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Abstract

Let P, be the path with k vertices and & — 1 edges, k > 4. For every
integer v,v =0 or 1 (mod 2(k—1))ifkisoddorv=0or1 (mod k—1)
if k is even, we produce a Py-design (V,B) of order v such that no two
blocks have k—1 or k& common vertices, i.e. (V,B)isa partial S(k—1,k,v).

1 Preliminaries

Let I' = (V(I'), E(T')) be a simple undirected graph and let P, be the path with &
vertices and k—1 edges, k > 3. A Py-decomposition (V(I'), B) of I is an edge-disjoint
decomposition B of I into copies of Py, called blocks. Usually B is called the block

set of the Py-decomposition.

A Pj-design of order v is a Py-decomposition of K,, the complete undirected
graph on v vertices. Tarsi [4] proved that the necessary conditions for the existence
of a Pj-design of order v, v > k (if v > 1) and v(v — 1) =0 (mod 2(k — 1)), are also

sufficient.

We say that a Py-decomposition (V(T'),B) is good if it induces a partial S(k —
1,k,v) where v = [V(T)], i.e. if every (k — 1)-element subset of V/(I') is contained in

the vertex-set of at most one block of B.
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A good Py-design of order v will be denoted by GP(v, k,1).

It is trivial to see that a GP(v,3,1) cannot exist, while, for & > 4, a good P-
design can exist as shown by the following example. Let B = {[i, 144,344,641 | i €
Z7}, then (Z7,B) is a GP(7,4,1). On the other hand the Pj-design (Z7,C), where
C={[{,1+4,6+14,241] |3 € Zy},is not good. A simple counting argument shows
that a GP(6,4,1) and a GP(k,k,1), for every even k > 4, cannot exist.

The aim of the present paper is to construct a GP(v, k, 1) for every pair of integers
v and k such that

ev=0o0rl (mod4),v>7ifk=4
e v=0o0rl (mod2(k—1)),v>2(k—-1)if kis odd, k > 5;
ev=0orl (modk—1),v>2(k—1)if kiseven, k > 6.

These results will be proved applying recursive constructions to starting Pj-
designs. We construct these designs by difference methods [1, 2, 3]. So we give
only the base blocks (writing short blocks in slanted). Let G be an additive abelian
group of order n. We identify the vertex set of our designs with one of the fol-
lowing sets: G, Gt = G U {00} (oo being a symbol not in G), G x {1,2}. If
B; = [ai,d},...,al], i = 1,2,...,m, are the base blocks then B = U™, deve(B;),
where devg(B;) = {[al +g,a% +g,...,a, + g] | g € G} (the block-orbit under the
action of G) and composition law is given by

e the composition law of G, if V = G
e the composition law of G extended by the rule co+g = g+00 = 00, if V = GT;
o (zi)+g=(z+g,0),i=12,if V=0CGx{1,2}.

Example 1. Let V = Z. Let B; =0, 1,4,2] and By = [0,4,9,5] be the base blocks
(By is short). The block-orbits under the action of Z1q are devz, By = {[i,1 + 14,4+
0,244 | i € Zy}, devg, By = {[i,4+1,9+4,5+1] | i € Zy}. Then (V,B) is
a cyclic Py-design, where B = devy,,B1 U devy,, B2 (note that |devy,,Bi| = 10 and
|deUZmB2| = 5)

Example 2. Let V = {o0} UZs. Let By = [00,0,1,3] and B, = [0,3,7,4] be the
base blocks (B, is short). The block-orbits under the action of Zg are devy By =
{[00,i, 14,3 +1] | i € Zs}, devz By = {[i,3+ 14,7 +14,4+1] | i € Zs}. Then (V,B)
is a l-rotational P;-design, where B = devz By U devz Bs (note that |devz Bi| = 8
and |devzyBs| = 4).

Example 3. Let V = Zg x {1,2}. Let B; = [(0,1),(0,2),(1,1),(2,2)] and By =
[(0,1),(3,2),(1,1),(5,2)] be the base blocks. The block-orbits under the action of Zg
(leaving the second coordinate unchanged in the cyclic development) are devy By =
{[(¢,1),(4,2),(14+14,1),(2414,2)] | i € Z¢}, devy By = {[(¢,1),(3+1¢,2),(1+1¢,1),(5+
i,2)] | i € Zg}. Then (V,B), B = devg By U devz B, is a P;-decomposition of the
complete bipartite graph Ky, v,, Vi =V x {i} for i = 1, 2.
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Given a set X, a multiset on X is a list L = {z1,22,...,2,} of elements from X
where repetitions are allowed. Formally, a multiset L on X is a map pur : X - N
where pr(x) is the multiplicity of x. Let (V,B), where V.= G or V = G*, be a
Py-design constructed by difference methods under the action of a group G and let
B, C be two distinct base blocks. We denote by

e 15(g) the multiplicity of ¢ € G in the multiset
A(B)={b—c|bce BNG,b#c};

e 1pc(g) the multiplicity of g € G in the multiset
A(B,C)={b—c|beBNG,ce CNG}.

Put V; = G x {i}, i = 1,2. Let (V4 UV3,B) be a Py-decomposition of the complete
bipartite graph Ky, v, by difference methods under the action of G (see Example 3),
and let B, C be two distinct base blocks. We denote by

. ”iB, (9), i = 1,2, the multiplicity of g € G in the multiset
AYB)={b-c| (b,i),(c,i) € B,b#c};

. MB_,C(g) the multiplicity of g € G in the multiset
AY(B,C)={b—c]| (b3) € B,(c,i) € C}.

The proofs of the following two lemmas are an easy consequence of the difference
methods and the fact that there is at most one base block containing co. We suppose
that G = Z,. Moreover if n is even and B is a short base block, then the nonzero
element g € Z,, such that B+ g = B is given by g = 7.

Lemma 1 Let (V,B) be a Py-design constructed by difference methods under the
action of Zn. (V,B) is a GP(v,k,1) if and only if the following conditions are
satisfied:

1. For every base block B one of the following conditions holds:

o If B is not short and co & B, then ug(g) < k —2 for every g € Z, \ {0}.
o If B is not short and co € B, then ug(g) < k — 3 for every g € Z, \ {0}.
o If B is short, then ug(g) < k —2 for every g € Z, \ {0, 3 }.

2. For every pair of distinct base blocks B and C, then ugc(g) < k—2 for every
geQG.

Let (V, B) be the P;-design of Example 1. It is
A(Bl) = {17172727374767778787979}7 A(B2) = {17174747575757576767979} and
A(By,By) = {0,0,1,1,2,2,3,4,5,5,6,6,7,7,8,9}. By Lemma 1, (V,B) is good.
Also the P;-design of Example 2 is good.

Lemma 2 Let V; = G x {i}, i = 1,2. Let (V4 U V3,B) be a Pj-decomposition of
the complete bipartite graph Ky, v, by difference methods under the action of Z,, (see
Ezample 3). (V1 U Va, B) is good if and only if the following conditions are satisfied:
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1. For every base block B, py(g) + p%(g) <k — 2.
2. For every pair of distinct base blocks B and C, up o(g) + ph o(9) <k — 2.

By Lemma 2, the Py-decomposition of Example 3 is good.

2 GP(v,4,1)

In this section we study the existence of GP(v,4,1)’s. We treat separately this case
because there is not any GP(6,4,1).

Lemma 3 There is a GP(v,4,1), v=17,9,10,12,13,15,16, 18.

Proof A GP(v,4,1) for v = 7,9,10, is given in Section 1. The remaining path
designs are shown below. We leave to the reader to prove that the following base
blocks satisfy the conditions of Lemma 1 or Lemma 2.

GP(12,4,1). Base blocks: [00,0,4,9], [0,1,3,6].

GP(13,4,1). Let V; = Zg x {i} and let [{oo} U V;, B;] be a GP(7,4,1), i = 1,2.
Let (V4 U V3, Bs) be the good Py-decomposition of Ky, v, of Example 3. Then
({OO} @] Vi U %,Bl U BQ U 63) is a GP(13747 1)

GP(15,4,1). Base blocks: [00,0,4,13], [0, 1, 4,2], [0,6,13,7].
GP(16,4,1). Base blocks: [0,1,4,2], [0,4, 10, 5], [0,7,15,8].

GP(18,4,1). Let V; = Zg x {i}, i = 1,2. The base blocks
[(0,1),(0,2),(1,1),(2,2)], [(0,1),(3,2),(1,1),(5,2)] and
[(0,1),(6,2),(1,1),(8,2)] generate a good decomposition (Vi U V4, B) of Ky, v,
into Py’s under the action of Zo. Let (V;,C;), i = 1,2, be a GP(9,4,1). Then
(V1UV2,BUC1UC2) lS&GP(187471) O

Lemma 4 If there is a GP(v,4,1) then there is a GP(v 4 12,4,1).

Proof Let (W,B:) be a GP(12,4,1) with W = Z,,. Suppose v = 2t. Let (V,B,)
be a GP(v,4,1) with V = {zg,21,...,2%_1}. Put
Bg = {[j,l‘%,4 +j,.1‘2i+1}, [j,l‘%_._g,g +j,l‘2i} | 1= 0, ]., ot = 17 j = 07 17 2,3} (the
suffices are (mod 2t)). It is easy to see that Bj is a good P;-decomposition of Ky, .
Then (VUW, By UByUB3) is a GP(v+ 12,4,1).

Let v = 2t + 1. Put Vi = {@o,x1,...,22% 3} and Vo = {yo,y1,y2}. Let Bs
be the block set of a good Py-decomposition of Ky, w (since |V3| = 0 (mod 2),
we can construct this decomposition as in the previous case). It is easy to check
that B4 = {[yo,i,yl,i + 2], [y2,6 + i,y1,4 + Z], [yl,g + i,y2, 10 + Z], [y074 + i,yZ,i],
[Y2, 2+, Y0,841], [y1, 1041, yo,6+1] | ¢ = 0,1} is a good Py-decomposition of Ky, w .
Then (VUW,61U62U63UB4) iS&GP(U+12,4,1). O

Theorem 1 For everyv =0 or 1 (mod 3), v > 7, there is a GP(v,4,1).

Proof Apply Lemmas 3 and 4. a
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3 GP(V,k,l), k>5
Lemma 5 There exists a GP(4t+ 1,2t +1,1), t > 2.
Proof Puta; =2t+4—14,6;,=5+1¢1=0,1,...,t —2. Then

B= [Oa 1a3aa0a/60aala/617 s 7at7276t72}

is the base block of a Pay1-design (Z a1, B). It is easy to verify that ug(g) < 2t—1
for every g € Z411. By Lemma 1, (Z 4y, B) is good. O

Lemma 6 There exists a GP(4t + 2,2t +2,1), t > 2.

Proof Let
B = [OO, 07 17 37 aUvBOa alaﬁla B at—Zv/Bt—Z]

where «; and §; are defined as in Lemma 5. It follows ug(g) < 2¢ — 1 for every
g € Zy41. By Lemma 1, B is the base block of a GP(4t + 2,2t + 2,1) on vertex set
{OO} @] Z4t+1. O

Lemma 7 There exvists a GP(4t —1,2t,1), t > 3.
Proof Putoa; =2t4+2—-4,6,=4+1¢i=0,1,...,t—3. Then
[0,1,3,8,5,9] it =3
- { [0,1,3, a0, B0, 01, 1, - -y s, iz, t +4] i >4 '

is the base block of a Py-design (Z—1,B). It is easy to verify that ug(g) < 2t — 2
for every g € Zy—1. By Lemma 1, (Z4-1, B) is good. a

Lemma 8 There exists a GP(4t,2t +1,1), ¢t > 2.

Proof Let

B = [OO, 07 17 37 aUaﬁUa a17/817 e 7at—37/8t—37t + 4]
where a; and f3; defined as in Lemma 7. It follows up(g) < 2t—2 for every g € Zy—1.
By Lemma 1, B is the base block of a GP(4t,2t+1,1) on vertex set {oo} UZy_y. O
Lemma 9 There evists a GP(6t — 3,2t,1), t > 3.

Proof Let (V,B) be the Py-design with vertex set V = {oo} UZg 4 and block set
obtained as devolopment of the following base blocks:

e B = [0070717370507607051761"- 'aat73aﬁt73]7 where Q= 4+1- ia BZ =2t+
A440,i=0,1,...,t—3:

° ‘B2 = [Oaa(]aﬂ(]valwglv e 7at—27ﬁt—273t_2]7 where Q; = 2t—1—Z, /82 = 4t—1+l7
i=0,1,...,t —2 (Bs is short).
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B; and Bs satisty the hypothesis of Lemma 1. Then (V,B) is good. |
Lemma 10 There exists a GP(6t — 2,2t,1), t > 3.

Proof Let (V, B) be the Py-design with vertex set V' = Zg;_» and block set obtained
as development of the following base blocks:

e By =10,1,3,0,00,01,01, - - -, 043, B1—3, 3t + 4], where oy; = 4t +2 — i, §; =
U dtii=0,1,. .. t—3:

L4 B2 = [Oaa(]aﬂ(]valwglv e 7at—27ﬁt—273t - 1}7 where Q= 2t — ia ﬂl =4t+1 +Zv
i=0,1,...,t — 2 (Bs is short).

B; and B, satisfy the hypothesis of Lemma 1. Then (V,B) is good. |

Theorem 2 If there is a GP(v,2t + 1,1), v > 4t and t > 2, then there is a
GP(v+4t,2t +1,1).

Proof Let v be even, v > 4t, t > 2. Put V = V; UV, where V; = Z» X {i},
i =1,2. Let X = {zo,21,...,24-1}. By assumption there is a GP(v,2t + 1,1)
(V.B:1). By Lemma 8 there a GP(4¢t,2t + 1,1) (X, B;). So it suffices to produce a
good Py41-decomposition (V' U X, B;) of Ky, x. Define the block set B; as follows:

o Let t = 2. For every i € Z%’ and 7 =0,1,2,3,
[(L, 1),.70]'t7 (’L7 2)7xjt+15 (L — ].7 1)] € 63.

e Let t be even, t > 4. For every i € Z%J and 7 =0,1,2,3,
[(Za 1)7'rjt7 (Zv 2)7$jt+17 (1 + ia 1)7'rjt+27 (1 + Z-72)71“jt+37 e
B (% + iv 1)7$jt+t—27 (% + iv 2)7$jt+t—17 (% + iv 1)] € BS'

e Let t be odd, t > 3. For every ¢ € Z» and 7 =0,1,2,3,
; ) . 2 . =3 | -
[(Za 1)axjt7 (l7 2)7 xjtJrla (1 + 2, 1)axjt+27 (1 + 2, 2)axjt+37 ey (T + 2, 1)a
Tjtri—3, (552 +1,2), Tjrpr—n, (52 + 6, 1), Tjeqe—1, -+ 0,2)] € Bs.

Let v be odd, v > 4t41,t > 2. Let V = V1UV3, where V; = {0,1,...,2t -2} and
Vo ={2t-1,2t,...,v—1}. Let X = X;UX,, where X; = {oo;}U{a},z],... a3, ,},
j =1,2. It suffices to produce a good Ps:.y1-decomposition of Ky x or, equivalently,
a good Pyiy1-decomposition of Ky, x; and Ky, x. Being |Va| even, a good Py.i-
decomposition of Ky, x can be produced as in the previous case. The required
decomposition of Ky, x; is [az{, i, 37{“7 2t —2+1, méﬂ-, 2t —3+1,... ,az{flﬂl, t+1,00,],
§=1,2,1€ Zoy,. O

Theorem 3 If there is a GP(v,2t,1), v > 4t — 2 and t > 3, then there is a
GP(v + 4t — 2,2t 1).

Proof Let v be even, v > 4t —2,t > 3. Put V =V, UV, where V; = Z» x {i},
1= 172 Let X = {000,001} @] Xl @] X27 where X1 = {270,1‘1,...,]7%_3}, X2 =
{Y0,91,...,y2—3}. By assumption, there is a GP(v,2t,1) (V,B;). By Lemma 6,
thereis a GP(4t—2,2t,1) (X, By). So it suffices to produce a good Py-decomposition
(VUX,B;) of Ky x. Define the block set B; as follows:
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e Let ¢ be even. For every ¢ € Zy and j = 0,1,
[(5,1), @j(t-1), (1, 2), Tr4je-1), (1+i 1), agje-1), (1 +4,2), @341y, - - -
(B 40 1), a1, (552 +14,2), 005] € Bs, and
[(0+4,2), gje—1), (15 1), Yrsje—1), (146 2), yorje—1), (1 + 4, 1),
Yarji=1)s - -5 (52 44, 2), Yrmawje-1), (52 +14,1),005] € Bs.

e Let t be odd. For every ¢ € Zv and 7 =0,1,
(51, @), (:2), 1), (1 +1,1), 2oy, (14
(BB 441, w1, (552 +4,2), me a1, (5
[(,2), Yje-1 (6, 1), Y1401y, (1+l 2), Yarje-1), (1

7(% +4,2), Yro14j(t—1)> ( +i,1), h—2j—1), (5

2), Tapjt-1)s - - -
Tl—i—z 1),00;] € Bs, and
i, ) Y34j(t—1)s -
=L +4,2),00,] EBg

_|_f\

N.

Let v be odd, v > 4t — 1, ¢t > 3. Let V =V, UV, where V; = {0,1,...,2t — 2}
and Vo = {2t —1,2¢,...,v—1}. Let X = X1UX,, X; ={a},a],..., a5}, j=1,2.
It suffices to produce a good Py-decomposition of Ky, x or, equivalently, a good Ps;-
decomposition of Ky, x, and Ky, x. Being |V;| even , a good Py-decomposition of
Ky, x can be produced as in the previous case. The required decomposition of Ky, x;
is
[0,z Z,2t—2+z azlﬂ, t—3 40,292t —t a2 ], 0 € Ly |

Theorem 4 Let k> 5. Let v be an integer such that v > 2(k — 1) and
e v=0o0r1 (mod2(k—1)) if k is odd;
e v=0o0rl (modk—1)ifk is even.

Then there is a GP(v,k,1).

Proof Apply Lemmas 5, 6, 7, 8, 9, 10 and Theorems 2 and 3. O

4 Open Questions

e The problem studied in this paper can be generalized as follows: for every
integer t, 3 < t < k — 1, determine the spectrum of the integers v such that
there is a Pj-design (V, B) of order v having the property that no two blocks
have h, t < h < k common vertices, i.e. (V,B) is a partial S(¢, k,v).

e For every admissible v = 4 (mod 6), v > 10, determine a GP(v,4,1) embed-
dable into a Steiner quadruple system of order v as shown in the following
example.

Example 4. Let (V,B;) be the GP(10,4,1) with

V= {aa ba Cy d7 ¢, f7 9, ha la m}7 Bl = {emlf, thg7 mdhb7 amfd7 cmya,

fegd, lead, gbde, hafb, heca, cbe f, glab, mble, ldch, mhge}.

Let By = {abcd, aefg,behl, cfhm,dglm,ahlm,bfgm, cegl,de fh, ecdm,

fbdl, gbch, hadg,lacf, mabe}. Then (V,B; U By) is a Steiner quadruple system
of order 10 (considering the blocks of By U By as Ky’s).
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