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Abstract

Colbourn and Gibbons showed there exists an OGDD of type g* for all
positive integers ¢ = 0 (mod 4) if there exists an OGDD of type g*
for g = 4,8,12 and 24. OGDDs of type 8* and 12* were constructed by
Dukes, and an OGDD of type 4! was constructed by the author. In this
article, we will construct an OGDD of type 24* to obtain the existence
of an OGDD of type g* for all positive integers g =0 (mod 4).

1 Introduction

A group-divisible design with block size 3 (briefly, 3-GDD), (X, G, A), is a set X and
a partition G of X into classes (usually called groups), and a set A of 3-subsets of
X, so that each pair {x,y} of elements of X appears once in a 3-subset of A if z and
y are from different groups, and does not appear in a 3-subset of A if x and y are
from the same group.

An orthogonal group-divisible design (briefly, OGDD), (X, G, A, B), is a pair of 3-
GDDs (X, G, A) and (X, G, B) satisfying two orthogonal conditions:

(1) if {z,y,2} € Aand {z,y,w} € B, then z and w are in different groups; and

11) for two distinct intersecting triples (z,y,z; and {u,v,z; o , the triples
i) f disti i i ipl d f A, th ipl
{z,y,w} and {u,v,t} of B satisfy w # t.

For the existence of an OGDD of type g* (that is, the group size is g and the number
of groups is u), Colbourn and Gibbons [4] have done excellent work. The following
were their concluding remarks:

The main question that remains open is whether there is any value of g for which an
OGDD of type g* exists. On the basis of the nonexistence when g = 2 and g = 4,
one might be tempted to conjecture that the answer is negative.

The following theorem is Theorem 2.10 in [4] by Colbourn and Gibbons.
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Theorem 1.1 Ifm is a positive integer and m ¢ {2,3,6,10,12,14,18, 26, 30, 38,42},
and there is an OGDD of type g*, then there exvists an OGDD of type (mg)®.
Theorem 1.2 If there exists an OGDD of type g* for g = 4,8,12 and 24, then there
exists an OGDD of type g* for all positive integers g =0 (mod 4).

Proof. Apply Theorem 1.1 with v = 4, g = 4 to obtain an OGDD of type (4m)*
for all positive integers m ¢ {2,3,6,10,12,14, 18,26, 30, 38,42}. Apply Theorem 1.1
with u =4, ¢ =8, m =5,7,9,13,15,19 and 21 to obtain an OGDD of type (4k)*
for k € {10,14,18,26, 30, 38,42}. Apply Theorem 1.1 with u =4, g = 12, m =4
to obtain an OGDD of type (4 - 12)*. Since there exists an OGDD of type g* for
g = 8,12 and 24, there exists an OGDD of type (4k)* for k = 2,3 and 6. Hence
there exists an OGDD of type (4k)* for all positive integers k, that is, there exists
an OGDD of type g* for all positive integers g =0 (mod 4). |

OGDDs of type 8* and 12 were constructed by Dukes in [2] and an OGDD of type
4* was constructed by the author in [7].

In this article, we will construct an OGDD of type 24* to obtain existence of an
OGDD of type g* for all positive integers g =0 (mod 4).

2 The construction of an OGDD of type 24*

It is natural that we hope to construct an OGDD of type (2h)* by base blocks under
Zgp,. Unfortunately, there is no such design from Theorem 3.1 in Appendix A.

In this section we let
G;={0,3,6,...,69} +14, i=0,1,2;
H:{Ool,OOZ,...,OOM}; g:{Go,Gl,Gg,H}; X:GOUG1UG2UH.

Definition 2.1 Let (X, G,B) be a 3-GDD of type 24*. For i = 1,...,24 and j =
0,1, 2, define:

B,={BeB:BNH=0}; B,={BeB:BNH+#0};
’PB,Z‘:{{I,:U}:{OOZ‘,.TU7Z/}EB}~

From the definition of a 3-GDD, we have

Lemma 2.2 If (X, G,B) is a 3-GDD of type 24* then

(i) each Pg; is a partition of X \ H;

(1) each point of X \ H appears exactly 12 times in B,.

From the definition of an OGDD, we have

Lemma 2.3 If (X, G, A,B) is an OGDD of type 24* then B, U A, are the blocks of
a 3-GDD of type 243,

Lemma 2.4 If (X,G,A,B) is an OGDD of type 24* then {Pg,; :i=1,2,...,24} is
a partition of {{z,y}, {y, 2}, {7, «} - {z,y, 2} € Ag}.
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First, by Lemma 2.3, we will construct a 3-GDD of type 24% for which the three
groups are Gy, G, Gs.

It is natural that we hope to construct it by base blocks under Z75. Unfortunately,
there is no such design from Theorem 4.2 in Appendix B. So we consider constructing
it by base blocks under subgroups of Zz.

Let £ =1{0,2,4,...,70}, F = {0,6,12,...,66} be two subgroups of Zr,.
Let 71 ={

{1,9,-55},{1,57, —31},{1,33, -7}, {0,8, —62}, {0, 14, =50}, {0, 26, —8},

{0,56,—-2},{0,62,—26}, {0, 38, —56}, {0, 32, —14}, {0,2, —38}, {0, 50, —32} }
be a set of base blocks under F and T2 = {

{1,38,3},{1,44,15},{1,50,27}, {1,56,39}, {1,62, 51}, {1, 32, 63},

{0,1,68},{0,19,44},{0,7,20},{1,2,69}, {1, 20,45},{1,8,21}}
be a set of base blocks under E.
It is easily checked that 77 under F and 73 under E form a 3-GDD of type 243.

Second, by Lemma 2.2, we will partition 7; into A; and Bi, and partition 75 into A,
and B, as follows.

Ay = {{1,9,-55},{1,57, —31}, {1, 33, -7}, {0,8, —62}, {0, 14, =50}, {0, 26, —8} };
Ay = {{0,1,68},{0,19,44},{0,7,20}, {1, 38,3}, {1,44,15},{1,50,27} };

B, = {{0,56, -2}, {0,62, —26}, {0, 38, =56}, {0, 32, —14}, {0, 2, =38}, {0, 50, —32} };
By = {{1,2,69}, {1,20,45},{1,8,21},{1,56,39},{1,62,51}, {1,32,63}}.

Finally, by Lemma 2.2 and Lemma 2.4, we will arrange P4; and Pp; to form an
OGDD of type 24*.

The following pairs under F' come from B; under the subgroup F and B, under the
subgroup FE.

{0,2+6s} : s =9,10,6,5,0,8 {2,446s}:5=209,84,510
{4,0+ 65} :s=1,5,10,3,7,6 {1,3+6s}:s=11,7,3,6,8, 10
{3,5+6s}:s=11,7,3,6,8, 10 {5,1+6s}:5=0,84,7,9,11
{1,2+6s}:5=0,3,1,9,10,5 {3,4+6s}:5=0,3,1,9,10,5
{5,0+6s}:s=14,210,11,6 {0,146s}:s=11,4,2,9,10,5
{2,34+6s}:s=11,4,2,9,10,5 {4,5+6s}:s=11,4,2,9,10,5

Arrange Py,,1=1,2,...,24 using the above pairs to obtain the following As:
As = {{o01,0,56},{o01,1,69},{oco1,4,71},{c02,0,62}, {cos, 1,45}, {co2, 4,29},

{0037 07 38}7 {0037 17 21}7 {003747 17}7 {0047 07 32}7 {0047 57 1}7 {0047 374}7
{0057 07 2}7 {0057 5749}7 {0057 37 22}7 {0067 07 50}7 {0067 57 25}7 {0067 37 10}7
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{007,2,16},{0c07,1,39}, {07, 5,6}, {o0s, 2, 58}, {o0s, 1, 51}, {ocos, 5, 24},

{009, 2,52}, {009, 1,63}, {009, 5,12}, {0010, 2,28}, {010,3, 71}, {0010, 0, 67},
{0011,2,34}, {011, 3,47},{011,0,25}, {0012, 2,64}, {0012, 3,23}, {0012, 0,13},
{0013,4,6},{0013,3,41}, {0013, 1,2}, {0014, 4, 30}, {0014, 3,53}, {0014, 1, 20},
{o015,4,60}, {o015,3,65}, {0015, 1,8}, {0016, 4, 18}, {0016, 5,43}, {0016, 2, 69},
{017, 4,42}, {0017, 5,55}, {c017, 2,27}, {0018,4, 36}, {0018,5,67}, {c018,2, 15},
{019, 1,56}, {o019, 3,58}, {0019, 5,60}, {0090, 1, 62}, {0029, 3,64}, {c020,5,66},
{0021, 1,32}, {0021, 3,34}, {0021, 5,36}, {0022, 0,55}, {0022,2,57}, {c022,4,59},
{0023,0,61}, {o023,2,63}, {c023,4, 65}, {0024, 0,31}, {0024,2,33}, {c024,4,35}}.

The following pairs under F' come from .A; under the subgroup F' and A, under the

subgroup FE.
{0,2+6s}:5s=3,7,11,4,2,1 {2,4+6s}:5=0,1,6,11,7,3
{4,0+6s}:5=09,11,8,0,2,4 {1,3+6s}:5=1,9,5,0,2,4
{3,5+6s}:5=4,51,0,9,2 {5,1+6s}:5=23,2,510,6,1
{1,2+6s}:5=28,7,6,11,4,2 {3,4 +6s}:5=17,6,811,4,2
{5,0+6s}:5=5,8,3,9,0,7 {0,1+6s}:5=1,3,8,0,7,6
{2,3+6s}:5=3,1,6,7,0,8 {4,5+6s}:5=1,8,3,0,7,6

Arrange Pg;,i=1,2,..

By =

., 24 using the above pairs to obtain the following Bs.

{{0017 47 54}7 {0017 37 5}7 {0017 17 50}7 {0027 47 66}7 {002737 59}7 {0027 1744}7

{003,4,48},{003,3,17}, {003, 1,38}, {004, 2, 70}, {004, 3,29}, {004,0, 7},
{o05,2,46}, {005, 3,35}, {c05,0,19}, {06, 2,22}, {06, 3, 11}, {06, 0,49},
{o07,4,0},{c07,5,61},{007,2,21},{0c0s, 4,12}, {c0s,5,37},{cs, 2,9},

{09, 4,24}, {c0g, 5, T},{09,2,39}, {010, 0,26}, {010, 5, 19}, {010, 3,46},
{o011,0,14}, {o011, 5,13}, {0011,3, 40}, {0012,0,8}, {0012, 5,31}, {012, 3,52},
{0013,0,20},{c013,1,9},{0013,4,11},{0014,0,44},{0014, 1,57}, {0014, 4,53},
{0015,0, 68}, {015, 1,33}, {c015,4, 23}, {016, 2,4}, {016, 1,3}, {0016, 5,30},
{0017,2, 10}, {0017, 1,15}, {017, 5,48}, {018, 2,40}, {0018, 1,27}, {0018, 5, 18},
{0019,0,1},{019,2,45},{0019,4,5}, {0090, 0,43}, {0020, 2,3}, {0020, 4,47},
{021, 0,37}, {0021,2, 51}, {0021,4,41}, {c022,1,68}, {c022,3, 70}, {c022, 5, 54},
{023, 1,26}, {c023, 3,28}, {0023,5,0}, {0024, 1,14}, {c024,3,16}, {0024, 5,42} }.

Theorem 2.5 There exists an OGDD of type 24* and furthermore there exists an

OGDD of type g* for all positive integers g = 0

(mod 4).

Proof. Define a 3-GDD of type 24* by developing the three sets of base blocks:
Aj; under the subgroup F, A, under the subgroup F and .43 under the subgroup F.
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Form a second 3-GDD by developing the three sets of base blocks: B; under the
subgroup F, By under the subgroup E and Bz under the subgroup F. It is readily
checked that the two 3-GDDs are orthogonal (see Appendix C). m|

The question that still remains open is whether there is any value of g =2 (mod 4)
for which an OGDD of type g* exists.
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Appendix A

Let X = Zgp, H = {0,4,8,...,8h — 4} be a subgroup of Zgp, and G; = H +i,i =
0,1,2,3. In the following we will show

Theorem 3.1 There is no OGDD of type (2h)* for which all blocks are developed
by base blocks under Zgy,.

Assume that A and B are two sets of base blocks under Zg;, for an OGDD of type
(2h)*, for which the four groups are Gy, Gy, G2 and Gs.

Without loss of generality, we can let

A={{0,a;,a; +b;}:i=0,1,...,h— 1}
be the base blocks of the first 3-GDD, and

B={{0,a;,a;+d;} :i=0,1,...,h—1}
be the base blocks of the second 3-GDD, where

a;=4i+2, bi,d;=1,3 (mod 4), i=0,1,...,h—1.

From the orthogonality of an OGDD, it is easy to see that
(i) {bi,a; + biydiya; +d; i =0,1,2,...,h =1} = {1,3,5,...,8h — 1};

(ii) d; —b; =2 (mod 4).

Without loss of generality, we can let
b;=1 (mod4),i=0,1,...,s—1; bj=3 (mod4),j=s,s+1,...,h—1.
Hence

a;+b = 3 (mod4),i=0,1,...,5—1;
aj+b; = 1 (mod4),j=s,s+1,...,h—1.
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By (ii)
d;i=3 (mod4),i=0,1,...,5—1; di=1 (mod4), j=s,s+1,...,h -1
Hence

a;+d; = 1 (mod4), i=0,1,...,5—1;

a; +d; 3 (mod4), j=s,s+1,...,h—1.

By (i), the sum of all numbers which is 1 modulo 4 is

b + X(aj + b;) + Xd; + X(a; + d;) = (8h — 2)h  (mod 8h).
By (i), the sum of all numbers which is 3 modulo 4 is

$b; + S(a; + by) + Sd; + S(a; + dj) = (8h— 2)h  (mod 8h).

It is clear that the left sides of the above two equalities are the same; this forces
(8h — 2)h = (8h + 2)h (mod 8h), that is, 4h = 0 (mod 8h), which is impossible.

Appendix B

Let X = Zg,, H = {0, 3,6, ...,6h—3} be a subgroup of Zg,, and G; = H+1i,i=0,1,2.
In the following we will show

Theorem 4.1 There is no 3-GDD of type 3** for which all blocks are developed by
base blocks under Zg;,.

Assume that A is a set of base blocks under Zg, for a 3-GDD of type 32*, for which
the three groups are G, G1, G.

It is easy to see that the number of base blocks is 2h/3, so h = 0 (mod 3). It is
clear that one base block yields four or zero odd differences, so h = 0 (mod 2).
Hence h = 6n. Without loss of generality, we can let

A={{0,a;,a; +b;}:i=0,1,...,4n — 1}
be the base blocks of the 3-GDD, where
a;=b; = 1(mod6), i1=0,1,...,3n—1;
a;j=b; = 2(mod6), j=3n,3n+1,...,4n — L
Since
{ai,b;,a; + b, a;,b;,36n — (a; +b;) : i =0,1,...,3n—1, j=3n,3n+1,...,4n — 1}
={6k+1,6k+2:k=0,1,...,6n— 1},
we have
Y(a; + b;) + Za; + Tbj + X(36n — aj — bj) = Ta; + Xb; (mod 36n).

Hence
2484...43n—-4=1+7+...436n—5 (mod 36n).

That is, 6n =0 (mod 36n), which is impossible.
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Appendix C

Let A={A+g: A€c AAUA;,ge F}U{A+g: A€ Ay,g € E},
B={B+g:BeB UBs,ge F}U{B+g:BE€By,g€ E}.

The following seven tables show that A and B satisfy the two orthogonal conditions.
The first table means

{0,4,5},{0,28,47},...,{0,23,49}, {0, 001, 56}, {0, 009,62}, ..., {0, 0024,31} € A

and {4, 5, 0019}, {28,477 0015}, ey {237 49, 0012}, {0017 56, 7}, {002, 627 19}, ey
{0024, 31,44} € B. Since the 36 points, 0019, 0015, .. .,0012,7,19,...,44, are distinct
and in different groups with 0, we have that condition (i) holds with

{xv y} € {{4a 5}a {287 47}a EERS {23a49}7 {001, 56}7 {0027 62}a RN {0024v 31}
and the condition (ii) holds with z = 0.
The last table means

{o01,0,56}, {oor, 1,69}, {001, 4,71} € A

and
{0,56,70}, {1,609, 2}, {4,71,3} € B.
Hence
{00170756} +ga{oola 1a69} +g7 {0017 a4a71} +g € A7 g € F
and

{0,56,70} + g,{1,69,2} + ¢,{4,71,3} + g€ B, g € F.

Since the 36 points, 70+ ¢,2 + ¢g,3 4+ g : g € F, are distinct and in different groups
with co;, we have that condition (i) holds with

{z,y} € {{0,56} +g,{1,69} +¢,{4,71} +g:g € F}

and condition (ii) holds with z = co;.

0 orthogonality

4,5 Q19 28,47 Q15 52,59 Q13
7,20 | 0094 19,44 | 0093 1,68 | 0092

87 10 16 14,22 Q017 26,64 o018
35,37 | ooy || 29,43 | cow | 23,49 | 0o
001, H6 7| 009,62 19| oos,38 1
05,32 | 28| o005,2| 46 006,50 70
oo7, 71 55 || ©00s,53 13 || oo, 65 67
010,67 | 53 || 001,25 | 17 || 0010, 13 | 59
013, 70 5 14, 46 23 15, 16 35
016,58 | 56 || oorr,34 | 26 || 0oug, 40 | 2
019, 17 16 020, 11 40 091, 41 4
0022, 55 | 50 || 00a3,61 | 14 || 009s,31 | 44
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1 orthogonality

9,17 | ooe 57,41 | ooy 33,65 | 005

0,68 015 54, 26 014 66, 14 o013

38,3 09 71,36 o024 447 15 o019

59, 30 o017 507 27 21 477 24 Q22

001,69 71 || 003,45 29 || 003,21 35

004,5 51 || 005,29 69 || 006,53 45

007,39 20 || oo0s,51 44 || 009,63 26

0010,6 32 0011,48 62 0012,60 68

0013,2 54 0014,20 48 0015,8 12

0016,35 60 0017,23 66 0018,11 24

0019,56 27 0020,62 63 0021,32 9

0022,18 41 o023, 12 17 0024,42 5

2 orthogonality

66,4 | oo2 60,10 | oo 48,40 | oog

3,70 00922 6,7 o019 21,46 0023

30,49 (e e} 9,22 024 54,61 04

37,39 | 0016 31,45 | o017 25,51 | oo

001,18 40 || o009,12 22 || 003,36 64

0o, 42 | 49| 05,0 | 19 | oog,24 1

007,16 12 || o0s,58 66 || 009,52 0

0010,28 57 0011,34 69 0012,64 15

0013,1 9 0014,55 39 0015,67 27

0016,69 67 0017,27 13 0018,15 61

0019,19 18 020, 13 42 0021,43 6

022, 57 52 o023, 63 16 024, 33 46

3 orthogonality

67,11 | oor | 19,59 | oos || 43,35 | cour

2,70 | oo4 56,28 | oos 68,16 | oog

40,5 021 1,38 03 46,17 o020

61,32 | o009 52,29 | o014 49,26 | o001

001, 7 56 || 009,31 2 || 003,955 20

004, 4 8 005, 22 50 o0, 10 62

007,37 53 || 008,25 65 || 009,13 11

0010,71 13 0011,47 55 0012,23 49

0013,41 34 0014,53 4 0015,65 46

0016,8 10 0017,50 58 0018,62 28

0019,58 59 0020,64 35 0021,34 71

0022,20 25 o023, 14 61 0024,44 31
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4 orthogonality

66,2 | 0012 54,68 | ooy 12,38 | ocoyg
5, 72 Q23 8, 9 0920 23, 48 16
32,51 | oor 11,24 | oo1s 56,63 | oos
39,41 | ooy 33,47 | oos 27,53 | ooy
001,71 69 | 009,29 45 || 003,17 3
004,3 | 29| 005,57 17| oo, 69 5
oo, 62 9 | oos,20 27 || 009,26 63
10, 50 24 11, 44 30 012, 14 6
013,6 | 26 | 0014,30 | 2 || 0015,60 | 56
16, 18 65 0017,42 71 0013,36 23
0019, 21 50 || 0099, 15 14 || 0091,45 68
022, 59 36 023, 65 60 094, 35 0
5 orthogonality
61,69 Q13 37,21 Q014 13,45 Q15
4,0 | ooy 58,30 | o003 70,18 | oog
42, 7 Q21 3, 40 o011 48, 19 090
63,34 | 0019 54,31 | oog 51,28 | 0012
001, 10 60 || 009,52 42 || 003,64 36
004, 1 66 || 005,49 30 || 00,25 48
007, 6 10 || ocs,24 16 || 009,12 64
010,9 | 52 || 001,33 | 70 || 012,57 | 34
0013,39 31 0014,27 43 15, 15 55
0016,43 | 45 | 0o17,55 | 69 || 0ous, 67 | 21
0019,60 61 0020,66 37 0021,36 1
0092, 22 27 || 0093,16 63 || 00g4,46 33

111
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oo orthogonality
o001 | 0,56 | 70 oor | 1,69 | 2 oop | 4,71 3
o0s | 0,62 | 46 || ocog | 1,45 | 20 || ocos | 4,29 | 57
ooz | 0,38 | 16 ooz | 1,21 | 8 oos | 4,17 | 69
o004 | 0,32 |58 | oog | 5,1 | 6| oosa| 3,4|71
oos | 0,2 |34 || oos | 5,49 | 24 oo | 3,22 | 47
oo | 0,50 | 40 006 | 5,25 | 12 oog | 3,10 | 23
oo7 | 2,16 | 18 oo7 | 1,39 | 56 oo7 | 5,6 | 1
ocog | 2,58 | 12 oog | 1,51 | 62 ocog | 5,24 | 49
009 | 2,52 | 36 o0g | 1,63 | 32 o009 | 5,12 | 25
o010 2,28 42 Q10 3,71 4 o010 0,67 71
o011 2,34 0 o011 3,47 22 o011 0,25 53
o012 2,64 24 o012 3,23 10 o012 07 13 | 65
013 4,6 62 013 3,41 58 013 1,2 69
o014 | 4,30 | 20 || cors | 3,53 | 64 || cora | 1,20 | 45
015 4,60 26 015 3,65 34 015 1,8 21
16 47 18 | 50 D16 5,43 60 16 2,69 1
o017 | 4,42 | 44 || co17 | 5,55 | 66 || o017 | 2,27 | 55
o018 | 4,36 | 14 || oo1g | 5,67 | 36 || co1s | 2,15 | 67
019 1,56 39 o019 3,58 41 019 5,60 43
0099 | 1,62 | 51 || cogg | 3,64 | 53 || 0o | 5,66 | 55
021 1,32 63 o021 3,34 65 021 5,36 67
0022 0,55 17 o022 2,57 19 0022 4,59 21
023 0,61 11 o023 2,63 13 023 4,65 15
cozs | 0,31 | 41 || cozs | 2,33 | 43 || cogs | 4,35 | 45
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