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Complete-factors and (g, f)-covered graphs
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Abstract

A factor F of a graph is called a complete-factor if each component of
F is complete. Let G be a graph, F' be a complete-factor of G with
w(F) > 2 and g, f be two integer-valued functions defined on V(G). If
G —V(C)is a (g, f)-covered graph for each component C' of F, then G
is a (g, f)-covered graph.

1 Introduction

In this paper, we consider finite undirected graphs which may have loops and multiple
edges. Let G be a graph. We denote by V(G) and E(G) the set of vertices and the
set of edges, respectively. For z € V(G), we denote the degree of « in G by dg(z).
Let S and T be disjoint subsets of V(G). We denote by eg(S,T) the number of
edges joining S and T. We denote by w(G) the number of components of a graph
G. For a subset S of V(G), we denote by G — S the subgraph obtained from G by
deleting vertices in S together with the edges incident to vertices in S. Let g and
f be integer-valued functions defined on V(G). A (g, f)-factor of G is defined as a
spanning subgraph F of G such that g(z) < dp(z) < f(z) for each z € V(G). And if
f(z) = g(z) for all z € V(G), then F is called an f-factor; if f(z) = g(x) = r for all
x € V(G), then F is called an r-factor. A graph G is called a (g, f)-covered graph if
any edge e of G belongs to a (g, f)-factor of G. A graph G is called a (g, f)-k-covered
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graph if any k edges of G belong to a (g, f)-factor of G. Let F be a set of graphs.
If each component H of F is isomorphic to some member of F,then F is called an
F-factor. A {K,|n > 1}-factor is called a complete-factor. The other terminologies
and notations may be found in [1].

In [2], Katerinis proved the following result.

Theorem 1 Let G be a graph of order at least two, and let r be a positive integer.
If G — x has a 2r-factor for each & € V(G), then G itself has a 2r-factor.

In [3], Egawa et al. proved a similar result to Theorem 1.

Theorem 2 Let G be a graph of order at least three, and let v be a positive integer.
If G — {z,y} has an r-factor for any pair of adjacent vertices x and y, then G itself
has an r-factor.

In [4], Wang et al. proved the following theorem and generalized Theorem 2.

Theorem 3 Let G be a graph, and let F' be a 1-factor of G. Let g and f be integer-
valued functions defined on V(G) such that 0 < g(z) < f(z) < de(x) for all v €
V(G). If f(z) = f(y) and G — {z,y} has a (g, f)-factor for all zy € E(F), then G
itself has a (g, f)-factor.

Moreover, Saito [5] proved the following result.

Theorem 4 Let G be a graph of order at least four, F' be a 1-factor of G, and r be
a positive integer. If G — V (e) has an r-factor for each e € E(F), then G itself has
an r-factor.

Enomoto and Tokuda [6] proved the following result and generalized Theorem 1
and Theorem 4.

Theorem 5 Let G be a graph, F be a complete-factor of G with w(F) > 2, and f
be an integer-valued function defined on V(G) with 3, ey f(z) even. If G —V(C)
has an f-factor for each component C of F, then G itself has an f-factor.

Li and Ma [7] proved the following theorem and extended Theorem 5 to (g, f)-
factors.

Theorem 6 Let G be a graph, and F be a complete-factor of G with w(F) >
Let g and f be integer-valued functions defined on V(G) such that g(z) < f(z) and
g(z) = f(z) (mod 2) for all x € V(G), and f(V(G)) even. If G — V(C) has
(g, f)-factor for each component C of F, then G itself has a (g, f)-factor.

In this paper, we prove the following result, which is an extension of Theorems
3 and 6. We extend Theorems 3 and 6 to (g, f)-covered graphs.

Theorem 7 Let G be a graph, and F be a complete-factor of G with w(F) > 2. Let
g and f be integer-valued functions defined on V(G) such that 0 < g(z) < f(z) for
alz € V(G). If G—V(C) is a (g, f)-covered graph for each component C' of F,
then G itself is a (g, f)-covered graph.
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2 Proof of Theorem 7

Let G, F, g and f be as in Theorem 7, and we assume that G — V(C) is a (g, f)-
covered graph for each component C' of F. In order to prove Theorem 7, we depend
on the following lemma.

Lemma 2.1 [8] Let G be a graph, and g and f be integer-valued functions defined
on V(G) such that 0 < g(z) < f(z) for all x € V(G). Then G is a (g, f)-covered
graph if and only if

(5@(5, T) = f(S) + dG—S(T) - g(T) Z S(S, T)

forall S CV(G) and T ={z:x € V(G)\S and dg_s(z) < g(x)}, wheree(S,T)
1s defined as follows:

(1) €(S,T) =2, if S is not independent.

(2) (S, T) =1, if S is independent and ec(S,V(G)\ (SUT)) > 1

(3) €(S,T) = 0, if neither (1) nor (2) holds.

By Lemma 2.1, to prove the theorem we only need to show that

forall SCV(G)and T={z:2 € V(G)\S and dg_s(z) < g(z)}.
Let U = V(G) — (SUT). For each component C of F, let S¢c = V(C)N S,
Te =V(C)NT and Ue = V(C)NU. Note that

d(G vien-s-vien(T=V(C)) = dg-vc)(T=V(C)) = ec—v(c)(T=V(C), S = V(C))

de(T = V(C)) —ec(V(C), T = V(C)) — ec(T = V(C), 5 = V(C))
de—s(T =V (C)) +ec(T—V(C),S) —ec(T —V(C),V(C))
—ea(T = V(0),S - V(C))

= des(T-V(C))+ec(T-V(C),S) —ec(T —V(C),Tc U Sc U Uc)
—ec(T = V(0),S - V(C))

= do-s(T = V(0)) +ec(T = V(C),S8)—ec(T = V(C),Tc) — ea(T = V(C), Sc)
—eq(T - V(C),Uc) —eg(T = V(C),S) +ec(T —V(C),Sc)

= de-s(T = V(O)) = ea(T = V(C),Te) — ea(T — V(C), Uc)

for each component C' of F. Since G — V(C) is a (g, f)-covered graph for each
component C of F,

(S =V(C), T -V(C)) < bg-ve)(5 = V(C), T = V(C))

fF(5=VI(C)) + dig-vicy-s-vien(T = V(C )) 9(T = v(C))
66(S,T)—f(Sc)—de-s(Tc) + g(Tc)—ec(T = V(C), Tc) — ec(T' = V(C), Uc)
< 06(S,T) = f(Sc) — da-s(Te) + 9(Tc).

A
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Therefore,
6(S,T) > f(Sc) + de-s(Tc) — 9(Tc) +e(S = V(C), T = V(C)).
Here, let Cy,Cy,- -+, Cy(r) be the components of F. We divide this proof into three

cases.

Case 1 If zy € E(G) for z,y € S, then ¢(5,T) = 2.

Subcase 1.1 Say z,y € S¢, for some 1.

Then ¢(S - V(C;), T —V(C;)) > 0 and (S - V(C;), T - V(Cj)) =2 (j #1). Hence
w(F) w(F)

Z 0(5,T) Z(f(Soj) +da-s(Te;) = 9(Tey) + (S = V(C)), T = V(C;)))

\Y

gG(S, T) +2(w(F) - 1),

that is, (w(F) — 1)6c(S,T) > 2(w(F) — 1). Hence 6¢(S,T) > 2 =(S,T).
Subcase 1.2 Say = € Sc;,y € Sc;,J # i
Then eG_V(Ci)(S — V(Cl), V(G) — ((S — V(CZ)) @] (T — V(Cl))) Z 1 and eG_V(CJ.)(S —
V(C;), V(G) = (S = V(Cy)) u(T = V(Cj))) > 1.

Therefore, (S — V(C;),T — V(C;)) > 1 and (S — V(C;), T — V(C )) > 1.

\Y

Moreover, S — V(Cy) (k # i,j) is not independent. Hence &(S — V(Cy),T
V(Cr)) =2 (k #1,7). Therefore,
w(F) w(F)
> 0a(ST) 2 Y (£(5¢,) +do-s(Tc,) = 9(Te,) +e(S = V(C)), T = V(Cy))
=1 j

> 6a(S,T)+2w(F)-2)+1+1
= 66(S,T) +2(w(F) - 1),

that is, (w(F) — 1)dg(S,T) > 2(w(F) — 1). Hence 6¢(S,T) > 2 =¢(S,T).
Case 2 S is independent, and zy € E(G) for € S,y € V(G) \ (
e(S,T) =1.

We assume & € S¢,. Therefore, e(S—V(C;), T-V(C;)) > 0and e(S-V(C;),T—
V(C;j)) =1 (j #1). Hence

T). Then

w(F) w(F)
Z 66(S,T) > Z(f(scj) +do-s(Tc,) = 9(Te,) + (S = V(C)), T = V(Cy)))

\Y

56(S,T) + (W(F) 1),

that is, (w(F) — 1)6g(S,T) > w(F) — 1. Hence 6¢(S,T) > 1=¢(S,T).
Case 3 Neither Case 1 nor Case 2 holds. Then &(S,T) =0, and ¢(S — V(C),T —
V(C)) > 0 for each component C of F. Hence

w(F) w(F)
Z 6c(S,T) > _Z(f(scj) +da-s(Tc,) — g(Te,) + (S = V(C)), T = V(C))))
- > 5(S,T),
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that is, (w(F) — 1)6¢(S,T) > 0. Hence 6¢(S,T) > 0=¢(S,T).
By Lemma 2.1, the theorem is proved.

Corollary 1 Let G be a graph, and let F' be a 1-factor of G. Let g and f be integer-
valued functions defined on V(G) such that 0 < g(z) < f(z) for oll x € V(G). If
G — {z,y} is a (g, f)-covered graph for each vy € E(F), then G itself is a (g, f)-
covered graph.

Finally, we pose a conjecture as the conclusion of this paper.

Conjecture 1 Let G be a graph, and let F be a complete-factor of G with w(F) > 2.
Let g and f be integer-valued functions defined on V(G) such that 0 < g(z) < f(x)
for allw € V(G). If G = V(C) is a (g, f)-k-covered graph for each component C' of
F, then G itself is a (g, f)-k-covered graph.
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