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Abstract

The basis number b(G) of a graph G is defined to be the least integer d
such that G has a d-fold basis for its cycle space. In this paper we: give
an upper bound of the basis number of the direct product of trees; classify
the trees with respect to the basis number of the direct product of trees
and paths of order greater than or equal to 5; give an upper bound of the
basis number of the direct product of bipartite graphs; and investigate
the basis number of the direct product of a bipartite graph and a cycle.

1 Introduction

Unless otherwise specified, all graphs considered here are finite, undirected and sim-
ple. Our terminology and notations will be standard except as indicated. For un-
defined terms, see [6]. For a given graph G, we denote the vertex set of G by V(G)
and the edge set by E(G). Given a graph G, let ey, e, ..., €p() be an ordering of
its edges. Then a subset S of E(G) corresponds to a (0, 1)-vector (b1, bs, ..., bg@))
in the usual way with b; = 1 ife; € S, and b; = 0 if ¢; ¢ S. These vectors form
an |F(G)|-dimensional vector space, denoted by (Zy)/E(@! over the field of integer
numbers modulo 2. The vectors in (Zy)/P(@)| which correspond to the cycles in G
generate a subspace called the cycle space of G and denoted by C(G). We shall say
that the cycles themselves, rather than the vectors corresponding to them, generate
C(G). It is well-known that

dim C(G) = 4(G) = |E(G)| = [V(G)| +r 1)

where v(@G) is the cyclomatic number and r is the number of connected components.

A basis B for C(G) is called d-fold if each edge of G occurs in at most d of the
cycles in the basis B. The basis number b(G) of G is the least non-negative integer d
such that C(G) has a d-fold basis. The fold of an edge e in a set B C C(G), denoted
by fg(e), is the number of cycles in B containing e. The required basis of G is a
basis B of b(G)-fold. Now, let ¢ : G — H be an isomorphism and B be a (required)
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basis of G; B' = {p(c) | ¢ € B} is called the corresponding (required) basis of B
in H.

Let Gy = (Vi, Eq) and Gy = (Va, Ey) be two graphs. The direct product G =
G4 A Gy is the graph with the vertex set V(G) = Vi x V5 and the edge set E(G) =
{(u1,u2)(v1,v2) | u1v1 € Ey and usvy € Es}. From the definition above, it is clear
that (1) dg,ags (%, y) = dg, (2)da,(y) and (ii) |E(G1 A G)| = 2|E1||E2| where dg(v)
is the degree of the vertex v in the graph G. The largest degree of the vertices of G
will be denoted by A(G). Also, we will denote a path by P or P* a cycle by C or
C*, a star by S or S*, and a tree by 7" and T*.

The first result concerning the basis number of a graph was obtained in 1937 by
MacLane who proved the following theorem:

Theorem 1.1 (MacLane) A graph G is planar if and only if b(G) < 2.

Schmeichel [8] proved the existence of graphs that have arbitrary large basis
number.

Theorem 1.2 (Schmeichel) For any positive integer r, there exists a graph G with
b(G) >r.

Also, Schmeichel [8] proved that for n > 5, b(K,,) = 3 where K, is the complete
graph of n vertices, and for m,n > 5, b(K,,,,) = 4 except possibly for Kg 19, K5, and
Kgn(n =5,6,7,8) where K, ,, is the complete bipartite graph of n and m vertices.
Banks and Schmeichel [3] proved that b(Q,,) = 4 where @, is the n-cube.

Ali [1] investigated the basis number of the direct product of some special graphs.
In fact he proved that for all [V(C)| > 3 and |V(P)| > 2, b(C' A P) < 2; for all
[V(P)| > 3 and |[V(P*)] > 2, b(P A P*) < 2, and for all |V(C)| and |V (C*)] >
3, b(CAC*)=3.

Al-Rhayyel and Jaradat [2] proved the following results concerning the basis
number of the direct product of some special graphs: (i) b(P A S) =2, if |[V(S5)] >4
and |[V(P)| > 3 (il) b(C A S) =2,if |V(C)| > 4 and |V (S)| > 3 (iii) b A S) = 3, if
[V(0)] > 4 and |V(S)| > 4 where 6 is the theta graph, (iv) b(S A S*) < 4, and the
equality holds for each |V (S)| > 6 and |V (S*)| > 6 except possibly |V (S)| = 6 and
|[V(5*)| =6,7,8,9 and |V(S)| = 7 and |V (S*)| =6,7,8,9,11.

Al-Rhayyel and Jaradat [2] proved the following result:

Lemma 1.1 (Al-Rhayyel and Jaradat) Let G and H be two graphs. If A(G) and
A(H) > 3, then b(GNH) > 3.

We remark that knowing the number of components in a graph is very important
for finding the dimension of the cycle space as in (1), so we need the following result
from [6].

Theorem 1.3 ([6]) Let G and H be two connected graphs. Then GAH is connected

if and only if at least one of them contains an odd cycle.
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Our scope of investigations extend well beyond the special cases given in [1]
and [2]. We give an appropriate upper bound for the basis number of the direct
product of two bipartite graphs and classify the trees with respect to b(T' A P) where
|V (P)| > 5, which were previously unavailable even in relatively simple settings. We
also investigate the basis number of the direct product of cycles and trees.

Our method in this paper not only allows the systematic treatment of the direct
product of graphs, but also has found applications in some other graph products
which will appear in subsequent papers.

2 The Upper Bound of the Basis Number of the
Direct Product of Trees

It is worth pointing out that the question regarding the basis number of the direct
product of two trees cannot be resolved directly using existing methods, simply
because the trees do not have a uniform form. Therefore, we shall first make an
appropriate decomposition for any tree. To achieve this, we introduce the following
definition which will be of great use in our work.

Definition 2.1 Let G be a connected graph of order greater than 2. A sequence
S(Q) = {Rg(l)7P3(2>, o Pg(m)} is called a path-sequence of G if (i) P\ is a path of

length 2 for each i =1,2,...,m, and (i) U, E(P3<i>) = E(Q).

Proposition 2.1 For each tree T of order > 3, there is a path-sequence S(T) =
{P3(1>, P3(2>, ce P3(m>} such that (i) every edge uwv € E(T) appears in at most three
paths of S(T), (ii) each P contains one edge which is not in \ W=t P\”, (iii) if uv
appears in three paths of S(T), then the paths have forms of either uva, uvb and cuv

or auv, buv and uve, () for each end point v, the edge vv* appears in at most two
paths of S(T), (v) m=|V(T)|—2=|E(T)| - 1.

To understand the above proposition and for later use, let us consider the follow-
ing examples:

Example 2.1 Let T be a path of order n, i.e., T' = P = vivy...v,. Then we can
choose S(T') = {P3(1) = v1V9V3, P32) = VoU3ly, . . ., P3(n72) = vn_zvn_lvn}.

Example 2.2 Let T be a star with V(T) = {vy,v2,...,0,}, and dr(v;) = n — 1.
Then we can choose S(T) = {Pg(l) = VyU1 V3, P3(2) = U3V, . . ., P3(7L72> = Vp_1U1Un}-

A tree T consisting of n equal order paths {P(l), P PM™Lig called an n-
special star if there is a vertex, say v;, such that v; is an end vertex for each path in
{PP(D, P . P<">} and V(PW) NV (PW) = {v,} for each i # j.

295



Example 2.3 Let T be a 3-special star of order 7 in which PV = vjvevs, PP =
nvyvg, PO = vy, Then we can choose S(T) = {P3 ) — U5U2’U17P32> = Uy Uy,

P = vwgvr, P = vjvvs, P = 111113116} .

Note that, in all the above examples, S(7') satisfies the conditions of Proposition
2.1, and it is easy to see that S(7T') is not unique.

Now, let T be a tree of order > 3. Let A, = {v™* | v*v,v**v* € E(T) and dr(v*)
> 1} and EV = {v € V(T) | v is an end point of T and either of the following (i)
or (ii) holds}. (i) dr(v*) = 2 where vv* € E(T). (ii) dr(v*) > 3 and |A,| < 1 where
vv* € E(T). Then it is clear that EV # ).

Proof of Proposition 2.1. The proof is by mathematical induction on |V (7). If
|V(T)| = 3, then T is a path of length 2. In this case we take S(T) = {P{" = T}.
Now, assume T is a tree of order n + 1. Let v € EV and v* be a vertex such that
vw* € E(T). Set T' = T —v. By induction, there is a path-sequence S(T") satisfying
our proposition. To this end, we need to consider two cases:
Case 1. dp(v*) = 2. Then v* is an end point of 7°. Thus there is an edge v**v*
appearing at most twice in S(T"). If v**v* appears in one path, then the path has
the form av**v*; if it appears in two paths, then the paths have the following forms
av**v*, and bu** *, Therefore we take S(T) = S(T") U {P"™V) = v**v*v}.
Case 2. dr(v*) > 3. Then at most one vertex v** € V(T) has the properties
v'o™ € E(T) and dp(v™) > 1. Let A = {vn,,Uny,---,0n,  be the set of all vertices
adjacent to v* other than v**. Now, we need to consider three subcases:

Case 2a. v*v** appears in S(T /) once. Then we take S(7T') as in Case 1.

Case 2b. v*v** appears in S(T") twice, say, P(g1 and P3(92>. Then we have two
subsubcases to consider:

Case 2bl. If either P3(gl) = vy, 0™ and P3(g2> = av*™*v*, or P3(g1> = av™v* and
P = by**v*, then take S(T) as in Case 1.

Case 2b2. If P\ = v vt and P = v v*y, , then we claim that there
exists 1 < ¢* < r, such that v*v,,, appears in at most one path of S(T'). Thus, we
take S(T) = S(T") U {P{"™V = v0*vy,. }. The proof of the claim goes as follows:
Let A= {P{® ... P{")} c S(T) be the set of all paths of the form Up,V*Uy,; Where
1 # j. It is an easy matter to see that any path in S(7") containing v*v,, is a path in
A. Thus, if each edge of the form v*v,, appears two times (1 < i < r) in the paths
of S(T"), then any ordering of S(7") must contain a path in A, and both of its edges
appear in the previous paths, which is a contradiction.

Case 2c. If v**v* appears three times, say, Ps(gl) P(g2 , and P3(93> then either
(i) P = pror Un, s P = qu**v*, and Pgi) = bv*v*, or (i) P = RTINS
]-_’3(‘(]2> = vy, and P(gz = av**v*. In both (i) and (i )7 we can prove the same
claim as in Case 2b2; and take the same S(7T') as in Case 2b2.

Remark 2.1 From Proposition 2.1 and its proof it is an easy matter to see that
there are at least two edges of T, each of which appears in only one path of S(T).

Now, let Pg(i) = q;b;c; and ng) = d;e; f; be two paths. Let
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B;; = {(ai, e;)(bi, d;)(ci, e5)(bi, f7)(ai, €5)}
Then B;; is a basis of P A QU and also |B; ;| = 1. Therefore B;; is a 1-fold basis.

Lemma 2.1 For every two trees Ty and Ty of order > 3, andfor every path-sequences
{p(1> p(2> N P(\V(Tl) 2\)} and S( Ty ) = {Qs (2> Q(\V(Tz) 2\)} of
S e,

17

T1 and T, as in Proposition 2.1, respectively, we have B =
1s linearly independent.

Proof. Let B; = U(W -2 BZ—JA Since each Q§j> contains an edge, say e;f;, which
is not in Ug}l)E( UC)) the cycle of B; ; contain (a;, €;)(b;, f;) and (b;, f;)(c;, ;) each
of which is not in any cycle of U<] Y B; ;- Thus, for eachi=1,2,...,|V(Ty)| -2, B;
is linearly independent. Similarly, each path P3 contains an edge, say b;c;, which is
not in U E(P{") and each linear combination of cycles of B; must contain at least
one edge of (b;,d;)(ci, e5) and (c;, e;)(b;, f;) for some j which are not in any cycle of
Uk,i:_l1 ) By.. Therefore B is linearly independent.

As we mentioned before, one of the important steps in our work is to determine
the number of components of the direct product of two connected graphs, so we give
the following result.

Lemma 2.2 Let T} and Ty be any pair of trees of order greater than or equal to 2.
Then Ty \'Ty consists of two components.

Proof. Note that the size of B in Lemma 2.1 is

1Bl = (IE(T)|-1D(E(T3)] - 1)
[V (T)IIV(T2)| = 2[V(Th)| — 2|V (T3)] + 4.

Since B is linearly independent,

|B| S diIIlC(Tl/\TQ)
= 2(V(M)[ = HV(T2) = 1) = V(T)IIV(T2)| + 7
= [V(T)IV(T)| = 2V(T)| = 2V(T3)[ + 2+

where 7 is the number of components. Thus we have 2 < r (this inequality also holds
from Theorem 1.3). Thus, it remains to prove r < 2. Choose ujus € E(T}) and vivy €

E(T3) such that u; and v; are end points of T} and 75, respectively. Then ujug Avive
consists of two components: Gi = (uy,v1)(ug, va) and Go = (u1,v2)(ug,v1). Let
(u,v) € V(Ti ATz). We show that there is a path joining (u,v) with either (uy,vq)
or (u1,v1). Since Ty and Ty are connected, there are two paths: P, = ujugus . .. Uy,
of T1 where u,, = u,and P, = vjv9v3...v,, of Ty where v,, = v. According to the
relationship between m and n, there are three cases to consider:

Case 1. m = n. Then take
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P = (ula Ul)(u27v2) cee (U”,h Unfl)(u'm U’n)~

Case 2. n > m. Then this case splits into two subcases:
Case 2(a). s =n —m is odd. Then take

P = (tn, Um)(Un—1,Vm—1) -+ (Ust1, 1) (Us, V2) (Us—1, V1) - . . (Ug, Va)(ug, v1) (U1, Va).

Case 2(b). s =n — m is even. Then take

P = (un, Um)(Un—1,Vm—1) -+ (Usy1, 1) (s, V2) (Us—1,v1) - . . (ug, v1)(ug, va) (U1, v1).

Case 3. n < m. Then this case splits into two subcases:
Case 3(a). s =m —n is odd. Then take

P = (U, V) (U1, V1) =+ (Un, Vs 1) (U2, ) (U, vs1) -« -« (ug, 0a) (U2, v3) (g, v2).

Case 3(b). s =m —n is even. Then take

P = (tn, 0) (Un—1, V—1) + = + (U1, Vsy1) (U2, Us) (U1, Vs-1) - . . (u1, v3) (U2, v2) (U, v1).

Thus, we have r = 2.
The following result follows immediately from Lemmas 2.1 and 2.2 and Equa-
tion (1).

Corollary 2.1 For every pair of trees Ty and Ty, the set B in Lemma 2.1 is a basis
fOT‘ C(Tl A TQ) .

Theorem 2.1 For every pair of connected graphs G and H, G N H is connected if
and only if one of them contains an odd cycle. If both of them are bipartite graphs,
then G N H consists of two components.

Proof. The first part of this theorem directly follows from Theorem 1.3. To prove
the second part of the theorem, first we prove it in the case H = T. Let T™* be a
spanning tree of the bipartite graph G obtained by the usual way. Then by Lemma
2.1, we have that T* AT consists of two components G; and G5. To this end, it
is sufficient to show that if (u,v)(u*,v*) € E(G AT) with wu* € E(G) \ E(T%),
then (u,v) and (u*, v*) belong to the same component. Since G is a bipartite graph,
any cycle C' is of even length and so the path P = uusus ... usu* of T* is an odd
length path. Hence (u,v)(uz, v*)(ug,v) - (us—1,v)(u*,v*) is a path in one of the
components of 7% AT. Thus, G AT consists of two components. To prove the
theorem for any bipartite graph H we apply the same argument as in the above on
G N T*where T** is a spanning tree for H.

Lemma 2.3 For each graph H, H A K> is a bipartite graph where Ko = vv' is a
complete graph of order 2.

Lemma 2.4 Let H be a bipartite graph, and Hy and Hy be the two components of
HAKy. If (u,v) € Hy (or Hy), then (u,v') € Hy (or Hy) where vv' = K.
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Proof. Assume that (u,v) and (u,v’) belong to the same component, say, Hy. Let
P = (u,v)(ug,v') - - - (Un_1,v)(u,v), a subgraph of H A K5, be a path which joins
these two points. Now, we claim that P* = wusy ... u,_ju is a cycle which contradicts
the fact that H has no odd cycle. Suppose not. Then there are ¢ < j such that
u; = uj, u # uy, and the elements of both of {wu;tq...u;—1} and {w;p1uipo ... u;}
are distinct. To this end, either (u;,v)(u;1,v) ... (u;,v) is a path subgraph of P
or (us,v)(Uip1,v) . .. (uj,v) is a path subgraph of P. Thus, P** = w;u;41 ... u; is an
odd cycle in H. This is a contradiction.

Lemma 2.5 Let H be a bipartite graph. Then each of the two components Hy and

Hy of H A\ Ky is isomorphic to H.

Proof. Note that V(H A K») = V(H;) UV (Hz) and w = |V(H,)| = |V(H)|-

Now define ¢; : V(H;) — V(H) by i((u,v)) = u and o;((u,v")) = u for i = 1,2. Tt

is an easy matter to see that ¢ and o are bijections and preserve the adjacency.
So far, we have furnished the necessary ground to deal with the basis number

of the direct product of trees.

Theorem 2.2 For every pair of trees Ty and T, we have b(Ty A Ty) < 5.

Proof. According to the order of trees, we need to consider two cases:

Case 1. One of them is of order less than or equal to 2. Then T} AT is either a null
graph or by Lemma 2.5 consists of two vertex disjoint components each of which is
a tree. In both cases b(T) A Ty) = 0.

Case 2. Both of them are of order at least 3. Then it suffices to prove that
the linearly independent set B is 5-fold where B is given as in Lemma 2.1. Let
S(Ty) = {]33(1)7 1332)7 o Pg(\V(Tl)\*Q)} and S(Ty) = {Qél)7 Qg2)7 o QQV(TM*?)} be two
path-sequences of T7 and T3 as in Proposition 2.1. We handle the worst case where
each of S(T7) and S(73) contains at least one edge which appears in three paths.
To this end, suppose that ab € FE(T1) appears in the following paths: P?fl) = abc,
]-_’3(2> = bad, and ]-_’3(3> = eab, and fg € E(T3) appears in the following paths: le) =
fah, Qf) = gfk, and Qég) = fgl. Tt suffices to show that fz((a, f)(b,g)) < 5 and
fs((a, g)(b, f)) < 5. To achieve that, we list all the possibilities of B; ;:

By = (a,9)(b, f)(c,9)(b h)(a,g),
By = (a, /)b, 9)(c )b, k)(a, f),
Biz = (a,9)(b, f)(c,9)b 1)(a,g),
By = (b,9)(a, f)(d, g)(a,h)(b,g),
Bya = (b, f)(a,9)(d, f)(a, k)b, f),
Bys = (b,9)(a, f)(d, g)(a,1) (b, g),
Bsy = (e.9)(a, f)(bg)(a h)(e,g),
Bz = (e f)(a,9)(b, f)(a k) (e, f),
Bsz = (e,9)(a, f)(b,g9)(a;l)(e,9)



Note that (a, f)(b, g) appears in By s, Ba 1, Bas, Bs1 and Bs 3, and (a, g)(b, f) appears
in By1, Bis, Bao, and Bso. Thus B is a 5-fold basis.

The proof of the following corollary follows by the same lines as of the proof of
Theorem 2.2 and by taking P> and Pf¥ from S(T}) and Q" and QY from S(T3).

Corollary 2.2 Let S(T1) and S(Tz) be two path-sequences of Ty and Ty, such that
each edge of Th and Ty appears in at most two paths of S(T1) and S(T3), respectively.

We remark that by specializing the trees in the above corollary into stars we get
the following result:

Corollary 2.3 (Al-Rhayyel and Jaradat) For any pair of stars S and S*, b(S A
S*) < 4.

Similarly, the proof of the next two results follows by taking S(P) as in Example
2.1 and employing the same argument as in the proof of Theorem 2.1.

Corollary 2.4 For every tree T and path P, we have b(T N\ P) < 3.

Corollary 2.5 Let T be a tree and S(T) be a path sequence of T as in Proposition
2.1 such that each edge of T' appears in at most two paths of S(T). Then b(TAP) < 2.

The following result shows that the upper bound in Corollary 2.1 is optimal.

Proposition 2.2 Let T be the 3-special star of order 7 as in Example 2.3 and P be
a path of order 5. Then b(T A P) = 3.

Proof. In order to prove this proposition it is enough to show that 7'A P is non-
planar. Consider the subgraph H whose vertex set AU B U {(uga, v4)(us,v3), (us, v4),
(ug, v2), (g, v4), (u7, v3)} where A = {(uq,v1), (u1,v3), (u1,v5)} and B = {(ua, v2),
(us, v2), (ug,v2)} and whose edge set consists of the following nine paths: P, =

(ur,v1)(ug, v2), Po = (ur,v1)(us,v2), Ps = (u1,v1)(us,v2), Por = (ur,v3)(uz,v2),
P = (U1,U3)(U37vz), P = (U17U3)(U47vz), P, = (ul,v5)(u2,v4)(u5,vg)(u2,vz), P =
(u1, vs)(us, vg)(ug, v2)(us, v2), Py = (u1,vs)(ug,vq)(uz, v3)(us,v2). By noting that

each of A and B are independent sets of edges, it is an easy matter to see that H is
homeomorphic to K33. Thus, by Kuratowski’s theorem, T'A P5 is non planar.
3 Classification

In this section, we classify trees with respect to the basis number of T' A P where
V(P)| =5

Theorem 3.1 Let T be a tree of order at least 3. Then there is a path-sequence
S(T) satisfying Proposition 2.1 such that each edge appears in at most two paths of
S(T) if and only if T' has no subgraph isomorphic to a 3-special star of order 7.
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Proof. If T has no subgraph isomorphic to a 3-special star of order 7, then either
T is a path, in which case we can take S(7T') as in Example 2.1, or T is a path
P = v1vy...v, in which v; is adjacent to a set of end points, say {v;,,v;, .. .vi”},
where 1 <7 <n . To this end, we take

1 ) ; )
S(T) = {P{" = vy,0101,, P = o001, PP = vy, .. P =
v1,, 102, P = vgwg0g, PP = vg, 090, P =

P(T1+T2+T3+T4+~-+Tn+n—2)
» 43

V2,, V23, - . . = Uny,—1UnUn,., }

Note that r + ro + 13+ 714+ +rp1 +1, + n—2 = |E(T)| — 1. The other
direction is an easy consequence of Corollary 2.5 and Proposition 2.2.

Proposition 3.1 Let G be a graph. Then b(G) = 0 if and only if G has no cycle.

Proof. G has at least one cycle if and only if dim C(G) > 1. And dim C(G) > 1 if
and only if b(G) > 1.

The following result is an immediate consequence of the above Proposition 3.1
and Lemma 2.5.

Corollary 3.1 For any tree T' and path P, we have b(T' A P ) = 0 if and only if at
least one of |V(T')| and |V (P)| is less than or equal to 2.

Proposition 3.2 Let G be any graph. Then b(G) = 1 if and only if dim C(G) > 1
and C(G) is generated from edge-disjoint cycles.

Proof. If C(G) is generated from edge-disjoint cycles, then G is planar. By Euler’s
Theorem we have:

The number of faces = |E(G)| — |V(G)| 4+ 2 = dim C(G) + 1.

Thus, dim C(G) = the number of bounded faces. Therefore, choose B to be the set
of all bounded faces. Hence B is 1-fold. Now, to prove the other direction, assume
B is a 1-fold basis. Then the cycles of B are edge-disjoint. Hence C(G) is generated
from edge-disjoint cycles.

Corollary 3.2 For every tree T and path P, we have that b(T A P) =1 if and only
if T is a path and at least one of |V (T)|and |V (P)| is of order 3 and the other is of
order greater than or equal 3.

Proof. If T' is a path and at least one of |V (T')|and |V (P)]| is of order 3, then we have
a direct product of two paths, one of which is of order 3. Thus, by taking B = B;
as in the proof of Lemma 2.1, we have the result. To prove the other direction we
assume the contrary. Thus, we need to consider two cases:

Case a. T is not a path. Then |V(T)| > 4. Now, if |V(P)| < 2, then b(T' A P) = 0.
If |V(P)| > 3, then there is at least one edge of T'A P belonging to at least two
cycles. Thus b(T A P) # 1.

Case b. T is a path. Then the orders of P and T are less than or equal to 2. Hence
b(T' A P)=0.
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Lemma 3.1 Let T and P be a tree and a path, respectively, such that |V (T)| > 4
and |V (P)| > 5. Then b(T A P) = 2 if and only if there is S(T) as in Proposition
2.1 and each edge appears in at most two paths of S(T').

Proof. The proof of the ‘only if” direction follows from Corollary 2.5, Corollary 3.1
and Corollary 3.2. The ‘if” direction follows from Proposition 2.2 and Theorem 3.4.

Corollary 3.3 (Ali) For any pair of paths P and P*, b( P A P*) < 2.

Corollary 3.4 For every tree T and a path P of order at least 5, we have b(T NP) =
3 if and only if for each S(T') as in Proposition 2.1, there is at least one edge appearing
in at least three paths of S(T).

From the above results we give the following theorem which classifies trees with
respect to b(T' A P) where |V (P)| > 5.

Theorem 3.2 Let T be a tree. Then (1) b(T AP) =0 if and only if |V(T)| < 2. (2)
b(T A P) =1 if and only if |V(T)| = 3. (3) b(T A P) =2 if and only if |V (T)| > 4
and T has no subgraph isomorphic to a 3-special star of order 7. (4) b(T A P) =3 if
and only if T has a subgraph isomorphic to a 3-special star of order 7.

The following theorem provides us with necessary and sufficient conditions for
Ty A'T; to be non-planar.

Theorem 3.3 For any two trees Ty and Ty such that |V (Ty)|, |V (Ty)| > 5, we have
that Ty A Ty is non-planer (b(Ty A Tz) > 2) if and only if one of the following holds:
(i) A(Ty) > 3 and A(Ty) > 3. (ii) One of them is a path and the other contains a
subgraph isomorphic to a 3-special star of order 7.

Proof. Assume neither (i) nor (ii) holds. Then, either A(7}) < 2 and A(T3) < 2,
and so by Corollary 2.5, b(T1 A T3) < 2, which is a contradiction, or one of A(T})
and A(Ty) is less than or equal to 2, say A(71), and the other greater than or equal
to 3. Thus T} is a path and T, contains no subgraph isomorphic to a 3-special star
of order 7. Therefore, by Theorem 3.1 and Corollary 2.5, we get a contradiction. On
the other hand, if one of (i) and (ii) holds, then by Lemma 1.1 and Theorem 3.2, we
get the result.

4 The Upper Bound of the Basis Number of the
Direct Product of Two Bipartite Graphs

In this section, we give an upper bound of the basis number of the direct product of
two bipartite graphs in terms of their basis numbers.
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Remark 4.1 Let G be a connected graph and B = {chch ...,Cdimc(G)} be a basis of
C(G). If T is a spanning tree obtained by deleting tg = {61, 627"’7edimc((})} € E(G),
then: (i) If c = 325_; ci; mod 2, then ¢ contains at least one edge of tg. (ii) For each
¢, cj € B, there exists at least one edge in tg, say, e;, in either ¢; or c;, but not in
both.

Theorem 4.1 For every two bipartite graphs G and H, b(GANH) < b(G) +b(H)+5.

Proof. Let T and 7™ be spanning trees of G and H. Let B* be the basis of C(T'AT™)
as in Theorem 2.1. Let Bg and By be the required basis of G and H, respectively,
Note that G A T* is decomposed into 2(|V (T™)| — 1) edge-disjoint copies of G. Now,
define Bg, = 5’82 U ng , where 882 and ng are the corresponding required basis
of Be in the two components of G A e, where e € E(T*). Let B* = Uger- Bge-
Since each of Bge) and ng is linearly independent and they are vertex-disjoint,
Bege is linearly independent. Since Bg. and B, are edge-disjoint for each e # ¢,
B** is linearly independent. Define By, = Bgi U Bgz, where Bgi and Bﬁl are
the corresponding required basis of By in the two components of e A H, where
e € E(G). Let B = Ucepq) Bue By the same argument as above, we have
that B** is linearly independent. Set B = B*|JB** U B**. Assume that >7_; ¢; +
Y ecACE(@) S0 de. = 0 (mod 2) where ¢; € B* and d,, € Bge. Then Y7, ¢ +
Seen o N d,, = Zf';/l d, (mod 2) where A —¢ = {ey,es,...,¢e,}. Thus, E(c; ®
2D B, B, Dder, ® ... Dder,, Dder, B ... deny,,) = E(d, ®d, .. .0d, )
where the ring sum ¢; @ @ ... B ey Dder, Dde1, B... D d616e1 Ddeg, © .. deng,, and
de/l &) de; G...0 de; are cycles or edge-disjoint cycles. By Remark 4.1 we have that

2

E(de/1 &d, &.. .@d; ) contains at least one edge which is not in E(c; @ c2®...PBc,),

and since {Bge teer are pairwise edge-disjoint, it is not in E(de1, ®de1, . . Dder;  ©
dea, © ... dens, ). Thus, B* U B* is linearly independent. By the same argument as
above we can show that B is linearly independent. Now,

1Bl = [B*[+ B[+ |B™
= 2AV(THEMD)| = VTHIV(D) +2+ > [Beel + > |Buel

|E(T™)| IE(@)]

= 2V(T)ET)| - [V(H)||V(G)| + 2| E(T")|dim C(G) + 2| E(G)|dim C(H)
= 2V(TH(IE(T)|+ dim C(G)) +2|E(G)|dim C(H) — [V(G)||V(P)| + 2
= 2V(T)||E(G)| + 2|E(G)|dim C(H) — |V(G)||V(P)| + 2
(@)

(@)

|
|
|
= 2[E(GIV(T")| + dim C(H)) — [V(G)|[V(P)] +2
2E(G)|E(H)| — |[V(G)||V(P)| 4+ 2 =dim C(G A H).
Therefore, B is a basis of C(G A H). To this end, we need to show that B is a
(54 b(H) 4+ b(G))) - fold basis. Let e € B. Then (i) If e € E(GAH) — E(T ANT™),

then fg« =0, fger < b(G), and fpe(e) < b(H).
(ii) f e € E(TAT*), then fg(e) <5, fp=(e) < b(G) and fg-(€) < b(H). Therefore,
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we have the result.

The following corollaries are straightforward consequences from the proof of the
previous results.

Corollary 4.1 Let H and G be two bipartite graphs. If there exist two spanning
trees T and T* for H and G, respectively, and S(T') and S(T™) as in Proposition 2.1
such that each edge of T and T* appears in at most two paths of S(T) and S(T*),
respectively, then b(G AN H) <4+ b(G) +b(H).

Corollary 4.2 For every path P and bipartite graph G, b(G A P) < 3+ b(G). More-
over, if there is a spanning tree T of G and S(T') as in Proposition 2.1 such that
each edge of T appears in at most two paths, then b(G A P) < 24 b(G).

By specializing G in the above corollary into a cycle of even order we have the
following result.

Corollary 4.3 (Ali) IfC and C* are even cycles and P is a path, then b(CAP) < 2
and (CNANC*) <3

5 The Basis Number of the Direct Product of a
Bipartite Graph and a Cycle

In this section, we investigate the upper bound of the basis number of the direct
product of a bipartite graph with a cycle.

Theorem 5.1 For any tree T and cycle C, we have b(T A C) < 3. Moreover, the
equality holds if T' contains a subgraph isomorphic to a 3-special star of order 7.

Proof. Let S(T) = {P?fl) = a1b1(117P3(2> = asghycy, . . ., P?SW(T)‘J) = ajv(1)|-2 bv(m)-2
C‘V(T)‘_Q} be a path sequence as in Proposition 2.1 and C = wuy ... wy(c)w. For
eachi=1,2,...,|V(T)] — 2, set

Bi = {(bis uj)(cis wjn) (bis uji2) (@i, wjn ) (biy ug)|j = 1,2, [V(O)] — 2}
U{ (b, wyv(ey)) (ciy un) (bis uz) (@i, ua ) (bs, wpv )
U{ (b, wr) (ci, wpv o)) (bis wv oy —1) (@i wpv e ) (Biy u) }-

It is an Casy matter to see that B; is linearly 1ndcpcndcnt and is 1-fold. Let
B = UY"? B, By induction on [V(T)|, we get that UV B, is linearly in-
dependent. Since P3(|V(T)‘72) contains an edge, say ajy(r)|—2bjv ()2, Which is not in
any other path of S(T'), each cycle of By (ry—2 contains at least one edge of the form
(ayv(ry|=2, ;) (b (m)|=2, Ujs1) and (e (-2, Ujt1) (b ()| -2, u;) which are not in any
cycle of U‘V(Tﬂ B Thus, B is linearly independent. To this end, we have essen-

tially two cases to consider:
Case a. |V(C)|is odd. Then T'A C is connected. Let
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R = (ajv1y-2,01) (b ()2, v2) (@ (1) =2, V3) - - - (@jv(1)|-25 Vv (C)|)
(b (1y|=25 V1) (@)v (1) =25 V2) - - - (O ey =2, Vv o)) (v (1) -2, V1)

and

B=B U{R}.

We now prove that R is independent from the cycles of B. Let E. = E(e A C).
Then it is easy to verify that {F, }eeE(T is a partition of E(T A C'). Moreover,
Ea\vu)\fzbw(mfz = E(R) and Ea\vu)\fzbwunfz /U Eb\v(r)\fzqv(r)\fz = E(B\V(T)\—Z)‘
Thus, if R is a sum modulo 2 of some cycles of B, say {kq, ks, ..., k. }, then By ()2
C {k1, ko, ...,k }. Since Ebyyiry) sy iy -2 C E(Bjv(ry-2), there is an 4y and a non-
empty set By, C B, such that P{® € S(T), By, C {ki,ka,...,k} and either
b|v(T)‘,QC‘V(T)‘,2 = aiobio or bioci0~ Supposc alob‘v (T)|— QC\V(T\ 5 = P( 0 c S( )
Since E(B;,) C Eoigbiviry—2 Y Eb\V(T)\—QC\V(T)\fz = E(B,,), there is i; and a non-
empty set B;; C B;, such that ng“) € S(T), By, C {ki,ks,...,k.} and either
@iy, = a; b;, or b; c;, and so on, it implies that there is an integer i, and a non-
empty set B;, C B;, such that P(Z'> € S(T'), one of its edges appears only in P?fz’), say
ai,bi,, by ry—2Cv(r)-2 € P?fz (if not, then T has a cycle) and B;, C {k1, ko, ...,k }.
Therefore, E(B;,) NEq,, € E(R) which is a contradiction. So B is linearly inde-
pendent.

Case b. |V(C)] is even. Then T'AC consists of two isomorphic components H; and
H,. Take

f1 (a\v (T)|— 2,U1)(5|V(T| 27'02)((1\V(T)\ 2, U3) (a|V(T)|727U\V(C)\—1)
(O -2, vy @) (@) -2,v1) and
fo = Omy-2, vi) (@) -2, v2) (v 7)-2, V3) - - - (b (1) =2, Vv () 1)
(@ @)—2, vy o)) (O (1) -2, 01)-

Now, let Bl(l) be the set of cycles of B; which are cycles in H; for [ = 1,2. Note
that one of fi and f5 is a cycle of Hy, say fi1, and the other of Hy. By employing the
same argument as in Case a to each component, we obtain that each of BY U {f,}
and B U{f,} is an independent set. Hence B = BYUB® U{f,;} U{f,} is linearly
independent. Now,

V(T)|-2

Bl = > IBil+9d
i=1

(V(T)] = 2)([V(C)]) + 6 = dim C(T A C).

where
s_1L it |[V(C)| is odd ,
) 2, if |[V(C)] is even.

Thus, B is a basis of T'A C and it is easy to see that it is 3-fold.

By taking B = B* U B** where B* = B as in Theorem 5.1 and B** = U.cp)Ba,
as in Theorem 4.1, and following their proofs, we get the following result:

305



Corollary 5.1 For every bipartite graph G and a cycle C, we have b(G A C) <
b(G) + 3.

Corollary 5.2 If G has a spanning tree T' such that has no subgraph isomorphic to
a 3-special star of order 7, then b(G A C) < b(GQ) + 2.

Proof. It follows from the proof of Corollary 5.1 and the fact that each edge of T
appears in at most 2 paths of S(7T').

By specializing the bipartite graph G in the above corollary into an even cycle,
we obtain the following result:

Corollary 5.3 (Ali) If C* is an even cycle and C is a cycle, then b(C* A C) < 3.
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