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Abstract 

Using a new method we construct a class of orthogonal designs, 

o D( 4(1 + P )n; n, n, n, n, pn, pn, pn, pn) 

for p = 1, p a prime power == 3 (mod 4), and n = 3,5,7. This class 
includes new Plotkin arrays of order 24, and for the first time, of orders 
40 and 56. 

1 Preliminaries 

An orthogonal design of order n and type (Sl' S2, ... , Sk) denoted OD(n; 81, S2, ... ,8k) 

in variables Xl, X2, ... , Xk, is a matrix A of order n with entries in the set 
{O, ±Xl, ±X2, ..• ,±xd satisfying 

k 

AAt = L::)sixnIn, 
i=l 

where In is the identity matrix of order n. Let Bi , i = 1,2,3,4 be circulant matrices 
of order n with entries in {O, ±Xl, ±X2, • .. ,±xd satisfying 

4 k 

L: BiB! = 2)six;)In . 
i=l i=l 

Then the Goethals-Seidel array 
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where R is the back-diagonal identity matrix, is an OD(4n; S1, S2, . .. , Sk). See page 
107 of [2] for details. 
Plotkin [6] showed that if there is an Hadamard matrix of order 2t, then there is an 
OD(St; t, t, t, t, t, t, t, t). In the same paper he also constructed an OD(24; 3,3,3,3, 
3,3, 3, 3). Although this aD has appeared in [7], [lJ and in [2] it is conjectured that 
there is an OD(Sn; n, n, n, n, n, n, n, n) for each odd integer n, none except n = 3 is 
found yet. In this paper using a new method we construct many new Plotkin ODs 
of order 24 and two new Plotkin ODs of orders 40 and 56. Actually our construction 
provides many new orthogonal designs in S variables which includes the Plotkin ODs 
of order 40 and 56. 
A pair of matrices A, B is said to be amicable (anti-amicable) if ABt - BAt = 0 
(ABt + BAt 0). Following [3] a set {AI, A 2, ... , A 2n } of square real matrices is 
said to be amicable if 

n 

L(Aa(2i-l)A~(2i) - Aa(2i)A~(2i-1)) = 0 
i=l 

for some permutation (J of the set {1, 2, ... , 2n}. For simplicity, we will always take 
(J( i) i unless otherwise specified. Clearly a set of mutually amicable matrices is 
amicable, but the converse is not true in general. Throughout the paper Rk denotes 
the back diagonal identity matrix of order k. 
A set of matrices {Bl, B 2, ... , Bn} of order m with entries in {O, ±Xl, ±X2,"" ±xd 
is said to be of type (SI,S2, ... ,Sk) and in variables X1,X2, ... ,Xk if it satisfy an 
additive property 

n k 

2: BiB; = 2:(sixf)Im. 
i=l i=1 

2 Some new Arrays 

First we need the following array from [3]. 

Theorem 1 Let {AiH=1 be an amicable set of circulant matrices of type 
(S1' S2,.' . ,Sk)' Then the array 

Al A2 A4R n A3Rn A6Rn A5Rn AsRn A7Rn 
-A2 Al A3R n -A4Rn A5 Rn -A6R n A7 R n -AsRn 

-A4R n -A3 Rn Al A2 -A~Rn A~Rn A~Rn -A~Rn 

H -A3 Rn A4Rn -A2 Al A~Rn A~Rn -A~Rn -A~Rn 
-A6R n -A5Rn A~Rn -A~Rn Al A2 -A~Rn A~Rn 
-A5R n A6Rn -A~Rn -A~Rn -A2 Al A~Rn AiRn 
-AsRn -A7Rn -A~Rn A~Rn A~Rn -A~Rn Al A2 
-A7Rn AsRn A~Rn A~Rn -A~Rn -A~Rn -A2 Al 

is an OD(8m; Sl, S2,.·., Sk). 

We also need the following result from [3]. 
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Theorem 2 For each prime (power) p == 3 (mod 4) there is an array of order 
4(p + 1) suitable for any amicable set of eight circulant matrices {AiH=l for which 
~t=l (A2i-lA~i_l + pA2iA~i) is a multiple of the identity matrix. 

A more general version of the following array appeared first in [4]. 

Theorem 3 Let X = XlPl + X2P2 and Y = YlQ1 + Y2Q2 be a pair of amicable 
orthogonal designs of order n and type ((U1' U2); (81, S2)), and in variables Xi and Yi, 
i = 1,2, respectively, where Qi = PiRn , i = 1,2 Let {Ai}~~~ be an amicable set of 
circulant {O, ±l}-matrices of order m such that 

ulAIAi + u2A2A~ + 81A3A~ + s2A4A~ + slA5A; + s2A6A~ + slA7A~ + s2AsA~ 

is a multiple of the identity matrix 1m. Let Bi = AiR, Oi = A~R, and Qi = -Qi 
then 

( 

PI &> Al + P2 &> A2 Q1 &> B3 + Q2 &> B4 Q1 &> B5 + Q2 &> B6 Q1 &> B7 + Q2 &> Bs ) 
Q1 &> B3 + Q2 &> B4 PI &> Al + P2 &> A2 Q1 &> C7 + Q2 &> Cs Q1 &> C5 + Q2 &> C6 
Q1 &> B5 + Q2 &> B6 Q1 &> C7 + Q2 &> Cs Pt &> Al + P2 &> A2 Ql &> C3 + Q2 &> C4 
Q1 &> B7 + Q2 &> Bs Q1 &> C5 + Q2 &> C6 Q1 &> C3 + Q2 &> C4 PI &> Al + P2 &> A2 

is a (Goethals-SeideL-type) array. 

Our first result is an extension of the result of Plotkin that if there is an Hadamard 
matrix of order 2t, then there is an OD(8t; t, t, t, t, t, t, t, t). 

Lemma 4 Let 2t be the order of an Hadamard matrix H, then there are amicable 
orthogonal designs X, Y of type ((t, t); (t, t)) in order 2t, satisfying the conditions of 
theorem 3. 

PROOF. Let K1 = h 09 It, K2 = P 09 It and R = R2 @ Rt , where Rk is the back 
diagonal identity matrix of order k and 

P=(~ ~). 
It is straight forward to show that {PI = ~H(K1 + K 2), P2 = ~H(KI - K2)} and 
{QI = ~H(K1R + K 2R), Q2 = ~H(K1R - K2R)} are anti-amicable sets of matrices 
and ~Q} = Qj Pit , i,j = 1,2. Let X = X1P1 + X2P2 and Y = YlQ1 + Y2Q2. Then 
X, Yare the required orthogonal designs. Note that Qi = PiR, i = 1,2. 

Theorem 5 (The First Multiplication Theorem) 
If there is an amicable set of circulant matrices {AiH=l of order m and type (8}, 82, 

... , Sk) and an Hadamard matrix of order 2t, then there is an OD(mt; ts1, ts2, ... , 
tSk) . 
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PROOF. 

Let H be an Hadamard matrix of order 2t. Let Pl, P2 , Ql and Q2 be matrices of 
Lemma 4. It follows from Lemma 3 that the circulant matrices {A iH=l satisfy the 
conditions of the Theorem 3. The result now follows from Theorem 3. 

567123412587143856678234 
756312124875431568786342 
675231241758314685867423 
123567587412856143234678 
312756875124568431342786 
231675758241685314423867 
412587567123768324413586 
124875756312687243134865 
241758675231876432341658 
587412123567324768586413 
875124312756243687865134 
758241231675432876658341 
143856768324567123142857 
431568687243756312421578 
314685876432675231214785 
856143324768123567857142 
568431243687312756578421 
685314432876231675785214 
678234413586142857567123 
786342134865421578756312 
867423341658214785675231 
234678586413857142123567 
342786865134578421312756 
423867658341785214231675 

Table 1: OD(24; 3, 3, 3, 3,3,3,3,3) 
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7885516633221168855477445112236633244778 
5788531663211628554874457122316332647784 
5578833166116225548844577223113326677844 
8557863316162215488545774231123266378447 
8855766331622114885557744311222663384477 
1663378855885542211611223774454477866332 
3166357885855482116212231744574778463326 
3316655788554881162222311445777784433266 
6331685578548851622123112457747844732663 
6633188557488556221131122577448447726633 
2211688554788551663333662774484477522113 
2116285548578853166336623744874775421132 
1162255488557883316666233448777754411322 
1622154885855786331662336487747544713221 
6221148855885576633123366877445447732211 
8855422116166337885577448336622211344775 
8554821162316635788574487366232113247754 
5548811622331665578844877662331132277544 
5488516221633168557848774623361322175447 
4885562211663318855787744233663221154477 
7744511223336627744878855166331122655884 
7445712231366237448757885316631226158845 
4457722311662334487755788331662261188455 
4577423112623364877485578633162611284558 
5774431122233668774488557663316112245588 
1122377445774483366216633788555588411226 
1223174457744873662331663578855884512261 
2231144577448776623333166557888845522611 
2311245774487746233663316855788455826112 
3112257744877442336666331885574558861122 
6633244778447752211311226558847885516633 
6332647784477542113212261588455788531663 
3326677844775441132222611884555578833166 
3266378447754471322126112845588557863316 
2663384477544773221161122455888855766331 
4477866332221134477555884112261663378855 
4778463326211324775458845122613166357885 
7784433266113227754488455226113316655788 
7844732663132217544784558261126331685578 
8447726633322115447745588611226633188557 

Table 2: OD(40; 5, 5, 5, 5, 5, 5, 5, 5) 
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66686241117153537177724868887153555684244486242221735333 
46668623111715371777548688821535557842444662422287353331 
24666865311171717775386888245355571424446824222863533317 
62466681531117177753768882483555715244468442228625333173 
86246667153111777537188824865557153444684222286243331735 
68624661715311775371788248685571535446842422862423317353 
66862461171531753717782486885715355468424428624223173533 
11171536668624248688853717776842444715355517353338624222 
31117154666862486888237177758424446153555773533316242228 
53111712466686868882471777534244468535557135333172422286 
15311176246668688824817775372444684355571553331734222862 
71531118624666888248677753714446842555715333317352228624 
17153116862466882486877537174468424557153533173532286242 
11715316686246824868875371774684244571535531735332862422 
53717772486888666862411171532242682335371355351754424864 
37177754868882466686231117152426822353713353517554248644 
71777538688824246668653111714268222537133335175552486444 
17775376888248624666815311172682224371333551755534864442 
77753718882486862466671531116822242713335317555358644424 
77537178824868686246617153118222426133353775553516444248 
75371778248688668624611715312224268333537155535174442486 
24868885371777111715366686243353713224268244248645535175 
48688823717775311171546668623537133242682242486445351755 
86888247177753531117124666865371333426822224864443517555 
68882481777537153111762466683713335268222448644425175553 
88824867775371715311186246667133353682224286444241755535 
88248687753717171531168624661333537822242664442487555351 
82486887537177117153166862463335371222426844424865553517 
71535556842444224268233537136668624111715377173578868428 
15355578424446242682235371334666862311171571735778684288 
53555714244468426822253713332466686531117117357776842888 
35557152444684268222437133356246668153111773577718428886 
55571534446842682224271333538624666715311135777174288868 
55715354468424822242613335376862466171531157771732888684 
57153554684244222426833353716686246117153177717358886842 
68424447153555335371322426821117153666862488684287717357 
84244461535557353713324268223111715466686286842887173577 
42444685355571537133342682225311171246668668428881735777 
24446843555715371333526822241531117624666884288867357771 
44468425557153713335368222427153111862466642888683577717 
44684245571535133353782224261715311686246628886845777173 
46842445715355333537122242681171531668624688868427771735 
86242221735333553517544248647717357886842866686241117153 
62422287353331535175542486447173577868428846668623111715 
24222863533317351755524864441735777684288824666865311171 
42228625333173517555348644427357771842888662466681531117 
22286243331735175553586444243577717428886886246667153111 
22862423317353755535164442485777173288868468624661715311 
28624223173533555351744424867771735888684266862461171531 
17353338624222442486455351758868428771735711171536668624 
73533316242228424864453517558684288717357731117154666862 
35333172422286248644435175556842888173577753111712466686 
53331734222862486444251755538428886735777115311176246668 
33317352228624864442417555354288868357771771531118624666 
33173532286242644424875553512888684577717317153116862466 
31735332862422444248655535178886842777173511715316686246 

1lable 3: ()1)(56;7, 7, 7, 7,7,7,7,7) 

292 



type 

(3,3,3,3,3,3,3,3) (a,b,c) (-b, a, d) (-c, -d, a) (-h,g,-j) 
(e,l,g) (-g, -h, e) (-I, e, h) (-d, c, -b) 

(2,2,2,2,2,2,2,2) (a,b,O) (a, -b, 0) (e, f, 0) (e,-f,O) 
(c,d,O) (c, -d, 0) (g, h, 0) (g, -h, 0) 

Table 4: Amicable sets for order 24 ODs in 8 variables each repeated an equal number 
of times 

type Al A2 
A3 A4 
A5 A6 
A7 As 

(5,5,5,5,5,5,5,5) (a, f, f, c, -c) (g, h, h, e, -e) 
(- I, a, a, b, -b) (-d, e, e, -h, h) 
(e, d, d, -g, g) (c, b, b, -a, a) 

(-b, c, c, - I, J) (-h, g, g, d, -d) 

Table 5: Amicable sets for a Plotkin OD of order 40 

Let A, B, C, D be a set of circulant matrices of type (81, 82, 83, 84) and in variables 
a, b, c, d. Let E, F, G, H be circulant matrices obtained from A, B, C, D by switching 
a to e, b to I, c to 9 and d to h. If there is a matching between the sets {A, B, C, D} 
and {E, F, G, H} in such a way that the set {A, B, C, D, E, F, G, H} is amicable, we 
call the set {A, B, C, D, E, F, G, H} to be a special amicable set of circulant matrices 
of type (S1, Sl, 82, S2, S3, S3, 84, 84) and initial circulant matrices A, B, C, D. 

Theorem 6 (The Second Multiplication Theorem) 
If there is a special amicable set of circulant matrices of order n and type (S1,81,82,S2, 
S3,S3,84,84), then there is an 

for each prime (power) p ::::: 3 (mod 4), or p = 1. 

PROOF. 

Let A, B, C, D be the initial circulant matrices of order n for the special amicable 
set of matrices. Then AAt + BBt + CCt + DDt = (sla2 + S2b2 + 83C2 + s4d2)In, and 
EEt + F Ft + GGt + H Ht = (s1e2 + 82/2 + 83g2 + 84h2)In. Without loss of generality, 
we can assume that the matching in the amicability condition is A with E, B with 
F, C with G and D with H. It follows that, AAt + BBt + CCt + DDt + p{EEt + 
FFt + GGt + HHt) = (sla2 + s2b2 + 83C2 + 84d2 + p{81e2 + 8d2 + 839

2 + s4 h2 ))In­
Therefore the result, for the case that p is a prime (power) p ::::: 3 (mod 4) follows 
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type 

(1,1,1,1,1,1,1,1) (a,O,O,O,O,O,O) (b,O,O,O,O,O,O) 
(c,O,O,O,O,O,O) (d,O,O,O,O,O,O) 
(e,O,O,O,O,O,O) (1,0,0,0,0,0,0) 
(g,O,O,O,O,O,O) (h,O,O,O,O,O,O) 

(2,2,2,2,2,2,2,2) (a,g,O,O,O,O,O) (h, j, 0, 0, 0, 0,0) 
(a, -g, 0, 0,0,0,0) (h, - j, 0, 0, 0, 0, 0) 
(e,c,O,O,O,O,O) (d,b,O,O,O,O,O) 

(e, -c, 0, 0, 0, 0, 0) (d, -b, 0,0,0,0,0) 
(3,3,3,3,3,3,3,3) (a, g, -e, 0, 0, 0, 0) (h, j, -d, 0, 0, 0, 0) 

(a, -g, 0, c, 0, 0, 0) (h, - j, 0, b, 0,0,0) 
(a, 0, e, -c, 0, 0, 0) (h, 0, d, -b, 0,0,0) 
(g,e,c,O,O,O,O) (1, d, b, 0, 0, 0, 0) 

(4,4,4,4,4,4,4,4) (a,g,e,c,O,O,O) (h, j, d, b, 0, 0, 0) 
(a, -g, e, -C, 0, 0, 0) (h, - j, d, -b, 0, 0, 0) 
(a, g, -e, -C, 0, 0, 0) (h, j, -d, -b, 0, 0, 0) 
(a, -g, -e, c, 0, 0, 0) (h, - j, -d, b, 0, 0, 0) 

(5,5,5,5,5,5,5,5) (a, a, -a, g, 0, g, 0) ( - j, - j, j, h, 0, h, 0) 
(-g, -g, g, a, 0, a, 0) (h, h, -h, j, 0, j, 0) 

(-e, -e, e, -C, 0, -C, 0) (-b, -b, b, d, 0, d, 0) 
( -c, -c, c, e, 0, e, 0) (-d, -d, d, -b, 0, -b, 0) 

(7,7,7,7,7,7,7,7) (-a, a, a, g, a, e, c) (- j, j, j, -h, j, b, -d) 
(-g, g, g, -a, g, c, -e) (-h, h, h, j, h, d, b) 
(-e, e, e, -c, e, -a, g) (-d, d, d, -b, d, -h, f) 
(-b, b, b, d, b, - j, -h) (-c, c, c, e, c, -g, -a) 

Table 6: Amicable sets for order 56 ODs in 8 variables each repeated an equal number 
of times 
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type 

(1,1,1,1,9,9,9,9) (a, e, j, - j, -e) (-g, g, g, g, g) 
(-h,h,h,h,h) (b, j, -e, e, - I) 
( -e, e, e, e, e) (c, g, h, -h, -g) 

(d, h, -g, g, -h) ( - j, j, j,J, I) 
(2,2,2,2,8,8,8,8) (a, j, e, j, -e) (c, h, g, h, -g) 

(a,-j,-e,-j,e) (c, -h, -g, -h, g) 
(d, g, -h, g, h) (b,e,-j,e,1) 

(d, -g, h, -g, -h) (b, -e, j, -e, - I) 
(2,2,5,5,5,5,8,8) (c, e, g, -g, e) (b, d, h, h, -d) 

(a, c, g, g, -c) (d, j, h, -h, j) 
(-a, e, g, g, -e) ( - j, d, h, -h, d) 
(-e, c, g, -g, c) ( -b, j, h, h, - I) 

Table 7: Amicable sets for full non-Plotkin ODs of order 40 

from Theorem 2 by taking Al = A, A2 = E, A3 = B, A4 = F, A5 = C, A6 = G, 
A7 = D and As = H. The case p = 1 is a consequence of Theorem 1. 
Applying Theorem 1, to the first set of special amicable matrices of Table 4 gives a 
Plotkin OD(24; 3, 3, 3, 3, 3, 3, 3, 3) presented in Table 2. In this and the following 
tables, the variables are Xl, ... , Xs but only the subscripts are shown. Further, if the 
entry is -Xi then i is shown in boldface. 
Applying Theorem 1, to the special amicable matrices of Table 5 gives a Plotkin 
OD( 40; 5,5, 5, 5, 5, 5, 5, 5) presented in Table 2. 
Applying Theorem 5, to the circulant matrices Al = circ(a, g, -g), A2 = circ(j, h, h), 
A3 = circ(c, g, -g), A4 = circ( - j, h, h), A5 = circ(e, g, g), A6 = circ(b, h, -h), A7 = 
circ( -e, g, g), and As = circ(d, h, -h) together with a Paley Hadamard matrix of 
order 12 gives an OD(144; 6, 6, 6, 6, 12, 12, 48, 48). See 
http://www.cs.uleth.ca;-holzmann/research/plotkin/ for images and copies of this 
orthogonal design. 
Applying Theorem 1, to the amicable matrices of Table 6 gives the Plotkin OD(56; 7, 
7, 7, 7, 7, 7, 7, 7) presented in Table 3. 

3 The Search 

Although arrays of Theorems 1 and 5 requires only an amicable set of eight circulant 
matrices, we concentrated our search for special amicable set of matrices. By feeding 
an already known set of four circulant matrices A, B, C, and D of type (81,82,83,84) 

and of order 3, 5, 7, see the tables in [2], we constructed the sets E, F, G and H as 
described earlier. We then did an extensive computer search for the special amicable 
sets of matrices. The search turned up amicable matrices as listed in Table 4 for 
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type 

(1,1,1,1,1,1,4,4) (a,O,O,O,O,O,O) (b, 0, 0, 0, 0, 0, 0) 
(c,O,O,O,O,O,O) (d,O,O,O,O,O,O) 

(g, e, -g, 0, 0, 0, 0) (h, 0, h, 0, 0, 0, 0) 
(9,0,9,0,0,0,0) (h, j, -h, 0, 0, 0, 0) 

(1,1,1,1,2,2,2,2) (a,O,O,O,O,O,O) (b, 0, 0, 0, 0, 0, 0) 
(c,O,O,O,O,O,O) (d,O,O,O,O,O,O) 
(j,e,O,O,O,O,O) (h,g,O,O,O,O,O) 

(j, -e, 0, 0, 0, 0, 0) (h, -g, 0, 0, 0,0,0) 
(1,1,1,1,2,2,8,8) (g, a, -g, 0, 0, 0, 0) (h,j,h,O,O,O,O) 

(g, c, -g, 0, 0, 0, 0) (h, - j, h, 0, 0,0,0) 
(g,e,g,O,O,O,O) (h, b, -h, 0, 0, 0, 0) 

(g, -e, g, 0, 0, 0, 0) (h, d, -h, 0, 0, 0, 0) 
(1,1,1,1,4,4,4,4) (a,O,O,O,O,O,O) (b,O,O,O,O,O,O) 

(c,O,O,O,O,O,O) (d,O,O,O,O,O,O) 
(j, j, e, -e, 0, 0,0) (g, g, -h, h, 0, 0, 0) 
(e, e, - j, j, 0, 0, 0) (h, h, g, -g, 0, 0, 0) 

(1,1,1,1,4,4,16,16) (g,O,g,O,g,O,g) (h, j, -h, d, h, - j, -h) 
(g, 0, g, a, -g, 0, -g) (h, j, -h, 0, -h, j, h) 
(g, e, -9,0, -g, e, g) (h, 0, h, b, -h, 0, -h) 

(g, e, -g, c, g, -e, -g) (h,O,h,O,h,O,h) 
(1,1,1,1,5,5,5,5) (a,O,O,O,O,O,O) (b,O,O,O,O,O,O) 

(c,O,O,O,O,O,O) (d,O,O,O,O,O,O) 
(j, j, - j, e, 0, e, 0) (g, g, -9, -h, 0, -h, 0) 

(e, e, -e, - j, 0, - j, 0) (h, h, -h, g, 0, g, 0) 
(1,1,1,1,8,8,8,8) (j, e, a, -e, - j, 0, 0) (h,g,O,g,h,O,O) 

(h, -g, 0, -g, h, 0, 0) ( - j, e, c, -e, j, 0,0) 
(j,e,O,e,j,O,O) (h, g, b, -g, -h, 0, 0) 

(-h, g, d, -g, h, 0, 0) (j, -e, 0, -e, j, 0,0) 
(1,1,2,2,2,2,4,4) (9, a, -g, 0, 0, 0, 0) (h,O,h,O,O,O,O) 

(g,O,g,O,O,O,O) (h, b, -h, 0, 0, 0, 0) 
(d,c,O,O,O,O,O) (j,e,O,O,O,O,O) 

(d, -c, 0, 0, 0, 0, 0) (1, -e, 0, 0, 0, 0, 0) 
(1,1,2,2,3,3,6,6) (e,g,c,O,O,O,O) (j,h,d,O,O,O,O) 

(e, g, -c, 0, 0, 0, 0) (1, h, -d, 0, 0, 0,0) 
(h, b, -h, 0, 0, 0, 0) (g, -e, g, 0, 0, 0, 0) 
(h, - j, h, 0, 0, 0, 0) (g, a, -g, 0, 0, 0, 0) 

Table 8: Amicable sets for ODs of order 56 (continued) 
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type 

(1,1,3,3,6,6,8,8) (-g,g,g,O,g,c,e) (-h, h, h, 0, h, d, 1) 
(g, -g, -g, 0, -g, c, e) (h, -h, -h, 0, -h, d, f) 

(j, h, - j, 0, 0, 0, 0) (e, -c, e, 0, 0, 0,0) 
(j, -d, j, 0, 0, 0, 0) (e, a, -e, 0, 0, 0, 0) 

(1,1,4,4,4,4,4,4) (c, a, -c, 0, 0, 0, 0) (d,O,d,O,O,O,O) 
(c,O,c,O,O,O,O) (d, b, -d, 0, 0, 0, 0) 

(j, j, e, -e, 0, 0, 0) (g, g, -h, h, 0, 0,0) 
(e, e, - j, j, 0, 0, 0) (h, h, g, -g, 0, 0,0) 

(1,1,4,4,5,5,5,5) (c, a, -c, 0, 0, 0, 0) (d, 0, d, 0, 0, 0, 0) 
(c,O,c,O,O,O,O) (d, b, -d, 0, 0, 0,0) 

(j, j, - j, e, 0, e, 0) (g, g, -g, -h, 0, -h, 0) 
(e, e, -e, - j, 0, - j, 0) (h, h, -h, g, 0, g, 0) 

(2,2,2,2,4,4,4,4) (a,c,O,O,O,O,O) (b, d, 0, 0, 0, 0, 0) 
(a, -c, 0, 0, 0, 0, 0) (b, -d, 0, 0, 0, 0, 0) 
(j, j, e, -e, 0, 0, 0) (g, g, -h, h, 0, 0, 0) 
(e, e, - j, j, 0, 0, 0) (h, h, g, -g, 0, 0, 0) 

(2,2,2,2,5,5,5,5) (a,c,O,O,O,O,O) (b, d, 0, 0, 0, 0, 0) 
(a, -c, 0,0,0,0,0) (b, -d, 0,0,0,0,0) 

(e, e, -e, - j, 0, - j, 0) (h, h, -h, g, 0, g, 0) 
(j, j, - j, e, 0, e, 0) (g, g, -g, -h, 0, -h, 0) 

(2,2,2,2,10,10,10,10) (j, j, - j, e, a, e, 0) (g, g, -g, -h, d, -h, 0) 
(j, j, - j, e, -a, e, 0) (g, g, -g, -h, -d, -h, 0) 

(e, e, -e, - j, c, - j, 0) (h, h, -h, g, b, g, 0) 
(e, e, -e, - j, -c, - j, 0) (h, h, -h, g, -h, g, 0) 

(2,2,3,3,4,4,6,6) (e, g, 0, -g, e, 0,0) (j, h, d, h, - 1,0,0) 
(e, g, c, g, -e, 0, 0) (j, h, 0, -h, I, 0, 0) 
(b, d, -h, 0, 0, 0, 0) (a, c, -g, 0, 0, 0, 0) 

(-b, d, -h, 0, 0, 0, 0) (-a, c, -g, 0,0,0,0) 
(3,3,3,3,3,3,12,12) (-g, g, g, 0, g, a, c) (-h, h, h, 0, h, b, d) 

(g, -g, -g, e, -g, a, 0) (h, -h, -h, j, -h, b, 0) 
(g, -g, -g, -e, -g, 0, c) (h, -h, -h, - I, -h, 0, d) 

(0,0,0, -e, 0, a, -c) (0,0,0, - 1,0, h, -d) 
(3,3,3,3,6,6,6,6) (e, g, a, -g, e, 0, 0) (j, h, d, h, - 1,0,0) 

(e, g, c, g, -e, 0, 0) (j, h, b, -h, I, 0,0) 
(d, -h, - j, 0, b, 0, 0) (c, -g, e, 0, -a, 0, 0) 
(d, -h, j, 0, -b, 0, 0) (c, -g, -e, 0, a, 0, 0) 

Table 9: Amicable sets for ODs of order 56 (continued) 
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type 

(3,3,4,4,6,6,8,8) (-g, g, g, 0, g, a, e) ( - h, h, h, 0, h, b, J) 
(g, -g, -g, 0, -g, a, e) (h, -h, -h, 0, -h, b, 1) 
( -d, j, -b, j, d, 0, 0) (e, e, 0, -e, e, 0,0) 
(d, j, 0, - j, d, 0, 0) ( -e, e, -a, e, e, 0, 0) 

(4,4,4,4,5,5,5,5) (a, a, e, -e, 0, 0, 0) (d, d, -b, b, 0, 0, 0) 
(e, e, -a, a, 0, 0, 0) (b, b, d, -d, 0, 0, 0) 
(1,0, j, e, e, -e, 0) (g, 0, g, -h, -h, h, 0) 

(e, 0, e, - j, - j, j, 0) (h, 0, h, g, g, -g, 0) 
(4,4,4,4,8,8,8,8) (e, e, g, -g, b, a, 0) (1, j, h, -h, d, e, 0) 

(e, e, g, -g, -b, -a, 0) (1, j, h, -h, -d, -e, 0) 
(e, -e, g, g, b, -a, 0) (1, - j, h, h, d, -e, 0) 
(e, -e, g, g, -b, a, 0) (1, - j, h, h, -d, e, 0) 

(4,4,4,4,10,10,10,10) (e, j, a, j, e, e, -e) (d, h, b, h, g, g, -g) 
(e, - j, a, - j, -e, -e, e) (d, -h, b, -h, -g, -g, g) 
(e,e, -a, e, - j, - j, 1) (d, -g, -b, -g, h, h, -h) 

(e, -e, -a, -e, j, j, - 1) (d, g, -b, g, -h, -h, h) 

Table 10: Amicable sets for ODs of order 56 (continued) 

order 3, Table 5 for order 5 and Table 6 for order 7. The new orthogonal designs in 
8 variables obtained in our search is listed as follow: For order 40 these are listed 
in Table 7. (Refer to [5] for a complete list of new orthogonal designs of order 40 
including all the remaining unresolved full orthogonal designs in three variables). For 
order 56 these are listed in Tables 8 through 10. 
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