > 4, and we have k > 11, a
contradiction. Therefore T is a spider with three legs or a caterpillar. By Theorem

2.2 or Theorem 2.1, G contains a copy of 7.

Otherwise the length of the longest leg R of T" is no more than k2i2 If T has no leg
of length more than 4, by Theorem 2.3, G contains a copy of 7. Otherwise e(R) > 5.
If the length of each leg of T'— E(R) is no more than 3, then by Lemma 2.4 we
have that G contains a copy of T'. Otherwise there exists a leg @ in T — E(R) with
e(Q) > 4, and then e(T — E(RUQ)) < 2. Then T is a spider with three legs or a
caterpillar. By Theorem 2.2 or Theorem 2.1, G contains a copy of 7. This completes
the proof. ®

Theorem 2.6 If G is a graph on n vertices with ¢(G) > ’“2;111, then G contains

every k-edge spider with diameter at most 9.

Proof. Let T be a k-edge spider with diameter at most 9. Consider a minimal
subgraph G’ of G such that e(G') > £2|[V(G')|. Clearly, if G' contains T, then
so does G. For simplicity, we may just assume that G is the minimal graph with
e(G) > 51n. In the proof of Lemma 2.4, we have:

(2.1) foreach K, CG, ) d(v)> F(k+m—2).

VEK

Let = be the center of . We prove the result by induction on the degree of x in
T. If dp(xz) = k, that is, T is a star with & edges, then clearly G has a copy of T
centered at any vertex of degree at least k in G (the existence of such a vertex is
guaranteed by e(G) > £1n). Suppose therefore that dr(x) < k and the result holds
for all k-edge spiders with diameter at most 9 and whose centers have degree more
than dT(I)

Since T is not a star, T has a leg of length at least 2. Let R = zvivs-- vy be a
longest leg of T, by Theorems 2.1 and 2.3, we have 6 > ¢ > 4. Let T" =T —y + {wy}.
Then dr(xz) = dr(z) + 1, and by the induction hypothesis, G contains a copy T" of
T'. For simplicity, we use the same notation for the vertices of 7" and 77, and so T"
has legs xvivs - - - vy and xy. Set

Po — V1V -+ - U¢.
Consider a longest path L in G — V(T" — y), starting at y, say
L = wujus - - - ug,

where u; = y. We may assume that s < ¢, for otherwise replacing Py by a segment
of L with length ¢ 4 1 yields a copy of T in G.
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In what follows, we suppose, to the contrary, that G does not contain a copy of T,
and shall arrive at a contradiction to the degree sum d(us) + d(v).

By the maximality of L, N(u,) C V(I")U V(L). Also, N(v) C V(T" — y), for
otherwise a copy of T is obtained by extending P, at v, and in particular, e(v;, L) = 0.
Also in the proof of Lemma 2.4, we have uzv; ¢ E(G) and

(2.2)  e(us, Py) + e(v, By) < |V(FR)| — 1, with equality only if v;y1us € E(G)
whenever vv; ¢ E(G) for each 4,1 <i <t —1.

Let Py, P, ..., P, be the vertex-disjoint paths of T" — (V(FPy) U {z,y}). Since the
diameter of T is at most 9 and R is the longest leg of T, we see that |V(P;)| < 4,
1<i< /. Forany P € {P,, P»,...,P,}, in the proof of Lemma 2.4, we have that

(2.3)  e(us, P) + e(v, P) < |V(P)|.

By (2.2) and (2.3), we have d(u,)+d(v;) < |[V(T"—y—z)|—-14+e({us, v}, z)+e(u,, L),
that is,

(2.4)  d(us) +d(ve) < k—2+ e({us,v},z) + e(us, L), with equality only if all
equalities hold in (2.2) and (2.3).

By (2.1) with m = 1, we have
(2.5) d(u)>% and d(vy) > %

Let T* be the spider in G with legs zP;, 0 < i < ¢, and xL. From the proof above,
consider spiders having ¢ + 2 legs ©Q;, 0 < i < ¢, and «L', where |V(Q;)| = |V (B;)],
0 <i < and |[V(L)| = |V(L)|. We may suppose that T has been chosen such
that d(us) + d(v;) is maximum over all such spiders in G.

For a path P € {P,,P,,..., P}, we say that P is usable at us if the subgraph
induced by V(P) U {us} has a path of length [V(P)| (a hamiltonian path of the
induced subgraph), starting at ws. Thus, if u, is joined to an end of P, then P is
usable at us. If each P;, 1 <4 < ¢, is usable at ug, then we have a copy of T centered
at us, in which each P; together with us gives a leg of length |V(P;)|, 1 <i < ¢, and
Uglg_1 * - UL TVIVg -+ Vg1 1S a leg of length ¢ 4+ 1. Therefore there must be some
Q € {P, P,,..., P} such that @ is not usable at u;. Let

Q =Dbiby---b,.
Since @ is not usable at u, we have
(2.6) e(us, {b1,b,}) = 0.

For any P € {P, P,..., P}, suppose |V(P)| <s. Let P = ayas---a, and p < s.
Suppose that there exists a vertex a € V(P) with v,a € E(G); then zv ve - - - v,a and
Tujus - - up are legs with length ¢ + 1 and p, which implies that G contains a copy
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of T. So we have:
(2.7) for any P € {Py, P,..., P}, if |V(P)| < s, then e(v;, P) = 0.
The rest of the proof is divided into three cases, according to the values of ¢.

Case 1. t = 4.

Since s < t, we have four subcases:

(i) s = 1. Then e(us, L) =0, and by (2.4) and (2.5), we have that

v € E(G), d(us) — d(vy) — %
Moreover, all equalities in (2.2) and (2.3) hold. If vyv, € E(G), replacing Py by
TVV3VV1, wWe have a copy of T™ in which v; plays the same role as v;. By the choice of
T*(the maximality of d(u,)+d(v)), we have that d(v;) < d(v;). By (2.1) with m = 2,
d(v1) +d(vy) > k and hence d(v;) > %, a contradiction. Otherwise viv; ¢ E(G), since
the equality of (2.2) holds, we have that usv, € E(G). It is clear that usu; ¢ E(G)
for otherwise we have a copy of T' in which zvyvsusv3vs in place of zP,. As a result
we have that vov; € E(G). The leg zvivvv3 implies that d(vs) < d(v;), as above,
from which we get d(v;) > k/2, a contradiction.

(ii) s = 2. Then e(us, L) = 1.
If the equality of (2.2) does not hold, rewrite (2.4), we have

d(us) + d(v) <k — 2+ e({us, v}, x).

We have a copy of

k
3> @

By (2.5), we have that u,z, vz € E(G) and d(u,) = d(v;) = &.
T* in which zusu; in place of zujus. As before, d(u;) < d(us) and so d(us) >
contradiction again.

So the equality of (2.2) holds. But e(us, Py) = 0, so we have e(v, Py) = |V(F)| — 1.
By (2.5), we have e({us,v;},2) > 1.

If e({us, v}, 2) = 1, then d(u,) = d(vy) = £, u,z € E(G) or vz € E(G).

If uyz € E(G), as above, we have d(uy) > k/2, a contradiction.

If v € E(G), the leg xv;v3v9v; implies that d(vy) < d(vy); applying (2.1) to d(vy) +
d(v;), we have d(v;) > k/2, a contradiction.

If e({us,v; },z) = 2, then usz, v,z € E(G).

Since e(vy, Py) = |V(P)| — 1, vive,vv1 € E(G). The legs wvivavvs and zvyv,0309
respectively imply that d(vs) < d(v;) and d(v2) < d(v;). By applying (2.1) to d(vs) +
d(vs) + d(v;), we have d(v;) > &L, Furthermore, u,x € E(G) implies that d(u,) >
E£L Then k + 1 < d(u,) 4 d(v;) < k + 1, a contradiction.

(iii) s = 3. Then e(u,, Fy) = 0.
First we consider the case e(us, L) = 1.



36 LINGLI SUN

If the equality of (2.2) does not hold, by (2.5) we have u,z, vz € E(G), d(u,) =
d(v;) = £ and e(vy, Py) = 2 (for otherwise e(vy, Py) = 1, then k < d(us) + d(vy) <
E—2—-2+2+1=Fk—1, a contradiction), i.e., vv; € E(G) or vav; € E(G).

If v, € E(G), we have a copy of T* in which with zv;vgvav; in place of zP, as
before, we have d(v;) > £, a contradiction.

If vyv; € E(G), we have a copy of T* in which with zvjvavivs in place of zFy, as
before, we have d(v;) > £, a contradiction.

So the equality of (2.2) holds. Since e(us, Py) = 0, we have e(vy, Py) = [V(Py)| — 1
which implies that vy, v;v; € E(G). The legs wvjvavv3 and avyvv3vs respectively
imply that d(vs) < d(v;) and d(ve) < d(v;). By applying (2.1) to d(vs) +d(vs) +d(vy),
we obtain d(v;) > 2, with equality only if d(v;) = d(v2) = d(v3). By (2.4) and (2.5),
we have e({u,,v;},7) = 2 and d(v;) = &2, d(u,) = £. Since d(v;) = &2, we have
d(v;) = d(vs3), which means that there is no difference between v and v;. Repeating
the same arguments to the leg zvjvavvs, we have vsu; € E(G). Replacing «Py by
zupv3vavy, we have d(vy) < d(vg). By applying (2.1) to d(v1) + d(v2) + d(vs) + d(vy),
we have d(v;) > &2, a contradiction.

Now we consider the case e(us, L) = 2. Then we have that ujus € E(G).
Replacing zuiusu, by zuiusus, as above, d(us) < d(u,) and d(u,) > &1

As a result, if the equality of (2.2) does not hold, since e(u,, Py) = 0, then e(vy, Py) =
2, for otherwise e(v;, Py) = 1, then 2 < d(u,) +d(v) <k-2-2+24+2=k, a
contradiction. So we have viv; € E(G) or vev; € E(G). Moreover, e({us, v}, z) =2
(for otherwise e({u,,v;},z) < 1, then 22 < d(u,) +d(v,) <k —-2—-14+1+2=k,
a contradiction).

Since usz € E(G), the leg wususu; implies that d(uy) < d(us
to d(ui) + d(uz) + d(us), we have d(uy) > 52, If vy, €
implies that d(v;) > &, Then 2 < d(u,) 4 d(v;) <
Similarly, if vyv; € E(G), the leg zvjvavvs implies that d(v;) >
yields a contradiction.

So the equality of (2.2) holds and vyvt, vov, € E
and zujusus respectively imply that d(ui) < d
(2.1) to d(u1) + d(uz) + d(us), we have d(us) > =

and wv1vyvvs respectively imply that d(ve) < d(v;) and d(vs) < d(v;). By applying
(2.1) to d(vs) + d(vs) + d(v), we obtain d(v;) > "2, with equality only if d(v;) =
d(v2) = d(vs). By (2.5) and (2.4), we have e({us,vt} z) =2 and d(v;) = 22, Since
d(v;) = &2, we have d(v;) = d(vs), which means that there is no difference between
vy and vy. Repeatlng the same arguments to the leg v vov:v3, we have vzv; € E(G).
The leg zvvsvov; implies that d(vy) < d(ve). Since {vy, v2, vs,v:} induces a complete
graph, by (2.1) with m = 4, we have d(v;) > ’”;2 a contradiction. Suppose therefore
that u;a ¢ E(G). By applying (2.1) to d(vs) + d(v3) + d(v;), from above, we have
d(ve) > 2. Since d(u,) > L, we have 23 < d(u,) +d(v;) < k+1, a contradiction.

). By applying (2.1)
E(G), the leg zvv3vav;
k + 1, a contradiction.

E£L " which also

. If zu, € E(G), the legs zususuy
and d(uy) < d(us). By applying
. Moreover, the legs xv,v;v309

(G
(us

k+

(iv) s = 4. Then for any P € {Py,Ps,..., P}, we have |V(P)| < s. By (2.7), we
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have e(v, P) = 0. As a result, we have 4 > d(v;) > %, ie., k < 8. By Proposition
2.5, G contains a copy of T'.

Case 2. t = 5. Then for any P € {P,, P,..., P}, since the diameter of T is at
most 9 and e(R) = 6, we have |V(P)| < 3. If £ > 10, then the length of the longest
leg R of T is at most ’”%2 and each length of other legs is no more than 3; by Lemma
2.4, G contains a copy of T'. Otherwise k£ < 9, and by Proposition 2.5, G contains a
copy of T.

Case 3. t = 6. Then for any P € {P,, P,,..., P}, since the diameter of T is at
most 9 and e(R) = 7, we have |V(P)| < 2. If k > 12, then the length of the longest
leg R of T is at most kZﬁ and each length of other legs is no more than 3; then by
Lemma 2.4, G contains a copy of T'. Otherwise k < 11, and by Proposition 2.5, G

contains a copy of T'. This completes the proof of the theorem. B
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