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Abstract

In this paper, we find necessary and sufficient conditions for the existence
of an 8-cycle system of K,,— E(R) where R is any 2-regular not necessarily
spanning subgraph R of K,.

1 Introduction

An H-decomposition of the graph G is a partition of E(G) such that each element
of the partition induces a subgraph isomorphic to H. In the case where H is an
m-cycle, such a decomposition is referred to as an m-cycle system of G. An m-cycle
system will be formally described as an ordered pair (V,B) where V is the vertex set
of G and B is the set of m-cycles.

Results in this area date back to the 1800s, but have received a lot of attention
over the past 40 years. There have been many results found on H-decompositions of
G for various graphs H and G, but mainly on H-decompositions of K,. The graphs
H that have been of most interest are paths [16], m-stars [15], m-cycles [10, 7, 9],
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m-wheels [4] and m-nestings [4, 11] (which are two decompositions of K, one into
m-stars and the other into m-cycles, so that each m-cycle can be paired with an
m-star to form a wheel). Recently a paper by Alspach and Gavlas [1], based on a
paper by Hoffman, Lindner, and Rodger [7], and another by Sajna [13] settled the
problem of finding the values of n for which there exists an m-cycle system of K,
and of K, — I, where I is a one-factor. This can alternatively be viewed as a partial
m-cycle system in which the set of edges not in any m-cycle is either () or induces
a one-factor respectively. These edges not in any m-cycle (or the subgraph they
induce) are called the leave R.

Using such disparate techniques as amalgamations, difference methods, and in-
duction, various authors have considered m-cycle decompositions of other graphs
which are close to being complete, each having a leave that is 2-regular. For exam-
ple, the existence of m-cycle systems of K, — E(R), for any 2-regular graph R has
been settled when m = 3 [5], m = 4 [6], and m = 6 [2], and m = n [3] (i.e. hamil-
ton decompositions). Hamilton decompositions of the regular complete multipartite
graph with any 2-factor removed has also been settled [8, 12].

In this paper, we extend these results by finding necessary and sufficient con-
ditions for the existence of a 8-cycle system of K, — E(R), for every 2-regular not
necessarily spanning subgraph R of K, ; see Theorem 5.1. The proof of Theorem 5.1
uses two tools extensively. One tool, Lemma 3.2, requires that we solve the cases
for n < 15. This initially appears to be quite a bit of work; however, if the 8-cycles
are chosen wisely one m-cycle system can solve all possible leaves, see Figure 2. The
second tool, Lemma 3.3, requires that we solve the cases for n < 23. Additionally,
we can use Lemma 3.2 to solve many of the cases for 17 < n < 23. Lemma 3.2
along with choosing 8-cycles wisely greatly minimizes the m-cycle systems we must
construct. Once we have Lemmas 3.2 and 3.3, we use them to exhaust all of the
remaining cases in Theorem 5.1.

2 The Small Cases

Necessary conditions limiting the number of edges in R are given in Lemma 2.1 and
Table 1. Alternatively, since R is 2-regular, these conditions can be described in
terms of the number of vertices in K, that occur in no cycle in R; such vertices are
called isolated vertices of R. The set of isolated vertices of R is denoted by I(R).
This is also shown in Lemma 2.1 and Table 1.

Lemma 2.1 Let R be a 2-regular subgraph of the complete graph K,. If there exists
an 8-cycle system of K,, — E(R), then n is odd and the number of edges in K,, — E(R)
is divisible by 8, and these hold if and only if n, |E(R)|, and |I(R)| are related as in
Table 1.

Proof: Clearly once the edges in R are removed each vertex must have even degree
in order for K, — E(R) to have a 8-cycle decomposition, so n is odd, and clearly 8
must divide |E(K, — E(R))|.
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n || 16k+1 | 16k+3 | 16k+5 | 16k+7 | 16k+9 | 16k-+11 | 16k+13 | 16k+15
E®R)| o 3 2 5 1 7 6 1
1(R)| 1 0 3 2 5 4 7 6

Table 1: The number of edges in R and the number of isolated vertices of R required
in order that 8 divides |E(K, — E(R))| when n is odd.
(Values |E(R)| and |I(R)| are modulo 8.)

Suppose n is odd and |E(K, — E(R))| is divisible by 8. Then |E(R)| = (}) (mod
8), thereby giving the second line of Table 1. Also, |I(R)| = n — |E(R)|, gives the

third line of Table 1. A proof of the converse statement follows similarly.

Consider a 2-regular subgraph R of K, for some n. By Table 1, we know that
|[I(R)|=0,1,2,3,4,5,6,7 (mod 8) and n is odd. Thus if |[I(R)| > 8, we add 8-cycles
to R until the resulting 2-regular graph R’ satisfies |I[(R')] = |I(R)| (mod 8) and
[I(R')] < 7. Once a set of 8-cycles B with leave R’ is found, the required 8-cycle
system with leave R is BU (R'\ R). Therefore, throughout the rest of this paper,
we may assume that |I(R')| < 7.

Lemma 2.2 Letn € {1,3,9,11,13,15} and let R be a 2-regular subgraph in K,. If
n is odd and |E(K, — E(R))| is divisible by 8, then there exists a 8-cycle system of
K, — E(R).

Proof: We consider each value of n in turn. In each case, we construct an 8-cycle
system (Z,, B). Using Table 1, it is easy to check that the given conditions require
that if n = 1 then E(R) =0 and B = (), and if n = 3 then R is a 3-cycle, and B = 0.

n =9: Risa4-cycle. R={(0,1,2,3)} and B ={(1,3,5,6,7,8,0,4),(2,4,7,0,5,8,
1,6), (3,4,5,1,7,2,8,6),(2,5,7,3,8,4,6,0)}.

n = 11:If R, is a 7-cycle, then R; = (0,1,2,3,4,5,6) and B; ={(10,2,5,1,6,7,8,9),
1

(0,4,6,9,3,8,10,7), (2,4,10,0,9,7,5,8), (1,10,3,0,5,9,2,7), (1,9,4,8,6,10,5,3),
(0,2,6,3,7,4,1,8)}; if Ry is a 3-cycle and 4-cycle, then Ry ={(0,1,6),(2,3,4,5)} and
B, = {(10,2,1,5,6,7,8,9), (0,4,6,9,3,8,10,7), (2,4,10,0,9,7,5,8), (1,10,3,0,5,9,

2,7),(1,9,4,8,6,10,5,3), (0,2,6,3,7,4,1,8)}.

Note: The sets By and B, of 8-cycles are identical except for the first 8-cycle listed
in each set. The first cycle was picked carefully so that by swapping two of its edges
with two edges in the leave, the leave would be transformed from one possible leave
to another. (See Figure 1.) This method will be used in for n € {13, 15} to generate
partial 8-cycle systems with all possible leaves.

n = 13: If R, is a 6-cycle, then R; = {(0,1,2,10,11,12)} and By = {(12,1
5,7,10), (0,11,6,9,1,4,8,3), (10,8,2,4,7,6,0,5), (9,4,3,6,8,7,0,2), (1,7, 1
2,6), (0,9,11,3,7,2,12,8), (0,10,3,1,5,12,6,4), (12,9,8,11,5,6,10,4), (1
11,4,5,8)}; if Ry is two 3-cycles, then the switching process gives Ry = {(



6 D.J. ASHE, DAVID LEACH AND C.A. RODGER
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Figure 1: Combining and separating leaves.

(2,10,11)} and B, = {(12,11,1,2,3,5,7,10), (0,11,6,9,1,4,8,3), (10,8,2,4,7,6,
0,5), (9,4 368702Luj,z&&az®(,a 1,3,7,2,12,8), (0,10,3,1,5,12,
6,4), (12,9,8,11,5,6,10,4), (1,10,9,7,11,4,5,8)};

= 15: If R, is a 3-cycle and 6-cycle, then Ry = {(0,1,8),(2,3,4,5,6,7)} and
B, ::{(10,1,2,8 7,14,13,11), (9,3,0,4,8,12,13,10), (11,3,7,4,6,14,9,12),
(0,9,6,11,1,5,12,7), (0,6,3, 10, 14,4,2,11), (0,10,6,1,9,11,5,2),
(1,3,5,13,6,8,10,12), (0,12, 14,8,13, 2,10,5), (1,7,9,13,3,12, 2, 14),
(2,6,12,4,13,7,5,9), (3,8,11,4,1,13,0,14), (4,9,8,5,14,11,7,10)}. The remaining
partial 8-cycle decompositions are found using the same method shown in Figure 1.
This is shown as a flowchart in Figure 2.

3 Some Tools

One tool that we will need is the following, a particular case of a theorem by Sotteau
[14]:
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Begin with R,

{(0,1,8),(2,3,4,5,6,7) }

(10,1,2,8,7,14,13,11) (10,1,8,2,7,14,13,11)  (11,3,7,4,6,14,9,12) (11,3,4,7,6,14,9,12)
{(0,1,2,3,4,5,6,7,8)} {(0,1,8),(2,3,7),(4,5,6) }
(9,3,0,4,8,12,13,10) (9,3,4,0,8,12,13,10)

{(0,1,2,3),(4,5,6,7,8) }

Figure 2: All possible leaves when n = 15.

Begin with R Begin with Ry

{(1,5,6),(2,7,8),(3,9,10),(4,11,12)} {(1,5,7,6),(3,12,4,11)(9,10,8,2)}
(0,6,8,3,12,9,5,7) (0,6,5,9,12,3,8,7) (5,3,7,11,0,9,12,2) (5,7,3,11,0,9,12,2)
{(1,5,7,2,8,6),(3,9,10),(4,11,12)} {(1,5,3,12,4,11,7,6),(9,10,8,2)}
(1,10,12,0,5,2,9,11) (1,10,9,2,5,0,12,11)  (12,8,4,10,1,11,5,0) (12,4,8,10,1,11,5,0)
{(1,5,7,2,8,6),(3,9,11,4,12,10)} {(1,5,3,12,8,2,9,10,4,11,7,6)}

Begin with R

{(4,11,12),(1,5,7,6),(8,10,3,9,2)}

(6,4,7,11,2,5.9,0) (6,7,4,11,2,5.9,0) (5,8,7,10,4,9,12,0) (5,7,8,10,4,9,12,0)

{(1,6,4,12,11,7,5),(8,2,9,3,10)} {(4,11,12),(1,5,8,2,9,3,10,7,6) }

Figure 3: The remaining leaves in Lemma 3.1.
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Theorem 3.1 There exists an 8-cycle system of Koy if and only if:
1) a and b are even,

2) 4 divides a or b, and

3) min{a, b} > 4.

Let G¢ denote the complement of a graph G. Also let GV H denote the join of two
vertex disjoint graphs G and H (so E(GV H) = E(G)UE(H)U{uw :u e V(G),v €
V(H)}). We now show the existence of an 8-cycle system of Ky V K¢ — E(R;) where
R; is any 2-regular subgraph of Kg V K¢ satisfying the following:

1. R; has 12 edges,

2. exactly eight edges of R; have one end in the set {1,2,3,4} and one end in
{5,6,7,8,9,10,11,12},

3. the remaining four edges have both ends in {5,6,7,8,9,10,11,12}.

These edges of R; are chosen carefully because they will be used later in the proof
of Lemma 3.2.

Lemma 3.1 Define three graphs on the vertex set Z13 as follows:

Let G; be Kg V K§ — E(R;) fori € {1,2,3} where Ry = {(L,5,6),(2,7,8), (3,9, 10),
(4,11,12)}, Ry = {(1,5,7,6),(3,12,4,11),(9,10,8,2)}, and Ry = {(4,11,12),(1,5,
7,6),(8,10,3,9,2)}, with V(K§) = {0,1,2,3,4} and V(Ks) = {5,6,7,8,9,10,11,12}
for each case. Then there exists an §-cycle system of G; for 1 <i < 3.

Proof: For 1 <i < 3, the required 8-cycle system (Z13, B;) of G; is defined by

By = {(0,6,8,3,12,9,5,7), (1,10,12,0,5,2,9,11), (5,4,9,0,10,2,12,8), (1,12,5,11,
6,4,10,7), (1,9,6,3,11,7,4,8), (0,11,10,6,12,7,9,8), (5,3,7,6,2,11,8,10)},

B, = {(5,38,7,11,0,9,12,2), (12,8,4,10,1,11,5,0), (2,11,6,9,5,10,0,7), (3,8,9,4,
7,12,10,6), (4,6,8,7,10,11,12,5), (5,6, 2,10,3,9,1,8), (9,11,8,0,6,12,1,7)},

B; = {(5,8,7,10,4,9,12,0), (6,4,7,11,2,5,9,0), (1,10,12,3,6,5,11,8), (3,8,6, 10,
11,9,1,7), (4,8,9,7,2,6,12,5), (11,3,5,10,0,8,12,1), (12,7,0,11,6,9, 10, 2)}.

For each remaining leave R, the 8-cycle decomposition of KgV K¢ — E(R') satisfying
(1-3) are obtained using cycle switches as outlined in Figure 3.

A 2-regular subgraph R of K, is said to be n-admissible if 8 divides |E(K,,) —
E(R)| and n is odd.

Lemma 3.2 Suppose that R is n-admissible and that R contains cycles ¢, ..., cqo 0f
lengths (1, ..., Ly respectively. Suppose further that {; = a; + b; for 1 < i < « and
z € {1,2,3,4} such that

1. forl1 <i <z, a; >3 and either b; =0 orb; > 3; fore+1<i< a,a; =0
ande:€ZZ3,
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T
2. Zai =12, and
i=1

3. n > 13+ 4x.
Suppose also that

4. for every (n — 8)-admissible 2-reqular graph R’ there exists an 8-cycle system
of K,,—s — E(R').

Then there exists an 8-cycle system of K,, — E(R).

Proof: Let the vertex set of K, be Z,. By condition (1) we can form R; from R
as follows: Begin by forming a 2-regular graph R; from R by replacing the cycle ¢;
with cycles ¢;; and ¢; 5 of lengths a; and b; respectively for 1 < i < z. By (2) we can
name the vertices so that

(a) UiLiV(cin) = ZsU (Zn\ Zn-s),

(b) for 1 <i <z, {21,22} € E(c;1) for some vertices z; 1, zi2 in Z,, \ Z,—_g (this
is possible since a; > 3), and

(c) for 1 < i <z, {wi1,w;e} € E(c;2) for some vertices w; 1, w; o in Z,_g\ Zs.
Also, for 1 < i < &, by (3) we can define sets Sy, ..., S, satisfying

(d) {Si,-..,Sz} is a partition of Z,_g \ Zs, where |S;| > 4 is even, and
(e) {wi,l,wm} g Sl for 1 S 3 S Z.

By Lemma 3.1 there exists an 8-cycle system (Zs U (Z,, \ Z,—s), B1) of K3 —
(E(c11) U E(c21)U---UE(cz1) U E(K5)).

Form R, from R; by removing ¢y1,...,¢;1. Since |E(Ry)| = |E(Ry)| — 12, (by
(2)), and since K,, — E(R) is n-admissible, by Table 1, K,_s — E(Rz) is (n — 8)-
admissible. Therefore by (4), there exists an 8-cycle system (Z,_g, Bs) of K,_s —
E(Ry).

By Sotteau’s Theorem, for 1 < ¢ < x there exists an 8-cycle system ((S;,Z,, \
Zn_g),Bs;) of K|s,s. Name one of the 8-cycles in Bj; so that one of them begins
Wlth Cyr = (wi,l, Zi,ly wm, Zi,Za e )

Then (Z,, By UByU(Ui_; B;;)) is an 8-cycle system of K,, — E(R;). The required
8-cycle system of K, — E(R) can now be made by swapping the edges {w; 1, 2,1} and
{wiz2, 72} in By; with the edges {w;1,w;2} and {z;1, 22} in Ry for 1 <14 < w.

Lemma 3.3 Let n > 25 be odd. Suppose R is an n-admissible 2-reqular graph which
contains cycles of lengths (4, ..., L., named so that for some x > 0

x—1 T
Z@ <16 and Zéi > 10.
=1 i=1
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Suppose also that if R’ is an (n — 16)-admissible 2-regular graph then there exists an
8-cycle system of K,_16 — E(R'). Then there exists an 8-cycle system of K,, — E(R).

Proof: If z = 0 then let ¢ = 0, and otherwise let £ = Y77 ¢;. Let L = Y%, £;. We
consider several cases depending on the values of ¢ and L. In each case we define
graphs R; and R, on the vertex sets Zig and Z,\Z ¢ respectively, the edges in each
such graph inducing a 2-regular graph.

If £ = 16 then let R; consist of cycles of lengths ¢y,...,¢, ; and 3, the cycle of
length 3 being (16,17,18). R; is 19-admissible. Let Ry consist of cycles of lengths
lyy... ly. Rois (n — 16)-admissible. By Lemma 4.1 there exists an 8-cycle system
(Z19, By) of K19 — E(Ry). By supposition, since n > 25, there exists an 8-cycle
system (Zy,—16, B2) of K,—16 — E(R2). By Theorem 3.1 there exists an 8-cycle system
(Z16, Zy\Zng, Bs) of Ki,-19 since n > 25 is odd. Then (Z,, B; U By U B;) is an
8-cycle system of K.

If L = 19 then proceed similarly by defining R; to consist of cycles of lengths
ly,...,0;, and by defining R, to consist of cycles of lengths 3, 0,11, 0pq9,- .., lq, the
cycle of length 3 in R, being (16,17,18). R, is (n — 16)-admissible.

Finally, suppose ¢ < 16 and L > 19. Let R; consist of cycles of lengths ¢1,..., 0,1
and 19 — ¢ (> 4), the cycle of length 19 — ¢ being c = (¢, + 1,...,16,18,17). Ry is
19-admissible. Let R, consist of cycles of lengths £y41, lpta, ...,y and L—16 (> 4),
the cycle of length L — 16 being (16,17,18,...,L—1). Ry is (n — 16)-admissible. By
Lemma 4.1 there exists an 8-cycle system (Zig, By) of K19 — E(R;). By supposition
there exists an 8-cycle system (Z,\Z1q, Bs) of K,_16 — E(R2). By Theorem 3.1 there
exists an 8-cycle system (Zi6, Z,\Z19, B3) of Ki6,,—19 since n > 23 is odd. So now
consider the set of 8-cycles By U By U Bs, and in particular consider the edges in
8-cycles that join vertices in {16,17,18}. The edge {16,17} is not an edge in R; but
is an edge in Ry, so it is in an 8-cycle in B, (and is not in one in B,). Similarly
{16, 18} occurs in an 8-cycle in B, (and not in one in B;). However {17,18} occurs
in both R; and R, so {17,18} occurs in no 8-cycle in B; U B, U B3. So the edges
in the cycle (4,¢+1,...,16,L —1,L —2,...,18,17) of length L — ¢ = {, occur in
no 8-cycle in By U By U Bs. Therefore (Z,,B; U By U Bs) is an 8-cycle system of
K, — E(R) as required.

4 Additional Small Cases

Since Lemma 3.3 cannot be used unless n > 25, the cases n = 17,19, 21, and 23 must
be treated as additional small cases. Daunting as this may sound, it is made simple
by the repeated use of Lemma 3.2.

Lemma 4.1 Let n € {17,19,21,23} and let R be a 2-regular subgraph in K,. If n
is odd and |E(K, — E(R))| is divisible by 8, then there exists a 8-cycle system of
K, - E(R).

Proof: We consider each value of n in turn. In each case, we construct an 8-cycle
system (Z,, B).
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n = 17: If R, is a 6-cycle and two 5-cycles, then
R, ={(0,1,2,3,4,5),(10,12,14, 11, 16),(6,8,13,7,15)}
and

B, = {(1,5,2,4,6,7,8,9),(10,2,16,13,11,4,1,14),(10,9,5,3,1, 16, 15, 13),
(9,6,13,2,12,0,15,3), (11,7, 16, 14,8,4,10,0), (0,3,13,12,4,9,2, 14),
(0,9,15,11,1,12,6,16), (1,10,3,6,5,11,12,15),(1,6,11,9, 14, 3, 16, 8),
(3,7,9,16,12,8,10,11), (15,2,11,8,3,12,7,14), (12,9, 13, 1,7, 4, 16, ),
(13,0,8,2,6,10,15,5), (13, 14,5,10,7,2,0,4), (15,8,5,7,0,6, 14,4)}.

The partial 8-cycle decomposition in which R, is two 3-cycles and two 5-cycles,
can be formed from R; by replacing (1,5,2,4,6,7,8,9) in By with (1,2,5,4,6,7,8,9)
and Ry becomes {(0,1,5),(2,3,4),(10,12,14,11,16),(6,8,13,7,15)}

The remaining partial 8-cycle decompositions can be constructed using Lemma
3.2. For each case, we list (I1,...,lu;a1,...,0az).
(16;12), (13,3;9,3), (12,4;12), (11,5;7,5), (10,6;6,6), (10,3,3;6,3,3), (9,7;5,7),
(9,3,4;9,3), (8,8;8,4), (7,6,3;3,6,3), (7,5,4;7,5), (7,3,3,3;3,3,3,3), (6,6,4;6,6),
(6,3,3,4;6,3,3), and (5,3,4,4;5,3,4)
n = 19: If R, is a 9-cycle and two 5-cycles, then
R, ={(0,1,2,3,4,5,6,7,8),(9,10,11,12,13), (14, 15,16, 17,18)}

and

B, = {(1,8,2,7,13,10,18,16),(7,3,6,4,12,17,14,1),(1,6,2,5,17, 15,9, 18),
(1,9,8,13,6,14,16,3), (13,1,12,9,7,4, 15,11), (2,4, 13,18, 6, 10, 7, 16),
(0,2,10,17,11,5,3,14), (15,2, 13,16,8,12,6,0), (14,2,17,7,5,9, 11, 4),
(3,10,0,4,18,15,6,17),(11,3,12,10,5,16,9,0), (5,8,11,16,0, 7,14, 13),
(1,5,12,18,3,15,8,10), (4,8,18,0, 17,9, 14,10), (11,1,4, 16, 10, 15, 12, 2),
(1,15,5,14,11,6,8,17),(2,18,7,12,14,8,3,9), (11, 7,15,13,3,0, 5, 18),
(0,13,17,4,9,6,16,12)}.

Rs, R3, Ry, Rs, and Rg are formed using the switching method, with the switches

shown in Figure 4.

The remaining partial 8-cycle decompositions can be constructed using Lemma
3.2. For each case, we list (I1,...,la;a1,...,0z).
(b, > 10, loy...\lasls — 7)0s,...,1a),(6,3,3,3,4;6,3,3), (5,4,3,4,3;5,4,3), and
(3,3,3,3,3,4;3,3,3,3).

n = 21: If R, is two 4-cycles and two 5-cycles, then

Ry, = {(0,1,2,3),(4,5,6,7), (16,17,18,19, 20), (8,10, 14,9, 13)}
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Begin with R,

{(0,1,2,3,4,5,6,7,8),(9,10,11,12,13),(14,15,16,17,18)}

(1,8,2,7,13,10,18,16) | (1,2,8,7,13,10,18,16) (1,2,6,5,17,15,9,18) | (1,6,2,5,17,15,9,18)

{(0,1,6,7,8),(2,3,4,5),(9,10,11,12,13),(14,15,16,17,18) }

{(0,1,8),(2,3,4,5,6,7),(9,10,11,12,13),(14,15,16,17,18) }

(1,8,9,13,6,14,16,3) | (1,9,8,13,6,14,16,3)
(7,3,6,4,12,17,14,1) | (7,6,3,4,12,17,14,1)

{(0,1,9,10,11,12,13,8),(2,3,4,5,6,7),(14,15,16,17,18)}

{(0,1,8),(2,3,7),(4,5,6),(9,10,11,12,13),(14,15,16,17,18) }
(13,1,12,9,7,4,15,11) | (13,12,1,9,7,4,15,11)

{(0,1,13,8),(9,10,11,12),(2,3,4,5,6,7),(14,15,,16,17,18) }

Figure 4: Leaves for n = 19.

and

B = {(1,4,2,7,8,9,10,11),(2,0,7,1,12,13,14,15), (0, 20,6, 16,8, 15,5, 18),
(20,5,14,12,8,19,15,7), (4,16,11,5,17, 7, 14,19), (20, 3, 10, 12,17, 6,13, 18),
(3,14,6,15,0,19,9,17), (1,9,16,18,2,8,11,15), (0,6,9,5,16,19,7,13),
(4,11,20,14,8,5,12,15), (16,1, 10, 5,13, 20,17, 15),(0,12,9, 11,6, 3, 7, 16),
(2,10,17,4,12,18,11,19), (0,8,3,18,10,13,2, 14), (2,9, 18,6, 4,13, 3, 16),
(7,10,4,0,11,14,1,18), (1,5,2,20,9, 3,19, 13), (3,15, 13,17,19, 12,7,5),
(4,9,7,11,13,16,10,20), (2,12,16,14,4,8,17,11),(0,5,19,1,3,12,6, 10),
(1,8,18,4,3,11,12,20), (0,9,15,20,8,6,1,17),(2,6, 19, 10,15, 18, 14,17).

The partial 8-cycle decomposition in which R is an 8-cycle and two 5-cycles, can
be formed from R; by replacing (1,4,2,7,8,9,10,11) in B; with (1,2,4,7,8,9,10, 11)
and Ry becomes {(0,1,4,5,6,7,2,3),(16,17,18,19,20), (8, 10, 14,9, 13)}.

The partial 8-cycle decomposition in which Rj is a 3-cycle and three 5-cycles, can
be formed from Ry by replacing (2,0,7,1,12,13,14,15) in By with (2,7,0,1,12,13,
14,15) and R; becomes {(0,2,3),(1,4,5,6,7),(16,17,18,19,20), (8,10, 14,9, 13)}.

The remaining partial 8-cycle decompositions can be constructed using Lemma
3.2. For each case, we list (I1,...,la;a1,...,0z).

(I > 90, ..l — 6,0,...,0,),(8,7,3;8,4),(8,4,6;8,4),(8,4, 3, 3;8,4),
(7,7,4;4,4,3),(7,5,6;7,5),(7,4,4,3;4,4,4), (I, ..., lo. — 1,6;03,...,l, — 1), and
(5,4,3,3,3;5,4,3).
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n = 23: If R is three 7-cycles, then

and

Bl -

R, = {(14,15,17,20,19,18,16), (0, 1,2, 3,4,5,6), (7,8,9,10,11,12,13)}

{(16,15,18,17,6,22,13,4),(0,12,8,3,19,5,9,14), (1,3, 11,4, 14,20, 2, 10),
(13,8,11,0,21,7,19,6), (11,17,2,5,10,12, 15,21), (13,9, 7,4, 15, 22, 1, 20),
(2,12,5,18,6,3,16,22),(8,6,4,19,22,12,3,21), (17,0,2, 14,8, 20, 3, 13),
(15,9,22,14,3,10,20,7), (4,8,16,2,6,11,15,0), (11,1,17,3,22,5,0, 19),
(4,21,9,6,16,13,10,17), (5,20,12,7,11,22,0, 13), (18, 8,10, 22, 20, 15,2, 21),
(12,18,0,7,1,4,22,17), (19, 14,5, 7, 10,4, 2, 13), (5,21,16,9, 1,14, 10, 15),

(19,12,6,20,11,13,18,2), (19, 10,21, 14, 7,18,11,9), (1,16, 12,9, 2, 11, 14,6),
(8,2,7,17,19,1,13,15), (16,11,5,17,21,1,8,0), (12, 14,13,21,19,8,5, 1),

(17,14,18,1,15,3,7,16),
(3,9,20,4,12,21,22,18),

0,3,5,16,20,18,4,9), (0,10, 16,19, 15,6, 21, 20),
6,7,22,8,17,9, 18, 10).

(
(

The partial 8-cycle decomposition in which R, is a 3-cycle, 4-cycle, and two 7-
cycles, can be formed from R; by replacing (16,15,18,17,6,22,13,4) in B; with
(16,18,15,17,6,22,13,4) and R, becomes

{(14,15,16), (17,18,19,20), (0,1,2,3,4,5,6), (7,8,9,10,11,12,13)}

If R; is a 6-cycle and three 5-cycles (R3 is not formed from the switching process),
then R3 = {(15,14,16,18,19,17),(0,1,2,3,4),(5,6,7,8,20),(9,10,11,12,13)} and

B3 -

{(16,15,18,17,6,22,13,4), (22,0,12,7, 21,3, 10, 14), (19, 21,1,5,8,11, 2, 20),
(11,1,19,3,14,9,6,4), (16,0,2,15,5,7,13,1), (17,21, 12, 10,0, 15,4, 8),
(19,7,22,5,3,13,8,16), (11,22,20,17, 10,7, 2, 13), (5,11, 15,3, 0, 20, 16, 2),
(0,6,13,5,14,2,10,18), (22, 15,7,16,9,1,8, 18), (1,4, 18,9, 3,17, 12, 22),
(13,10,20,1,12,19,6,18), (11,6,3,16, 10,8, 14,0), (11,7, 1,18, 20, 21, 4, 19),
(12,9,20,6,21,2,17,5), (15,12, 3,22, 19, 14, 13, 20), (17,14, 21,9, 2, 18,12,16),
(19,0,7,4,22,8,15,9),(17,9,5,10,21,8,3,1),(19,8,6, 2,22, 16,21, 5),
(14,11,20,4,2,8,9,7),(13,21,15,19,2,12,8,0), (6,16,11,17,13,15, 1, 10),
(13,19,10,4,17,0,5,16), (0,9,22,17,7,3,11,21), (1,6, 15, 10, 22, 21, 18, 14),
(3,18,5,4,14,6,12,20), (4,9,11,18, 7,20, 14, 12).

S
S

The partial 8-cycle decomposition in which R, is two 3-cycles and three 5-
cycles, can be formed from Rj3 by replacing (16,15,18,17,6,22,13,4) in B; with
(16,18,15,17,6,22,13,4) and R, becomes

{(14,15,16), (17,18,19), (0, 1,2,3,4), (5,6, 7,8,20), (9,10, 11,12, 13)}.
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The remaining partial 8-cycle decompositions can be constructed using Lemma
3.2. For each case, we list (I1,...,lu;a1,...,0az).

(Ih > 15,05, ..., 10;12), (14,7;5,7), (14,4, 3;5,4,3), (13,8;4,8), (13,5, 3; 4,5, 3),
(13,4,4;4,4,4), (12,1, ...,14;12), (11,10;6,6), (11,7,3;5,7), (11,6,4:6,6),
(11,5,5;7,5), (11,3,3,4;6,3,3), (10,8,3;4,8), (10 7.4;5,7), (10,6,5;6,6),
(10,4,3,4;6,3,3), (10,3,3,5:6,3,3), (ln,...,la — 1;l1,...,la — 1), (8,8,5;8,4),
(8,7,6:5,7), (8,7,3,3;5,7), (8,4,3,3,3;8,4), (8,4,6, 3,8,4) (8,5,3,5;4,5,3),
(8,4,4,5:8,4), (8.4, lai8,4), (7,5,6,3:7,5), (7, 4,4, 6:4,4,4), (T,5,5,4 7.5),
(T,4,4,3,3:4,4,4), (6,6,1s,...,1a;6,6), (4,4,4,6,3;4,4,4), (6,3,3,3,3,3:6,3,3),
(5,4,3,5,4;5,4,3),(4,4,4,4,5;4,4,4),(5,4,3,3,3;5,4,3), (4,4,4,3,3,3;4,4,4),

and (3,3,3,3,3,3,3;3,3,3,3).

5 The Main Result

Theorem 5.1 Let R be a 2-reqular subgraph in K, that consists of a cycles of lengths
li,...,la. There exists an 8-cycle system of K, — E(R) if and only if

1. n is odd,
2. n#5,7, and
3. |E(K, — E(R))| is divisible by 8.

Proof:

At this point, we have found complete solutions for n < 23; see Lemma 2.2 and
Lemma 4.1. So we can assume that n > 25.

If [; > 17 for 1 < i < «, then Lemma 3.2 can easily be used. So we can assume
all cycles have length at most 16.

Among all orderings of the cycle lengths of R, choose one such that
[ is maximized (1)

where [ is defined in Lemma 3.3. So 3 <[ < 16.

Using the ordering of the cycle lengths in Lemma 3.3, let S;, = {l1,ls, ..., lz_1}
and Sy = {l;,ly+1, - lo}- By the maximality of [, Sy contains no cycles of length
at most 16 — [, and if Sy contains a cycle of length at least 19 — [ then we can apply
Lemma 3.3. So we can assume that if [; € Sy then

e {17—1,18 1} (2)

We consider the possible values of [ in turn.

If | = 15, then by (2) [; = 3 for all ¢ > z. So E(R) = 15+ 3(a — (z — 1)) is
divisible by 3. A brief check of Table 1 shows that this forces n > 41. If n > 41,
then R contains at least four 3-cycles (since I, ..., [, are all 3-cycles and [ = 15) and
so Lemma 3.2 can be used, with a; = 3 for 1 < i < 4.
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If [ =14, then [; = 3 or 4 for ¢ > z. We consider three cases in turn.

Suppose [ = 14 and Sy contains only 3-cycles. Table 1 shows this happens when
n = 25,27, and when n > 33. If n > 33, Sy contains at least four 3-cycles and
Lemma 3.2 can be used. If n = 25, Sy consists of two 3-cycles.

(a) Replacing a 4-cycle or a 5-cycle in S, with the two 3-cycles in Sy would increase
[ to 16 or 15 respectively, contradicting (1); so Sy, contains no 4-cycles and no
5-cycles.

(b) Otherwise,
(L, 1a) € {(14,3,3),(11,3,3,3),(8,3,3,3,3), (8,6,3,3),(7,7,3,3)}

and in every case Lemma 3.2 can be used; choose the a;s to be (6,3,3) in the
first case, and to be (3,3,3,3) in the remaining cases.

If n = 27, Sy consists of three 3-cycles. For the same reasons as in (a), Sp
contains no 4-cycles and no 5-cycles. Therefore

(I1,....1,) € {(14,3,3,3),(11,3,3,3,3),(8,6,3,3,3),(7,7,3,3,3) }

and in every case Lemma 3.2 can be used; choose the a;s to be (3,3,3,3) in each
case.

Suppose [ = 14 and Sy contains only 4-cycles. Table 1 shows this happens when
n = 29 or when n > 33. If n > 33, R contains at least three 4-cycles and Lemma 3.2
can be used; choose the a;s to be (4,4,4) in each case. If n = 29, Sy consists of two
4-cycles. In this case:

(a) Replacing a 3-cycle in Sy, with a 4-cycle from Sy would increase [ to 15 which
contradicts (1). Therefore, Sy, contains no 3-cycle.

(b) Replacing a 6-cycle or a 7-cycle in Sy, with the two 4-cycles in Sy would increase
[ to 16 or 15 respectively, contradicting (1); so Sy, contains no 6-cycles and no
7-cycles.

(c) Otherwise, (I1,...,l,) € {(14,4,4),(10,4,4,4),(5,5,4,4,4),(9,5,4,4)} and in
every case Lemma 3.2 can be used; choose the a;s to be (4,4,4) in each case.

Suppose [ = 14 and Sy contains both 3-cycles and 4-cycles. Table 1 shows this
happens when n > 33. If n > 33, R contains at least four 3-cycles or contains at
least three 4-cycles, so Lemma 3.2 can be used.

If | = 13, then by (2) if [; € Sy then [; € {4,5}. Replacing a 3-cycle in Sy, with a
cycle in Sy would contradict (1) so 3 ¢ Sy,. If [; =4 for < i < o then Sy contains
three 4-cycles so Lemma 3.2 can be used. Otherwise, 5 € Sy, so by (2) 4 ¢ S.. So it
remains to check the cases where S, € {{5,8},{6,7},{13}}. S, = {5, 8} contradicts
the maximality of [, since swapping the 8-cycle in Sy with two cycles from Sy, at
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least one being a 5-cycle, increases [ to 14 or 15. Lemma 3.2 can be used with a
5-cycle in Sy together with either a 7-cycle or a 13-cycle in Sy using a; = 5 and
ay = 7 in Lemma 3.2 to settle the remaining cases.

If [ = 12, use the cycles in Sy in Lemma 3.2.

If | = 11, then by (2) [; € {6,7} for & < i < . So replacing a cycle of length 3,4,
or b in Sy with any cycle from Sy would increase [ to at most 15, thus contradicting
(1). So S, = {11}. So use Lemma 3.2 with the 11-cycle and any cycle in Sy .

If [ = 10, then by (2) [; € {7,8} for v < i < . So replacing any cycle of length
at most 6 in Sy, with any cycle in Sy contradicts the maximality of L. So Sp = {10}
and Lemma 3.2 can be used with a = 2 to prove the result.

If1=09,1; € {8,9}. Pick any two cycles in Sy and use Lemma 3.2.

If 1 <8, then by (2) 15 > 1; > 9 > [ for z < i < «, contradicting the maximality
of [.
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